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ABSTRACT OF THE DISSERTATION
PROBING THE STRUCTURE OF DEUTERON AT VERY SHORT
DISTANCES
by
Frank Vera
Florida International University, 2021
Miami, Florida

Professor Misak Sargsian, Major Professor

We study the electro-disintegration of deuteron at quasi-elastic kinematics and high
transferred momentum as a probe for the short distance structure in nuclei. In this
reaction, an electron hits a nucleus of deuterium, which breaks up into a pair of
nucleons (proton-neutron). We focus our attention on events where fast nucleons
emerge, corresponding to nuclear configurations where the bound nucleons have a
high relative momentum (exceeding 700 MeV/c). The present research is relevant
to physical systems where high-density nuclear matter is present. This condition
covers a wide range of physics, from neutron stars to nuclei stability and the repulsive
nuclear core.

Our calculations differ from others in two crucial features. One is that our defi-
nition of the deuteron wave function, as used in high-energy electro-disintegration,
depends on terms (with a relativistic origin) that can be ordered according to their
contribution. These terms, related to the off-shell properties of the nucleon-nucleon
bound-state, are forbidden within non-relativistic quantum mechanics, and they
become increasingly important in describing configurations with a high nucleon-
nucleon relative momentum. The second essential difference is that we account for
the off-shell nature of the bound-nucleon that enters on the (half-off-shell) elec-

tromagnetic current. We avoid many of the difficulties inherent to the relativistic

vi



nature of the processes involved by adopting a theoretical framework known as
Light Front dynamics. Simplifications in the coherent definition for the relativistic
proton-neutron bound-state wave function and the treatment of the bound-nucleon
(half-off-shell) electromagnetic current are among the essential advantages resulting
from the use of Light Front dynamics. Furthermore, the rescattering between the
emerging nucleons in the final stage of the reaction is also simplified within the Light
Front framework.

Our new theoretical calculation provides new venues for the exploration of the
relativistic structure of nuclear matter. We compared our results with experimental

data produced in a recent experiment conducted at Jefferson Laboratory in Virginia,

USA.
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CHAPTER 1
INTRODUCTION

Despite the overwhelming experimental support pointing to quantum chromo-
dynamics (QCD) as the fundamental theory of strong interaction, it is not fully
known how the nuclear force originates from QCD. Therefore, knowledge about the
mechanism through which this emergence occurs is essential to understand the nu-
clear dynamics at a fundamental level and the phase transition from quark-gluon
to hadronic matter. Since the nuclear force is responsible for binding atomic nuclei
together, this knowledge is also a prerequisite for solving many open problems in
nuclear theory, such as the stability of strongly interacting matter, the existence of
hidden color configurations (multi-quark states) in the nuclei, as well as the origin
of the nuclear core.

The lack of a complete practical theory for the study of the strong force had
pushed forward a program focused on developing models. An example is the hadronic
model of nuclear physics, where it is assumed that nuclei can be described in terms of
constituent baryons interacting through the exchange of mesons. It is expected, how-
ever, that this picture breaks down once the distance between constituent baryons
is less than their radius. In this case, the internal structure of the baryons will play
an explicit role in the nuclear dynamics. In this regard, the study of dense nuclear
matter plays a crucial role, providing a transition from baryonic to quark-gluon
degrees of freedom.

The main goal of our research is the study of nuclear dynamics at short distances.
Considerable progress has been made in understanding the nuclear force at distances

up tor ~ 1/m, ~ 1.8 fm[] within effective theories based on the chiral symmetry

TOne fermi (fm) corresponds to 10~ meters.



of QCD and formulated in terms of hadronic degrees of freedom. In these theories,
the short-range phenomena are parameterized through contact interactions, which
are then included in the renormalization scheme. As a result, the dynamic aspect

of the short-range interactions is not resolved.

Another approach in describing the nuclear force is the one boson exchange
model (OBE), which has succeeded in explaining several properties of the nucleon-
nucleon (N N) interaction at intermediate to short distances, such as the large tensor
forces. However, OBE cannot fully describe the interaction strength without includ-
ing phenomenological parameterizations (see, e.g., [1]). Also, it contains the concept

of strongly virtual exchanged mesons, which is not well defined [2].

Yet another successful approach to describe NN interactions is the phenomeno-
logical parameterization (potential models), in which the general spin-isospin struc-
ture of the NN interaction is reproduced by adding a finite number of Yukawa-type
interactions with the long distance interaction given by the pion exchange term (see
e.g. [3]). In this approach, the ansatz parameters used to describe the NN potential

are obtained by fitting experimental phase shifts.

While OBE and phenomenological potential models reproduce the NN scatter-
ing phase shifts with high precision, they considerably diverge in their predictions
for the nucleon momentum distributions in the deuteron above 500 MeV /c. For ex-
ample, the probability (based on OBE) for nucleon momentum of about 600 MeV /c
in the deuteron differ by a factor of two for AV18 [3] and CD-Bonn [4] potentials.
This indicates that there are limitations for OBE and phenomenological NN po-
tentials to gain reliable information about the short-range structure of NN forces
in particular and nuclear forces in general. Moreover, the above approaches are
non-relativistic and attempt to include relativistic effects turn out to be either in-

consistent or make them tremendously complicated, resulting in a set of coupled



channel equations. Another limitation of the above approaches is that there is no
clear way of including the quark-gluon degrees of freedom in such a way that it is

consistent with QCD.

Our main strategy for probing short-range nuclear forces is to study pairs of
bound nucleons that occupy a small space-time region. In other words, we search for
bound nucleons that have relative momenta much larger than the average momen-
tum found in the deuteron. The most suitable theoretical description for describing
high-energy processes is based on the light-front formalism, which allows avoiding or
suppressing vacuum fluctuations. In this case, the nucleons are treated relativisti-
cally, and the application of diagrammatic methods [43}/45] result in light-front wave
functions described by Weinberg-type equations [5]. There have been many exten-
sive studies on the light-front nuclear dynamics (e.g., Refs. [23,24,[70,71]). However,
these studies did not focus on (semi) exclusive reactionsﬂ, which will allow us to test
many properties of the nuclear structure. In our research, we have focused primarily
on deuteron electron-disintegration experiments at high momentum transfei’, which
are part of the research program of the Jefferson Laboratory, located in Virginia,

USA.

1.1 Why the Deuteron

The program of nuclear physics is to provide a description of the strong interaction

(QCD). From a modern perspective, it presents a roadmap similar to that of atomic

EWhere one or more produced particles are detected, in addition to the scattered elec-
tron.

BTn the present work, the approach chosen to calculate the high momentum contribution
to the nuclear structure is similar to the methods applied in high energy physics for the
description of the parton distributions in the nucleon, where partons are treated fully
relativistic.



physics, which led to the establishment of Quantum Electrodynamics (QED) as the
(contemporary) fundamental theory of electromagnetic interactionﬁ. For QCD and
QED, the infinite-dimensional problem resulting from the field-theoretical picture
can be reformulated as a perturbative seriesﬂ However, while for the electromagnetic
interaction, the perturbative series approximates the solution beyond the precision
of each experiment carried out so far, the same does not happen with QCD. Finding
non-perturbative solutions for QCD remains an open problem.

As an alternative of tackling the complicated nuclear problem directly from the
fundamental QCD degrees of freedom (quarks and gluons)ﬂ, we rely on simplified
models. The first step is to consider the nucleon as a (quasi-)particle, and the inter-
nal structure is quantitatively parameterized by functions called form factor{’} An
example of a simplified version of the nuclear interaction is provided by the aforemen-
tioned phenomenological approach, which reduces the many-body field theoretical
problemﬂ to an interaction potential. The total potential incorporates contributions

from two-body interactions, three-body interactions, etc., i.e.,
Va=Vo+ V54 ... (1.1)

where, A is the number of nucleons, and V; corresponds to the ¢th-body potential.

It has been found that the two-body potential (V3) reproduces about 90% of the

A The quantum field theory of electrons and photons.

BFor each order in the perturbative expansion, a finite number of terms need to be
calculated. Each term represents the interaction among a finite number of particles.

Although important achievements have been made, the computation of solutions re-
mains impractical.

@ Details about the form factors will be provided in subsequent chapters.

B'Where the interaction is carried by an exchanged particle.



binding energy of light nuclei (A < 12) and becomes even more dominant as the

number of nucleons increases [31].

The deuteron is the simplest nucleus, consisting (predominantly) of a proton-
neutron-bound state. Hence, it is the simplest laboratory for studying the two-body
nuclear problem. Furthermore, it was found that in nuclei, the configurations involv-
ing two nucleons (correlated) with a significant relative momentum are dominated
by proton-neutron pairs, i.e., over proton-proton and neutron-neutron counterparts.
Thus, a better understanding of the distribution of the high internal momentum
in the deuteron will improve the extraction of the correlations of two nucleons in
heavier nuclei. Therefore, our research is important to describe high-density nuclear

matter and the short-range structure of the nuclear force.

1.2 Modern view of the Deuteron

Being the simplest nucleus, the deuteron represents a unique testing ground for
the emergence of nuclear forces from the fundamental interaction of quarks and
gluons. One expects that QCD degrees of freedom become relevant for situations
where the bound proton and neutron in the deuteron are substantially overlapping.
Such a situation can be achieved by probing deuteron at large relative momenta,

comparable with the masses of its constituent nucleons.

Despite the apparent simplicity of the deuteron, the complex character of the
nuclear forces and the hadronic spectrum creates a rather diverse picture for the
composition of the deuteron. Because of the positive parity and total spin J=1 of
the deuteron, it represents a pseudo-vector state. In addition, the deuteron has zero

total isospin, T' = 0 (iso-singlet). As a result, the modern view of the deuteron can



be summarized as a decomposition into Fock stated’] with total spin equal to 1 and

isospin equal to 0 [14],

V=V, +VYan + Wy +Wpe + Unng - (1.2)

2

where 7---” includes the contributions from higher Fock components with poten-

tially higher mass constituents.

The relative contribution of the Fock components in the deuteron wave function,

starting from the lowest number of constituents, is organized as follows:

pn Component: The empirical evidence suggests that the pn component domi-
nates in the deuteron wave function for large internal momenta (~ 600—700 MeV /c)
[6]. Theoretical calculations based on the pn component of the deuteron wave func-
tion (e.g., Refs. [7,8,10]) provide a good description for a wide variety of the processes
involved in probing deuteron’s wave function for up to 600 — 650 MeV /c internal

momenta.

AA and NN* Components: Energetically, the next closest two-particle (isos-
inglet, pseudovector) Fock components of the deuteron are the AA and NN*, the
latter representing a radial excitation of one of the nucleons in the deuteron. Such
excitations require energies in the order of 600 MeV, corresponding to internal mo-
mentum of about 800 MeV/c. Due to the large-cross-section of the 7N — A
transition, it is expected that the AA component will dominate over the N N* com-
ponent. The overall contribution of the AA component has been experimentally
constrained to < 1% [11], while there is no evidence yet for the possible mixture of

the NN* component.

BBy Fock state, we adopt the definition of a state characterized by a well-defined (fixed)
particle number.



Hidden Color Component: One of the unique predictions of QCD is the possible
existence of the hidden color component in the deuteron wave function. The color
decomposition of the very same six quarks present in deuteron’s pn component
allows for a 6-quark color-singlet configuration consisting of two colored (octet)
baryons. The colored constituents configuration (hidden color component) has been
estimated to be responsible for almost 80% of the high momentum wave function
strength [15,/16]. Such component is expected to dominate at considerable high
excitation energies of the NN system, with the six-quark representation of deuteron
describing the sum of all the possible two-baryonic states. Since large excitations
are relevant to the nuclear core, there is an interesting possibility that the NN
repulsive core results from the cancellation in the overlap between hidden color-

dominated configurations and the NN component.

N N7 Component: The most dominant three-particle Fock component of the
deuteron is the NN7m component, which is expected to become relevant at ex-
citation energies close to the pion threshold (corresponding to internal momenta
~ 370 MeV/c). There is evidence from reactions probing meson exchange cur-
rents that this component starts to dominate at missing momentum ~ 350 MeV /c,
which is consistent with the above estimate of the pion threshold (see for example
Refs. [17,/18]). However, in experiments at high energy and momentum transfer
(above the proton mass), aimed at probing short distance nuclei structure, no such
evidence is observed for relative NN momenta up to ~ 650 MeV/C (e.g., [19-21]).
The latter suppression can be explained by the fact that the transition N — 7wN
behaves as ~ exp{At} with A > 3 GeV~2 (hard form factor) [11]. Therefore, the
processes in which the high energy probe couples to the exchanged pion in the NN«
deuteron component are significantly suppressed at high momentum transfer (above

the proton-pion system mass).



The above discussion indicates that the dominant inelastic component in the
deuteron may be the AA rather than the N N7 component. This will extend the pn
dominance for internal momenta up to ~ 750 MeV /c, which lays below the expected
threshold of the AA, and possibly hidden color components in the wave function of
the deuteron.

We conclude that for internal momenta up to ~ 750 MeV /c, the proton-neutron
Fock component must be the dominant one in the deuteron wave function. The
conventional quantum mechanical description for the pn component becomes ques-
tionable at such high momentum because of significant relativistic effects. Our
calculation of the exclusive deuteron-electro-disintegration reaction consistently ac-
counts for relativistic effects in the bound-proton-neutron component of the deuteron
wave function and the rescattering of the outgoing (produced) nucleons. The im-
plementation of the light-front (effective) Feynman diagrammatic developed in this
work represents the light-front extension of the generalized eikonal approximation
(GEA), which was developed earlier [7,44,45] to account for the relativistic motion
of the nucleons in the final state interaction amplitude.

Our research is motivated by the comprehensive program of electron scattering
experiments with high transferred momentum, which aims to reveal the structure
of nuclei. (e.g., [12,|14,32]). With this experiments, a deeply bound nucleon in the
nucleus can be probed by a photon with large virtualitylﬂ, producing a final nucleon
with very high 3—momentum|E. The high-energy nature of these processes allows for
chief simplifications in the description of the scattering process. One of the main
characteristics of high energy scattering is that the process evolves along a light-

like direction (e.g., [2,124}63,64,|68]), making the light-front framework the most

I The definition of virtuality for the exchanged photon is provided in Eq. 1)

M Roughly equal to that of the virtual photon.



natural choice to describe the reaction. The crucial advantages of a description
are the suppression of the negative energy contribution in the full propagator of
the bound nucleon and the possibility of identifying the “good” component of the
electromagnetic current, for which the off-shell effects are minimal Off-shell effects
are the sources of many ambiguities in the calculation of the scattering cross-section.
Therefore, its minimization is the first step towards meaningful estimates. All these

features will be described in detail in the following chapters.



CHAPTER 2
DEUTERON ELECTRO-DISINTEGRATION

Experiments performed at quasi-elastic kinematics, in which electrons are scat-
tered off a deeply bound nucleon producing a struck nucleon (Ny) in the final state,
are the main tools to directly probe bound nucleons with large momenta. Exper-
iments of this kind have a very small differential cross-section. Therefore, they
require high-intensity electron beams, which became available only after the ad-
vent of the Continuous Electron Beam Facility (CEBAF) at Jefferson Laboratory
(JLab), located in Virginia. The first of such experiments [19-21] reaching large
values of transferred invariant momentum (Q? > 1 GeV?) were performed at JLab,
and for the first time succeeded in a direct measurement of the deuteron momentum
distribution up to 550 MeV/c [21]. After the 12 GeV upgrade of CEBAF, a new
era of long-awaited electro-disintegration experiments [22] are probing the deuteron
structure at unprecedentedly large internal momenta, up to 1 GeV/c. Such mea-
surements are opening up an entirely new stage for investigating the QCD origin of
nuclear forces.

The advantage of exclusive electro-disintegration experiments is that, in the sim-
plest model known as the plane wave impulse approximation, it directly probes
the deuteron momentum distribution. However, because the outgoing proton and
neutron interact strongly, there is a substantial contribution from the final state
interaction effects, which must be properly accounted for. With the birth of the
experimental program on high momentum transfer electro-disintegration reactions,
various theoretical groups have made intensive efforts to calculate the effects of FSI.
(e.g. Refs. [7,29,[30,/52]). All these efforts are based on the high-energy nature of
the scattering process. However, the previous works still use the non-relativistic

description of the deuteron wave function. As a result, their validity becomes in-

10



creasingly questionable for the description of processes that probe deuteron’s inter-
nal momentum at values comparable to the nucleon mass (~ 1 GeV/c). One of the
main problems in the interpretation of the experimental data is to account for the

relativistic dynamics of the deuteron adequately.
2.1 Kinematic Definitions

We investigate the reaction,
e+d— e+ Ni+ N, (2.1)

where the deuteron nucleus is disintegrated after interacting with a high energy
electron. The result of this event is the production of two nucleons (proton and
neutron) in the final state together with the scattered electron. Two particles are
detected in coincidence in the final state, the scattered electron and one of the
nucleons. The measured momentum of the detected nucleon is labeled, p; = (E¥, py).
The second nucleon will be called the recoil nucleon, and labeled as p, = (E;, p;),

its momentum is reconstructed from the energy-momentum conservation,

Pa+De = PL+ i+ Dy (2.2)

where, pg = (Eq4,pa) is the deuteron’s four-momentum, and p, = (E.,p.) (p. =
(E!,p.)) is the initial (final) four-momenta of the electron. In the current kinematics,

the initial and final energies of the electron are much larger than its mass,
pel, [pe| > me (2.3)

from where it follows that can be treated as massless particles.
In quantum field theory, the interaction between electron and deuteron is medi-
ated by the exchange of virtual photons. The graph shown in Fig.(2.1]) is known as

the one photon exchanged approximation, which is a highly accurate approximation
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Figure 2.1: Deuteron electro-disintegration in the one-photon-exchange approxima-
tion.

due to the small coupling constant of the electromagnetic interaction (« ~ 1/137).

The four-momentum of the exchanged photon (momentum transfer, ) is,

q=(¢",q) =p. —p. = (E.,pe) — (E.,p.) (2.4)

It is very convenient to work with kinematic variables that are Lorentz invariant,
since their values are the same for any inertial reference frame. A common choice

are the (negative) invariant momentum transfer squared,

QP=-=d-q (2.5)

the fraction of the target’s momentum longitudinal to the momentum transfer

(Bjorken scaling variable)[]

R— . 2
A (2.6)
Pa-q Pd - q
and, the center of mass energy of the photon-deuteron system,
s = (pa+q)? (2.7)

ONote that with this definition we have, 0 < z < 2.

12



2.2 Reference Frames

In our calculations, we will primarily consider two reference frames. One is the Lab

frame of the deuteron sketched in Fig.(2.2)) with coordinate axes defined by,

B (|Qlab X Z1ab|” [Pe X Z1ab)|’

J X glab ﬁe X ﬁ,e (7)
—{1ab

(Z1ab, Yiab, Zlab) = ( s
R | |q]

Yab X Zlab  De X Zlab . )
— A Y — —
q X tav| " |Pe X 7|

(2.8)
where, p. and p], are the (known) 3-momentum vectors of the incoming and outgoing

electron, respectively.

Lab Frame (3d= 0)

Figure 2.2: Deuteron Lab (rest) Frame.

The second is the center of momentum frame of the virtual photon and deuteron
(v*d-CM), Fig.(2.3), given by the equivalent conditions p; +q = 0 = p, + py, i.e.
it is also the CM frame of the produced proton-neutron nucleons. The coordinate

axes coincide with the Lab frame ones,

(Zem, Yo, Zom) = (L1ab, Yiabs 21ab) (2.9)

13



Y-d CM Frame

-

Figure 2.3: Center of momentum frame for the initial two-body system, deuteron
and virtual-photon, and also for the produced proton-neutron.

In the CM reference frame the four-momenta of the deuteron and virtual photon

are given in terms of invariant kinematical variables by,

Q? 2 2 2.2
=+m5 Q max
L= (E — | = d 1+—4_0
pd ( d?pdzapdT) \/g 9 LU\/E + Q2 s UT
Q_2 _ QQ QQ m2x2
po= L.qr) = | = - 1+—<_0 2.10
q (40,42, ar) 7 oy | ATl (2.10)
where, the invariant mass s can be written as,
2 22— 2
s=(pat+q)=0Q +my (2.11)
and the Bjorken variable x is given in the Lab frame by,
2
x = ¢ 5 (2.12)
Mqdiay,

with ¢, being the energy transferred in the Lab frame and mg the deuteron mass.
The mass of the electron is negligible compared with their energies (Eq. , in
which case we have, Q* = 4E.E sin” %, where E, (E!) is the energy of the incoming
(scattered) electron, and 6, the scattering angle, all their values as measured in the

Lab frame.
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2.3

Reaction Dynamics

Within the one-photon exchange approximation the Feynman diagrams that de-

scribe the reaction Eq.(2.1]) given in Fig.(2.4]). For definiteness, we consider a proton

to be the knocked-out nucleon.

p/n

(a)

A

p/n pn M, pm M R W
N,

n/p n/p 0,
(b) (c) (d) N, N
N,
>

'N NR N
(f) (@) (h)

Figure 2.4: Diagrams contributing to the exclusive d(e, ¢'p)n reaction.

These diagrams represent different mechanisms in electro-disintegration of the

deuteron and can be categorized as follows:

(a)

PWIA contribution: In Fig.(2.4[a)), the situation in which the nucleon
struck by the virtual photon is detected, while the undetected one is a specta-
tor, corresponds to a mechanism called the direct plane-wave impulse approxi-
mation, hereafter plane-wave impulse approximation (PWIA). The alternative
possibility in which the virtual photon strikes the undetected nucleon while
the detected one emerges as a spectator is called the spectator-PWIA. No fi-
nal state interaction (FSI) is involved. Therefore, the final nucleons emerge as

plane waves.

Direct FSI contribution: In this case Fig.(2.4(b)) the struck proton rescat-

ters off the spectator neutron and is detected in the final state.
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(c) Charge-Interchange FSI contribution: In the case of Fig.(2.4(c)) the
struck-nucleon undergoes a charge interchange interaction with the spectator

nucleon.

(d) Intermediate State Resonance Production: In Fig.(2.4[(d)), the elec-
tromagnetic interaction excites the nucleon into a resonance state which then

rescatters with the spectator nucleon resulting in the final proton and neutron.

(e,f) Meson Exchange Contributions: In Fig.(2.4] (¢) and (f)), the electromag-
netic interaction takes places with the mesons which are exchanged between

initial nucleons in the deuteron.

(g) Non-Nucleonic Contributions: The last three terms contributing to the
reaction Fig.(2.4] (g), (h), and (i)) are sensitive to non-nucleonic components
of the deuteron wave function. The first two represent an initial state with
baryonic resonance(s), whereas (i) corresponds to the hidden-color component

contributions.

2.4 Main Features of High Energy Approximation Electro-
Disintegration

Among all the reaction mechanisms accounting for deuteron electro-disintegration,
only the PWIA (Fig2.4] (a)) provides direct access to the NN structure of deuteron.
However, a reliable estimate of the PWIA contribution to the reaction requires a
systematic way to account for all the remaining reaction mechanisms (diagrams
Fig[2.4[b)-(i)) discussed in the previous section. As we explain below, most of
the reaction mechanisms can be suppressed if we consider the reaction at

sufficiently high energy and momentum transfer while guaranteeing that the struck
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nucleon (carrying almost all the momentum of the virtual photon) is significantly
more energetic than the recoiling nucleon. Explicitly, in the Lab frame, we must

guarantee,

‘piab — |qlab o picab’ < ‘plfab‘ ~ qlab’ Z Q Z 9 GGV/C (213>

where, the variables are defined in Fig.. The consequences of applying the con-
ditions are different for each of the individual Feynman diagram in Fig.(2.4[(b)-
(i)). It is worth noting that this last observation constitutes the central paradigm of
effective field theory, which is that the relevant physics does not come from a graph-
by-graph analysis, but rather comes from a scale-by-scale (energy) breakdown.

In the next chapter, we will see that the scattering amplitude for the PWIA
(Fig[2.4(a)) is proportional to the deuteron wave function. In the Lab frame, the

spectator-PWIA amplitude is then proportional to ¢q(pi??), with pi*® ~ few GeV/c.

lab

lab) * with plab ~ few

In contrast, the direct-PWIA graph is proportional to ¢4(p
hundred MeV /c. From where it follows that for the PWIA the spectator mechanism
is kinematically suppressed with respect to the direct one.

Diagrams containing meson exchange currents (Fig[2.4e) and (f)) bear a dy-
namical suppression since, under the condition m? = < Q* ~ 1GeV?, they are
suppressed compared to the PWIA term by an additional factor of Q=% [45,46].

The dynamical suppression also occurs in the charge-exchange diagram (Fig[2.4)c)).
The charge-exchange mechanism (pn — np) has an additional factor of s~!/2 in the
amplitude and a stronger ¢ dependency compared to the direct-FSI rescattering of
the nucleons (pn — pn) [7].

The contributions of the intermediate (baryonic) resonance production mecha-

nism (Fig2.4(d)), with the Delta production channel (v*N — A) being the most

important, are subjected to both kinematic and dynamical suppressions. Kinemat-
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ically, it is possible to control the amount of energy transferred (gl,) to the target
such that intermediate exited states are suppressed. This corresponds to probing
the side of the quasi-elastic peak that is far from the inelastic A electroproduction
threshold. Dynamically, due to the spin-flip nature of the transition v*N — A, a
much steeper falloff in the transition form-factor is expected as Q? increases, com-
pared to the elastic scattering v*N — N [47,/48].

Previous studies [7,[8,/14] analyzed the available deuteron electro-disintegration
experimental data and were able to conclude that optimal enhancement of the direct

PWIA with respect to direct FSI contributions occurs when,
lab
pr,T << pr7z (214)

However, FSI contributions are always present and must be included in the calcu-

lations.

2.5 High Energy Reactions and the Light-Front Framework

One of the main characteristics of high energy scattering is that the process evolves
along a light-like direction (e.g., |2,[24}/63,(64}/68]), making the light-front frame-
work the most natural choice to describe the reaction. An essential feature of the
LF approach, which can be exploited when describing high-energy reactions with
composite systems, is the possibility of separating the relative momentum between
constituents from the system’s total momentum. This means that analogous to
non-relativistic QM, the center of mass momentum will be kinematical, i.e., it will
not carry any information about the dynamics since the three components of Py
commute with the Hamiltonian [72-74]. This feature allows for the definition of

observables such as form factors, as well as model-dependent quantities like momen-
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tum distributions, and spectral functions, all of them given in terms of LF wave
functions which exclusively depend on the internal variables] [77].

The Light Front dynamics was first formulated by Dirac [65] in a pioneering
study on Hamiltonian quantization. Dirac showed that the observer’s time is not
the only possible choice for describing the evolution of a system and introduced
three consistent frameworks fulfilling this purpose, out of which two of them have
been found very useful in the description of quantum mechanical systems. They
are the Instant-Form (IF) and Light-Front-Form (LF) of dynamics, which differ by

the respective fixed “time” surface used for the evaluation of (anti)commutators,

Fig..

At

-

=

zas

The Instant The Front
Form Form

Figure 2.5: Dirac’s Instant- and Front-Forms of Canonical Quantization. The equal-
“time” quantization planes are shown.

Among the advantages of a LF description are the absence of vacuum fluctua-
tions and the possibility to choose a good parameterization of “time” for which the
negative energy contribution to the interacting particle’s propagator vanishes (see
Chapter|3)). The latter allows for a consistent definition of relativistic wave functions

for composite systems, called light-front wave functions (LF-WF) [24,/68].

2'\More precisely, this is true for any frame collinear with Pcyy, which without loss of
generality we can choose along the z-axis.
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There are different conventions for the LF notation and scalar product. We use
the Lepage-Brodsky convention [64] (see [Appendix Bj),
T =t—z

T =t4+z=1

h = (xﬂaf,x,y) = (xﬂx*,xT)
P =0"p.pr) =(E+p., E—p.,ps,py) (2.15)
1
vp=3 (zFp” +27p") —xr - Pr

The evolution is parameterized by the LF-time z™, therefore, the Hamiltonian is
p~, since it is the operator conjugated to the time parameter.

The quantization surface is defined by z* = t+2 = 0, which represents a front of
light moving along the Z-axis. The states are labeled by the kinematical Variablesﬂ:
pt = E + p., and, pp, which are analogous to the standard labeling of states by
the 3-momentum. For a nucleus with the atomic number A, instead of using the
component p* for the nucleons, it is often convenient to use as a kinematical variable
the light-front longitudinal momentum fraction, which is taken proportional to the
atomic number (A), i.e., a = Ap™/pk. In our study of deuteron structure we will

use, o, = 2p;./py, for the interacting and recoil nucleons (see Fig. [2.4)).

High Energy Electro-Disintegration in LF variables

The Lab and CM reference frames of Figs.(2.2] and belongs to a family of
collinear frames (chosen here along the z-axis) that can be parameterized in terms
of the LF longitudinal momentum of the deuteron, p} [9]. The LF components

of deuteron and virtual photon momenta can be written in terms of the invariant

BTogether with other quantum numbers like spin/helicity, etc.
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kinematical variables as,

2 2 2 2
= (pt o~ — 142 145 Q TR PR
Pq (pdapdapdT) (:L‘\/g —|-7_—|- + ol B —|-7_ + —| T
(2.16)
2 2 2 2
qME(q+aq_un):<Q ll—x— 1+ — ,Q [1—x+ 1+ — ,0T>
x\/g T T/ S T

where, 7 = % With the light-front components for the momentum of deuteron
d
and the virtual photon given by Egs.(2.16]), we define the the following quantities

relevant to the considered reaction,

2 + 2 + 2 +
O:fzi_i’ r:L—i’ aq:L+> and, ai:af—aq:2_ar7 (2'17)
Pg Pq Pq

where, af and «, are the LF 4+ component of the deuteron momentum carried by the
final knock-out nucleon and recoil nucleon respectively, whereas «, correspond to
the longitudinal LF momentum fraction between the virtual photon and deuteron.
Note that they have been rescaled by a factor of 2.

The light-cone momentum fraction of the bound nucleon ¢ is defined through the
energy-momentum conservation. The crucial feature of these momentum fractions
is that they are invariant for boosts in the Z direction, taken here anti-parallel to the
momentum transfer q (see Fig. [2.2)). The same is true for the transverse components
of the momentum, pr. For example, in the lab frame of the deuteron, these variables
for the recoil particle are given by,

\/ m%\f + p?,lab - piab - COS eiab
(2.18)

md/2

lab _: lab lab
Pry =Py sin 6. cos ¢,

ayp =

_ lab _: lab _: lab
Pry = —p, sinf* sin ¢,

where, 0% and ¢!*" are polar and azimuthal angles of the recoil nucleon in the Lab

reference frame. The Lab coordinates were defined in Sec.({2.2)).
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2.6 Relevant Diagrams for High Energy and Momentum

Transfer

From the diagrams involving the nucleonic content of the deuteron, the discussion
of the previous section leaves us with the direct PWIA and FSI diagrams (Fig. 2.6)),
which are the dominant contributions in the high energy and momentum transfer
kinematics considered in this work. In addition, at very large internal momenta
700 — 750 MeV/c a gradual increase of the contribution from the non-nucleonic

components (Figs. [2.4](g)-(i)) may appear [6], which are omitted in this dissertation.

p/n p/n
p/n p/n 7|

n/p ‘n/p
(PWIA) (FSI)

Figure 2.6: PWIA and FSI for deuteron electro-disintegration.

Another important advantage of evaluating the above diagrams at the high en-
ergy and momentum transfer kinematics is the onset of the eikonal regime. In the
eikonal regime, the final state rescattering can be described through the effective
NN — NN, or, NR - NR amplitudesf_f], which can be taken from high energy

baryon-baryon scattering experiments.
In the high energy and momentum transfer limit we have [45],

qloab — | Q|

= k1 2.19
qp + 1Qab| (2.19)

HThese are the nucleon-nucleon and the nucleon-resonance scattering.
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which in the deuteron and virtual photon CM reference frame corresponds t(ﬂ,
_l’_ —
L P (2.20)
q DPq
In Fig.(2.7) the above condition is checked for different Q? for the reaction of

Eq..

[ 01
1o 1.0
I @ (GeV?) = 2.0
osl e 40
1 ——— 80
P 06
Pt
04
0.2
0.0 T - -
0. 1.0 1.5 20
Q2
XB =
Py-q

Figure 2.7: The x dependence of ;%: ratio at different Q2.

d

As the figure shows, one expects the high energy approximation will start to
be valid at Q? > 2 GeV? and improve further with an increase of Q?. Assuming
that the condition of Eq. is satisfied, the diagrams involving FSI amplitudes in
Fig. can be systematically calculated applying effective Feynman or Light-Front
diagrammatic methods. In both cases, effective transition vertices and effective

amplitudes for the NN or N R rescattering are used (see, e.g., Ref. )

BThe components of the momenta for the deuteron and virtual photon in their CM
frame are given by equations (2.10) and (2.16]) for the Lorentz and light-front coordinates
respectively.
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2.7 Electro-Disintegration Cross-Section

The differential cross-section for the electro-disintegration reaction within the one
photon-exchange approximation allows to factorize electron and hadronic parts of

the interaction in the invariant Feynman amplitude as follows,
v 62gVM I
/k4 = <Af |j6 | Ai>——§§——<8f’sr |j4 | Sd>, (2.21)

where, ¢? is the virtual photon’s momentum squared. The leptonic current j. is
defined by,

Ar 138 1 Xi) = alkyg, M)y ulki, Ai) (2.22)
and, (sf, s, | A" | sq) represents the (total) invariant amplitude of v'd — NN
scattering.

Using Eq.(2.21)) for the differential cross-section of reaction (2.1)) one obtains:

do 1 64LW 6((q + pa — pg)* — m%)

Bhyfedps /By 4 (pa - ko2 d* - 4(2m)5

2
e

(2.23)

where, terms proportional to electron’s mass squared (mZ2) are neglected. The

leptonic tensor is given in terms of the elementary (relativistic) spin 1/2 electro-

magnetic current,

1

L = oy (@lhy, Ay ulks, M) aky, Ap)y*u(ks \) (2.24)
A1A2

whereas the nuclear electromagnetic tensor is expressed through the scattering am-

plitude A* as follows:
1
H" = 3 E (sq | AM | 55,8, (55,8, | A” | sa). (2.25)

84SrSf

As a consequence of the kinematics constrain discussed in the previous sections,

we only need to consider in our calculation the processes corresponding to the dia-
grams in Figs.(2.4] (a) and (b)), i.e.,

At = Ag,dir + Alf,dir (226)
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In the next two chapters (3| and 4) we elaborate on the details involved in the
calculation of the PWIA amplitude (A ), first term on the right hand side of
Eq.. The calculation of the second term, A’f’dir, will be the focus of Chapter
. Finally, the remaining term A/ is expected to be small in the kinematics of

1,chex>

interest for the current research,thus, it is out of the scope of the present work.
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CHAPTER 3
PLANE WAVE IMPULSE APPROXIMATION

The non-triviality of an accurate description for electro-scattering from deeply
bound nucleon within a nucleus was evident since the 1980s, with the first intermedi-
ate energy experiments at SACLAY [58,59] and NIKHEF [60]. The first theoretical
calculations relied on different prescriptions to describe the nucleon’s change when
bound in a nucleus. For example, one of the earliest models [61], assumed that
bound and free nucleons would be equal in all respects except for their mass, with

the bound nucleon’s mass estimated by momentum conservation.

Currently, the most popular model is due to de Forest [62]. de Forest considered
eight different expressions for the electro-bound-nucleon cross-section e Npouna, €ach
of them corresponding to different assumptions about the electromagnetic (EM)
interaction. The EM interaction is modeled by exchanging a virtual photon (v*)
between the electron and bound nucleon, and the strenght of the interaction is
represented by the effective vertex Ffj* ~ (see Fig. . Once again, the bound
nucleon is approximated by a free nucleon. Hence, on-shell spinors are used. No
preference is given to any of the considered eight expressions of the e/ Npoung cross-
section, and as such, these approximations allowed to check the uncertainty due to
binding effects rather than calculating their actual valuesﬂ

Such kind of approaches were characteristic to the intermediate scattering energy
experimentsﬂ where the lack of a small parameter makes impractical the quantifi-

cation caused by the strong binding effects on the nucleon electromagnetic current.

@1y other words, these studies remained largely qualitative.

2'With a momentum transfer of a few hundred MeV /c.
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3.1 Reason for Time-Ordering

In this section we consider the single-photon exchange case of the reaction ({2.1)
(see Fig. within the covariant plane wave impulse approximation (PWIA),
which is represented by the diagram of Fig.(3.1)). The first problem we encounter in

high-energy processes is the increasing probability of negative energy states.

Figure 3.1: Exclusive electro-disinegration of the deuteron in plane wave impulse
approximation (PWIA).

In the case of PWIA the off-shellness of the bound nucleon is completely defined

by the four-momentum of the deuteron (p;) and that of the recoil nucleon (p,),
explicitly,

Pi =Pa—Dr (3.1)

The PWIA amplitude Afj is given by,

_ ﬁz +my _ v s
(sp.s0 | AG | sa) = —U(Pﬂsf)rffwmu@m sr)l i (3.2)
i N

where, x*¢ is the spin wave function of the deuteron, and F’j y and I'y are covariant
vertices (see Fig. [3.1]).

The amplitude Aj in equation contains neither the electron-bound nucleon
scattering, nor the nuclear wave function in the explicit form. The e Npoung Scatter-

ing and the nuclear wave function appear only when one considers the amplitudeﬁ]

Blor equivalently, the PWIA diagram (Fig. D
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Al within time-ordered perturbation theory. In this case the covariant Feynman
diagram splits into two noncovariant time-ordered processes, which are represented

by the two diagrams in Fig.(3.2)).

t-ordering = Instant Form

(Propagating)

o
Loy

(b)

Figure 3.2: Representation of the covariant scattering amplitude (a) as a sum two
time-ordered diagrams. (a) Production of the NN pair by the virtual photon with
subsequent absorption of the anti-nucleon by the deuteron; (b) Virtual photon scat-
tering from the bound nucleon.

The diagram of Fig.b) represents a scenario in which the virtual photon
interacts with the preexisting bound nucleon in the deuteron, with I'gyny representing
the vertex of d — NN transition and the v*N — N electromagnetic interaction.
This contribution corresponds to the noncovariant PWIA, in which case the eA
cross-section is expressed through the product of e N cross-section and noncovariant
nuclear spectral function.

The diagram of Fig.(3.2la) however, represents a very different scenario. In
this case, the virtual photon couples to an intermediate vacuum fluctuation NN
pair, which is parameterized by the transition vertex I' .xyn. Subsequently, the
anti-nucleon (N) is reabsorbed into the deuteron at the I'ypy vertex. The latter
process is not straightforward related to the the nucleon content in the wave func-
tion of the deuteron. Figure a) is commonly referred to as a ”Z-graph” and is
a purely relativistic effect. In the nonrelativistic limit, one deals only with the dia-

gram of Fig.(3.2tb), which allows to approximate the covariant scattering amplitude
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with the product of the nonrelativistic nuclear wave function and the amplitude for
the virtual-photon scattering off the bound-nucleon (7*Npoung). However, the situa-
tion becomes more complicated when one is interested in bound nucleon 3-momenta
comparable with its mass (|p;| ~ my), which can be probed at momentum trans-
fer |g| > my (see Eq. [2.13). In this case the "Z-graph” contribution (Figl3.2}a)
becomes comparable with the one in Fig.b), preventing the straightforward fac-
torization of the nuclear wave function. Thus, conventional noncovariant PWIA is
inapplicable for the description of electron scattering from deeply bound (relativis-

tic) nucleons in the nucleus.

This situation is reminiscent of the QCD processes in probing the partonic
structure of hadrons, in which case, due to the relativistic nature of partons, the
vacuum diagrams can not be neglected when the time-ordered perturbation theory
is applied in the Lab reference frame of the hadron [2]. A possible solution is to
consider the scattering process in the infinite momentum frame, which allows to
suppress the ”Z-graphs” and consider only the diagram of Fig.b), for which one

can introduce the wave function of the constituents.

Another solution, is to set up the problem within the framework of light-front
form of dynamics, which is the one we follow in this work. Our approach in probing
deeply bound nucleon is similar to that of the partonic model. We formulate the
reaction in the light-front formalism, allowing us to exclude the contribution
of the vacuum diagrams (Fig[3.2la), and consequently be able to define the (light-
front) nuclear wave function of deuteron. A remarkable characteristic of the LF
wave function is that it has probabilistic interpretation similar to that of the non-

relativistic nuclear theory.
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3.2 Light-Front Scattering Amplitude in the PWIA

We consider now the reaction (2.1) on the light-front, where the light-cone time is
defined as 7 = t + z. The calculation of the scattering amplitude corresponding
to the PWIA proceeds by applying Light-Front perturbation rules [63,/64] in an
effective theory in which one identifies effective vertices for the nuclear transitions
and the electron-bound nucleon scattering (see[Appendix B)). The covariant scatter-
ing amplitude Eq. is expressed as a sum of noncovariant diagrams ordered in
T-time, shown in Fig.. At each vertex on the T-ordered diagrams the transverse,
pr, and plus, p*, components of momenta are conserved. Here, in addition to the
two 7 orderings analogous to the ¢-time ordering of Fig. there is an additional
contribution Fig.(3.3tc). The latter is related to the spinor nature of the bound

nucleon and corresponds to the so-called instantaneous interaction.

t-ordering = Instant Form = (a)+(b)
rm— == P ———— == A

(Instantaneous)

T-ordering = Light Front = (a)+(b)+(c)

Figure 3.3: Representation of the covariant scattering amplitude as a sum of two
light-cone (7)-time -ordered diagrams as well as instantaneous interaction. (a) Pro-
duction of the NN pair by the virtual photon with subsequent absorption of the
antinucleon by the deuteron; (b) Virtual photon scattering from the bound nucleon;
(c) Instantaneous interaction of virtual photon with the bound nucleon.
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reaction plane [y reaction plane ?X,eac,

,,,,,,

// Ong
(a) Lab Frame (D,=0) (b) Y-d CM Frame

Figure 3.4: Scattering and Reaction Planes.

Our conventions for the scattering and reaction planes, as well as the reference
frames used, are depicted in Fig.. They belong to a family of collinear frames
related by boosts along the z-axis. The Z-axis is oriented anti-parallel to the virtual
photon 3-momentum, (Z|| — §).

The scattering plane corresponds to,

~ ~ ~ (7 X gscatt J X ﬁe (f

Tscatty Yscatts Fsca - S ~ y T = I Ry 3.3
(Bacasts Gt Fact) <|q X Yseatt] " |G X Pel I(Tl) (33)

where, p. (7,) is the 3-momentum vector of the incoming (scattered) electron.
The reaction plane is defined by,

~ ~ ~ Cf X @react 25} X CT q_'

Treact s Yreact s Zr = =>— TS 3.4
( eact eact eact) (|q % yreact| |pf % (ﬂ | q_]) ( )

Notice that conventionally the z-axis is defined parallel to ¢. The reason for our
choice of reference frame, with the 2 axis antiparallel to the transferred momentum
(2||—q) follows from the fact that in this frame we have, ¢* = go—|q| < 0. Therefore,
due to the conservation of the 4+-component of momenta at an interaction vertex
(see [Appendix B), the diagram of Fig.(3.3}a) (Z-graph) is kinematically forbidden,
since the production of the NN pair requires ¢+ > 0.

The diagram in Fig.(3.3-b) corresponds to the amplitude AL representing

a virtual photon that knocks-out a bound nucleon, which subsequently propagates

from the I'qny transition vertex to the Iy interaction vertex. Finally, in Fig.([3.3tc)
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we have the “instantaneous” amplitude Al . in which the d — NN transition and
v*N interaction take place at the same light-front time (7). In both diagrams,
the nucleus exposes its constituents, and the scattering takes place off the bound
nucleon, allowing for a probabilistic interpretation of the scattering process with the

bound nucleon.

The propagating part of the scattering amplitude (Fig.b) yields,

(ﬁz + mN)on
pd_ — D _pi_,on)

_ 1 _ s
<Sf7 Sr | Agrop ’ 8d> = —U<pf, Sf)Fg*N ]F( u<p7’7 ST)FdNNX ¢ (35>

where p;, p, and p;, are defined from the light cone energy on-shell condition,

2 2
_ mj+p;
P;
with, 7 = d,r, (i,on). The subscript "on” indicates that the light-cone components

of the bound nucleon momenta are taken on-energy shell.

Applying the rules of |Appendix Bfto the instantaneous diagram (Fig.c) one

obtains,

_ 1 /1 .\ .
(5728 | Ay | 80) =~ 8T (Qw) a(pr,s)Tax™  (3.7)

Note that in both expressions (3.5 and (3.7)) one has the same nuclear (I'pyn) and
electromagnetic (I« y) vertices.

For further elaborations, we introduce the LF off-energy shell of the bound nu-

cleon ( “-” component), p; = p; —p, , which is defined through the (LF) on-energy-
shell ( “-” component) of the deuteron and recoil nucleon,
1 1 pt
— — - = = - = (dm2 Tp2) (38)
Pg —Pr = Pion  Pi ~Pion mi— 4%

where, we have used Eq.(2.17)). Together with the completeness relation for on-shell
spinors,

(}61 + mN)on - Z (U(pu Si)a(pi; Si))on (39)

Si
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Putting together the two contributions A*.__ and Al

prop st

the PWIA scattering

amplitude is given by,

u _ >, U(pis si)u(pis 8i)

Ag = Aprop + A;Lnst - - u(pf> Sf)ri;*N o 9 m2,+p2. ﬂ(pr, Sr)FdNNXSd
2 <md —4 a(2—a) )
37" (07 = Pion)

o U(Dr 5 )Tannx ™ (3.10)
g<m3_4mw_+w>

Furthermore, Af can be factorized into the product of two terms,

AP — AP AF = JH m 2(27)° 311
0 pr0p+ inst N(pf8f7plsl) a ( 7T) ( . )

the light-front wave function, which is defined by [24,69]:

u(pi, s:)u(pr, se)lannx™ 1

SiSrSd
LF (O{, pT) = m2.4n2 (312)
L(mi—ami ) 2 2n)
and the electromagnetic current for the bound nucleon,
© ~ 1% -~ % Api
In(Drss, pisi) = u(psy)Uh yulpisi) + wlpys )T ys——u(pisi) (3.13)

TN MmN
where, 2Ap; = v (p; — p;,n)- For more details we refer the reader to Ref. [50).
The current operator of Eq. is half off-shell, i.e., the initial state of the
nucleon is off-shell while the final state is on-shell. It differs from the free nucleon
EM current in the additional last term. The primary focus of the next section is

the calculation of this half-offshell electromagnetic current.

3.3 Nucleon EM Current and Form Factors

The most general parameterization for the matrix element electromagnetic (EM)
current operator (j%,,)aee Of the free nucleon satisfying Lorentz and gauge invariance

consists of two form factors (FF), its matrix elements are given by,

2
W i) =50 |F@+ i) (319
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where, my is the nucleon mass, p and s (p’ and §’) are the initial (final) nucleon
momentum and spin respectively. The Dirac and Pauli form factors, F; and Fs,
are scalar functions of the four-momentum transfer squared, ¢> = (p' — p)* < 0
(Q%=—¢*>0), and 0, = 5(Vu Vv — T Vu)-

The FF are normalized at Q% = 0 as follows,
FP0)=1, Fr(0)=0, FI(0)=r, FI0)=ry (3.15)

with, k, = 1.79, (k, = —1.91), the anomalous magnetic moment of proton (neutron)
in units of nuclear magneton.
For a static target (m — oo) the charge and magnetization distributions are

given as Fourier transforms of the Sachs FF,

Gp(Q") = 1(Q) — TH(Q7)
Gu(Q%) = F1(Q%) + F2(Q”)

(3.16)

where, 7 = Q?/ (4m?). When the recoil of the target is not small and can not be
ignored, the interpretation of Gg and GGj; as the Fourier transforms of the charge and
magnetization distributions can still be valid if we describe the process in the Breit
frame (BF), which is defined by: Q* = g (¢4 = 0). This follows from the fact
that in the BF, the initial three-momentum (p;) of the interacting particle is equal
to minus its final three-momentum (p ;= —p;), henceforth during the interaction,
the target appears to be (on average) as if it is at rest. Thus, the Breit frame picture

is the closest to have the target at rest during the interaction. Furthermore, we have

. - . _
<p/78/ ‘]u’p; S> BF <_p7 8/ ‘]#’p7 S> = U<—p, SI> F,U«u(pa S) (317)

showing, that the matrix elements of the electromagnetic current receive an equiva-
lent contribution from relativistic effects (like Lorentz contraction), which arise from

the target’s motion.
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Contributions to the Electromagnetic Current

To identify the propagating and instantaneous parts of the electromagnetic current
in Eq., we consider first the electromagnetic vertex Fﬁf* ~- Since the final state
of the interacting nucleon is on mass shell, and only the positive light-front energy
projections enter in the amplitude, we are led to the half off-shell vertex function in

", ——’y‘ﬂ—i—i(}"yq——{—qﬁé (318)
N VQmN

where the form-factors F} o3 = Fy23(m3, p?, ¢*) are functions of Lorentz invariants
constructed from the momenta of initial and final nucleons and momentum transfer
q. In general one expects Fy 2(m?%,p?,¢*) not to be identical with the correspond-
ing on-shell nucleon form-factors (F} o(m3, m4;,¢*)). This difference is due to the
modification of the internal structure of nucleons in the nuclear medium. Such
modification, in principle, should originate from the dynamics similar to the one
responsible for the medium modification of partonic distributions of bound nucleon,
commonly referred to as EMC effect [86]. This, however, is out of the scope of our
discussion since we are interested only in the effects related to the off-shellness of
the interacting nucleon’s electromagnetic current. Thus, in the numerical estimates,
we will use unmodified nucleon form-factors measured for free nucleons.
Concerning F3, it does not contribute to the cross-section of the process due to
the gauge invariance of the leptonic current: ¢,j* = 0. However, for consistency,
one can estimate the F3 form-factor based on the fact that due to the conservation
of the momentum sum rule in the light-front approach, the electromagnetic current

of the bound-nucleon is conserved:

quJ% = 0. (3.19)
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Using equations (3.13)) and (3.18) one obtains:

Substituting the later into Eq.(3.18|) one can separate the propagating and instan-

taneous parts of the electromagnetic vertex, which are given by,

TO . v F2
TV = 41y +io” o (3.21)
and,
. . E A g Ap;
rimsr _ (pp gy 22 i _pL (1 > 3.92
~*N (7 1+w0g o ) 2mn 1 qzﬂf + S (3.22)

where, Apl" = pi — pﬁfon.

Because Ap; = Ap;r = 0, we have 2Ap; = v+ (pi_ — p;OH), and we use that,

o Q*  m% +pi L ( 5 (m%+ph)
Ap; == +0F = Pion) = 7 — — 550 = |mg—4—5—=
( f ,0 ) q+ p}-p;- pjl- d a(2 . a)
(3.23)
as well as,
20p; - p; = Ap; pf = p} —my (3.24)

which allows to express the electromagnetic current in boost-invariant (along the

z-axis) variables.

The separation of the electromagnetic vertex into propagating and instantaneous

parts in equations (3.21)) and (3.22) allows to separate the electromagnetic current

in Eq.(3.13) into corresponding parts in the following form:

InDrst,0isi) = Thop(DrS s Disi) + Jhe (DrS s Disi) (3.25)
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where,

Sprop (PF5 5, PiSi) = ﬂ(pfo)Fggl}@p)”U(p@-si)
T rsppisi) = alprsp) TN u(ps:) (3.26)

It is worth mentioning that even though the propagating vertex in Eq.(3.21))
has the same form as the free on-shell nucleon vertex the corresponding electromag-
netic current J5 - does not correspond to an on-shell scattering amplitude, since

q" # Py — Doy Also, the current conservation (Eq. (3.19) is satisfied only for the

sum of the propagating and instantaneous currents in Eq.(3.25)).

Off-Shell Parameter of eN pouna Scattering

While the off-shell effects in the propagating vertex of Eq. are kinematical,
due to the fact that ¢* # p; — pl,,, the off-shell effects in the instantaneous vertex
are dynamical. The latter interaction arises exclusively due to the binding of the
nucleon. As it follows from Eq. the strength of the instantaneous vertex is
proportional to the magnitude of the factor Ap; defined in Eq.. One can
express the Ap; factor through a boost invariant quantities by defining the light-
front reference frame such that the four-momenta of the deuteron, p, and momentum

transfer ¢ are:

Q2 mﬁmN
Ho— 0 3.27
pd (mN’ T, Q2 ( )
2x m Am?2 x?
qH — _ Q — ;OTa wN 1+ 1+ Q—]\; (328)

Using the above definitions we introduce the off-shell parameter 1 such that,

Ap; = —mn (3.29)
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where,

- é @% _ mg) (3.30)

which coincides with the ratio between the binding effects on the nucleon and the
resolution of the probe (Q?).

In the next section, we show how the half-off-shell cross-section can be expanded
in powers of the parameter 7, hence providing a universal measure to off-shell effects

in the quasi-elastic reaction.

3.4 Electron Bound-Nucleon Scattering Cross-Section

In many practical applications one needs to evaluate the electron—bound-nucleon
cross-section o,y as it is defined in reference [62]. Such a cross-section is calculated
within PWIA in which case using Eq. the nuclear electromagnetic tensor of
Eq. can be expressed as follows:

y 2 -«
H" = H]l\Lf (pfupz) Pd (Oé7 pT) 2 2 (27T)3 (331)

where, the spin averaged light-front density matrix of the deuteron p4(a, pr) and

bound-nucleon electromagnetic tensor Hy (pys, p;) are defined by,

11 [ (o, pr)
= Z 3.32
plopr) =575 2 2—a (3:32)
Sd»SisSr
and,
1/2
v 1 v
Hy ~ 9 Z JN(pbePz‘Si)TJz@(Pfo,piSi) (3.33)
s;5p=—1/2

In the invariant cross-section for the PWIA (Eq. , we replace the hadronic
tensor H*” by the factorization of Eq.(3.31]), which yields,

do 1 a]%DM 2 —«
- Ly Hy' 5 (p? —m3 3.34
Bhyfesdpr /By 2pa-ki ¢t TN p (. pr) 2 (pr —my) (3.34)
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where, agy = €%/(4m) is the electro-magnetic coupling constant. Finally, introduc-

ing the Light-Front nuclear spectral function (Ref. [24]),

2—«w
Si* (a,pr) = pa (@, pr) 7(5 (p?n - m?v) (3.35)

one can present the differential cross-section as a product of o,y and the spectral

function as follows:

do
— =0, SLF 3.36
d€fkofd3pf OeN Oy (O./, pT) ( )

were, the off-shell electron—bound-nucleon cross-section assumes the form,

1 €f 0‘}231\/1
= L B JHY 3.37
2mqe; By ¢* HEN ( )

OeN

Here, € (ef) is the initial (final) scattered electron energy, and E; represents the
energy of the knock-out nucleon in the final state.

It is worth mentioning that within the PWIA, the factorization showed in Eq.
is universal for any nuclei, in which case one needs to replace the deuteron spectral

function by the light-front spectral function of the nucleus being considered.

Bound-Nucleon Structure Functions

In calculating o.n in Eq.(3.37)) it is convenient to present it through the four inde-

pendent structure functions of the nucleon wi', wh;, w¥ and w4y in the form:

1
OeN = Ontott (VLW + vrLwd, cos ¢ + vrwy + vrrwip cos(2¢))  (3.38)
deEf
where,
o cos (2
OMott = - (29)4 (3.39)
4¢? sm(i)
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is the Mott cross section, with 6 being scattered electron angle. In equation (|3.38))

the coefficient functions v; are given by,

Q4
v, = —-
L q*

2 N

v = 2% + tan? 5
Q2
Urr = 2_q?

2 0 1/2
vrp = 222 (g + tan? 5) (3.40)

where, Q? = 4e;e; sin(g)z, and q is the three momentum of the virtual photon. The
above defined structure functions of the bound nucleon can be related to the light-
front components of the nucleonic electromagnet tensor as follows (see[Appendix B)):
2 +\2
N _ q 4 Q 4— (q ) _
w H +2H H
EToE ( () e

wl - HJU' - i

wi, = HIl - B (3.41)

where, £ correspond to t £ 2 directions on the light-front, with 2 defined in the
negative direction of the transferred three momentum q. The transverse components

are chosen as follows: the perpendicular direction is defined by, n;, = ‘gf XZ‘ , and the

parallel unit vector projection is, nj = Einﬂ The scattering and reaction planes

of the reaction are defined in Fig.(3.4)).
Using now the Eq.(3.33)) and the expression of the bound nucleon electromagnetic
current from equations (3.25) and (3.26)) one can calculate the nucleon structure

functions explicitly. In what follows we split the structure functions into two terms,

w =w,p+ Wi, for,i=1L, TL, T, TT (3.42)

% 2,prop
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where, the subscript “prop” corresponds to the structure functions calculated using

only the propagating part of the electromagnetic current JJ . whereas the terms

with the subscript “inst” correspond to the contribution from J¥ ., and its interfer-

inst?’

' u
ence with JF .

Using the explicit expressions for the currents, given by equations (3.25) and

(3.26]), we calculate the above structure functions expressing them through the

off-shell parameter 1 (Eq. [3.30)) as follows’}

2

- p
wiv,pmp: qQ[FfT 1 <1+n5+7'77@(771+77q)> —FlFQH(Q—l-nq)
N

2
+ F3r? <p§ +7(1 +nq)>} (3.43)
my

Wil g = o [ani (Tm(l +1g) — 2 — 77(1) - F1F2/<L<Tm (2—2m —nq) + nq>

+ F22/127- (Tm(m +1q) — 77q>} (3.44)
anN

waVLPmP =2 |q| |pr| (Ff + F3K°T) [2 + 4a— + 2m; + nq] (3.45)
q

WAL st = 2 |a| [pr| (FY + F5r*7) (1= 713) 174 (3.46)

2
wrl]y’pmp = 4m3 [Fl2 <nlzg +27(1+ nq)> + 2F ForT (2 4+ 1)
N

2
+ FyRPr (2 + T%F + 27ni(mi + Uq)) ] (3.47)
N

WY ey = 2Q° [Ff (Tm(m +1ng) — ﬁq) + F1F2/<6<T?7i (2mi +mg —2) — Uq)

+ B3t (i1 + 1) — 2=y )| (3.48)
W prop = 4P (FT + F <77) (3.49)
WA st = 0 (3.50)

H1n [App.(C)| we write the structure functions explicitly in terms of light-front kinemat-

ical variables (see Eq.(C.16)).
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where, 7 = Q*/(4m%), m =1 an/2, n, =1 a,/2. Alternatively, one can write,

_QApi " Di (m?\, + pQT) Qg ay

; = = - = 3.51
n 0 0 o o (3.51)
2Ap;-q  (m} +ph) a;
Q Q aran

The structure functions in Eq. are invariant under boosts along the di-
rection of transfer momentum, which follows directly from the fact that they are
expressed through the boost invariant variables 1, «;, a, and . Since many ex-
periments in probing high momentum bound nucleons are performed in the fixed
target experiments it is convenient to express the above variables through the four
momenta measured in the lab frame. Considering the Lab reference frame, in which

Z||q, the a;, a, and oy parameters can be expressed as follows,

a=2—a, =05 — 0y (3.53)
2E, — p, cos, 2qo — 2E, — 9
ar — ( p COS ) , qu — (QO q) , af — ( f pf cos f) <354)
my mgq mq

where, py; = (m4,0), ¢" = (qo0,q), P} = (Er, pr), and p} = (Ef, py), are the target
(deuteron), virtual photon, recoil and struck nucleon four-momenta measured in the

Lab frame.

3.5 Numerical Estimates

We present numerical estimates for kinematics which will be explored in experiments
planned for 12 GeV upgraded Jefferson Lab. In all calculations below, we take the
initial energy of the electron beam ¢; = 11 GeV. In order to quantify the extent of

the binding effects we consider the ratio,
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OeN

on
OeN

R:

(3.55)

where, o,y is the cross-section of electron bound-nucleon scattering that was de-
fined in Eq.(3.37)), while o2y corresponds to the same cross-section for the electron

scattering off the free moving nucleon with the same initial momenta.
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Figure 3.5: Angle dependence of R (Eq. |3.55)).

The solid (blue) curves are the

LF calculations, dashed (green) and dash-dotted (orange) curves corresponds to cc2
and ccl de Forest approximations [62] for the off-shell cross section o.y. The minus
sign in 6,,, axis corresponds to an angle of ¢ = 180" between scattering and reaction
planes (Fig. [3.4). Calculations are done with a value of ¢; = 11 GeV for the initial
electron (beam) energy.
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Figure 3.6: The same as in Fig. but for scattering from bound neutron.

We consider first the dependence of R on “traditional” kinematical parameters,

which define the electronuclear processes such as initial momentum of the bound

nucleon (p;) its relative angle with respect to the transferred 3-momentum (q) as

well as the virtuality of the transferred momentum (Q?). Additionally, we compare

the predictions of LF approximation with that of the de Forest formalism [62], which

is commonly used in the analysis of the experimental data. In all these estimates,

we use the same parameterization for the electric and magnetic form-factors of the

nucleons. These parameterizations are the same as for the free nucleon. Thus we
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do not consider the effects related to the possible modification of the charge and

magnetic current distributions in the bound nucleon.
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. S RN s
S - ey

> QG

Figure 3.7: The Q* dependence of the off-shell effects for 6,,, = —70° for proton
and neutron targets.

In Fig.(3.5) and Fig.(3.6) we compare the angular dependences of ratio R at
different values of missing momenta at fixed @* = 1 and 4 (GeV/c)? for bound
proton and neutron respectively. As Fig. shows LF approximation predicts off-
shell effects for Q* = 1 (GeV/c)? as large as 40 — 250% for bound proton momenta
> 400 MeV /c. Even larger effects are expected within the de Forest approach [62].
It can be observed from the figures, that the predictions based on the LF formalism
and the de Forest approximation significantly diverges close to the kinematical limit
of the scattering process, as shown in calculations for p; = 600 MeV /c. Note that
because of the different magnitude and signs of the proton and neutron form-factors,

we expect different off-shell contributions for scattering from a bound proton or neu-
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tron. However, as can be seen from Figs. and , qualitatively the dependence
of the ratio R on the kinematical parameters of the reaction is similar for both
proton and neutron.

An important feature of LF calculations following from Fig. and Fig.
is that the off-shell effects diminish with the increase of Q2?. This reflects the nature
of the LF dynamics, in which case the harder the probe (larger Q?), the lesser is the
sensitivity to the binding effects of the target nucleon. It is worth mentioning that
no such behavior exists in the de Forest approximation, since in this case, part of
the off-shell effects are kinematical. In particular, the energy of the bound nucleon

is taken to be equal to the on-shell energy for the given momentum of the nucleon,

1

with the phase space of the initial nucleon being proportional to

25
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Figure 3.8: The left panel presents the off shell effects expected for the experiment
of References [21,22]. The right-panel shows the off shell effects for kinematics with,

¢ =0.

The off-shell effects suppression due to the increase of transfer momentum (Q?)
is addressed in Fig.(3.7)), where the Q% dependence of the ratio R for proton and
neutron with initial momenta p; = 600 and 800 MeV /c is shown. Here we choose

0,4 = —70°, for which large off-shell effects are observed in Fig.(3.5) and Fig.(3.6).
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These calculations indicate that, even at such high bound nucleon momentum, the
off-shell effects predicted by the Light-Front calculation are not more than 10%
already at Q% ~ 4 GeV?2.

For practical purposes in F ig., we estimate the dependence of the off-shell
effects on the momentum of the bound nucleon for kinematics relevant to the JLab
experiment , which is aimed at probing deuteron structure at very large internal
momenta. As the figure shows for both the angles between scattering and reaction
planes (¢), the light-front approach predicts off-shell effects to be less than 8% for

all kinematics with the latter value happening at p; = 850 MeV /c.
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Figure 3.9: The n parameter dependence of the off-shell effects |R — 1| for p; = 0.6
and 0.8 GeV/c at different values of the transverse momentum pr.

We discuss now why the parameter 7 introduced in Eq.(3.30) can be used as

a universal parameter for estimation of the off-shell effects for any kinematic con-
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ditions of the electro-production reaction. For this, in Fig. we calculate the 7
dependence of | R—1| for very large magnitudes of bound nucleon momenta (p; = 600
and 800 MeV/c) at different values of transverse momentum pr.

Note that the expected off-shell effects will be much less for smaller values of p;.
As the figure shows, for any possible scenarios of kinematics, the off-shell effects can
be confined below 5% as soon as n < 0.1. This represents a strong indication that
the variable 1 can be considered a universal parameter for controlling the off-shell
effects in the reaction mechanism for electronuclear processes. The universality rest
in the fact that if our goal is to probe a bound nucleon with very large momenta, we
can use the corresponding LF longitudinal momentum fraction o together with the
transverse momentum pr to calculate the required %, such that it makes n < 0.1.
Satisfying this condition guarantees that the off-shell effects in the electromagnetic

current can be neglected up to the bound-nucleon momentum planned to probe.
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CHAPTER 4
RELATIVISTIC DEUTERON WAVE FUNCTION

We dedicate this chapter to the study of the second term that makes up the
deuteron electro-disintegration PWIA amplitude (Eq. , i.e., the deuteron wave
function. Since 1970’s considerable theoretical efforts have been made towards a
consistent formulation of the relativistic framework for the description of deuteron
structure (see e.g. [23(-26,28]). However, the experimental verification of the various
approaches was somewhat limited since the existing nuclear labs could only measure
the elastic and inclusive scattering of electrons from deuteron at sufficiently large
momentum transfer. Such measurements probe the deuteron wave function only in-
directly since the measured cross-sections are sensitive to the integrated properties
of the deuteron structure, which are obscured considerably by long-range phenom-
ena (see the discussion in Ref. [14]). As a result, it was not possible to establish
the validity of any theoretical approach unambiguously. The present situation is
unprecedented due to recent high energy measurement of exclusive disintegration,
in which case, due to the set up of the eikonal regime of FSI (Fig2.4] (b) and (c)),
it is possible to isolate the PWIA contribution (Fig. [2.4] (a)) which directly probes

the deuteron wave function.

Our goal is to obtain a parameterization of the deuteron wave function that
allows us to evaluate the pn component in the limit of large internal momenta. We
use a light-front diagrammatic definition of the deuteron wave function, in which case
it can be related to the light-front time-ordered amplitude describing the electro-
disintegration reaction. Within this approach, the deuteron is first resolved into
its proton-neutron constituents, and one of the nucleons then interacts with the

external electromagnetic probe, Fig.(4.1]).
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T-ordering (nght Front)

Figure 4.1: LF-ordered diagrams contributing to the PWIA

The LF deuteron wave function is then defined as in Eq.(3.12)), which is rewritten

here for convenience,

—(LF) —(LF) 1p A¢(LF)
77Z)>\4(LF) u(pz, z)u(pT,sr)FdNNXll 1 (4.1)

SiSp m2 2
§(m3—ami2) 2 om)?

As a reminder, we have specified in Eq.(4.1) that the nucleon spinors (u,,) that
enter in the wave-function are light-front spinors, likewise the deuteron polarization

vector (x*) is in the light-front parameterization. For the explicit form of these

objects we refer the reader to the section [App.(G.2)|

4.1 General Properties of the Deuteron Wave Function in
the Light-Front

To explore the general properties of the deuteron light-front wave function, first, we
absorb the denominator in Eq. into the vertex function,
Lann FdNN
(- ) a2

The 1/ V2 factor in the denominator of the vertex function is kept explicitly to make

(4.2)

a straightforward correspondence with the non-relativistic deuteron wave function

in the small momentum limit.
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Figure 4.2: (a) Represents the d — N;N, vertex. (b) Represents the N;d — N,
vertex

In Fig.(4.2) the crossing symmetry between channels d — N;N, and N;d — N,
is shown schematically. Applying the charge conjugation operation allows us to

express the deuteron wave function in the form,

_ _ Iy
wi\jsr = —u(pr, Sr)u(pi’ Si) dNNXl)\td

V2

_ IMRan /- _
= —u(p,, Sr)N?;\I(Wz’YO)U(pi’Si)Txﬁd (4.3)

where, i(p;, s;)T means the transposition of u(p;,s;) = u(p;,s;)™7°, and the two
vertex functions are related by the charge conjugation operation, Iy = C[I'\n]-

Furthermore, making use of the identity,
(i7270)a(pi 5:)" =Y Vseasyulpis 57) (4.4)

results in the following convenient expression for the deuteron LF wave-function,

_ FH DPd, Pis Pr
w?gSr (pd7pi7p7‘> = - Z u(pr7 Sr‘) NdN( d )")/5651.5;?,6(]71, S;)Xf;d (45)

; V2

Si
Here, €;; is the two-dimensional (totally) anti-symmetric (Levi-Civita) tensor, and
the subscripts, s;, s; = £1/2, label the spin states of the nucleon.
The advantage of the above representation for the deuteron wave function is

that it allows to write down a general covariant expression for the vertex function,
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I'Gan- Since deuteron is a spin 1 particle with even parityEL it has the transformation
properties of a pseudo-vector particle. Therefore, the v5 matrix in the wave function
(Eq. indicates that the vertex I'\; must transform as a Lorentz vector. Hence,
the construction of the most general I'y ; vertex function is reduced to write down all
the independent Dirac bi-linear terms that can be built out of a set of independent
four-vectors. For example, the three independent on-shell four-momenta of the
particles connected to the vertex, i.e., the deuteron, the proton, and the neutron [27].

In order to separate the effects due to the internal relative momentum between
the nucleons (responsible for the bound state dynamics), from those related with
the motion of the system as a whole (kinematic effects), a more useful choice of

three independent variables are the two-body total momentum,
Pix =1} + 1! (4.6)

the two nucleon relative momentum,

Py —pl

; (4.7)

L
prel -

and the four-vector,

A* = Pl — 1Y (4.8)

which accounts for the difference between the bound and on-shell nucleons. In our
present case (two-body problem) the four-vector A* can always be chosen to be light-
like, i.e., A? = 0. Then, A* = (A", A1, A7) can be chosen in the direction of light-
front-energy, A* = (0,01, A™), which guarantees that the longitudinal light-front
(pT) and transverse (pr) components of momentum are conserved at the deuteron
to pn transition vertex (I'\4x). As a consequence, the application of light-front-time

ordering technic is consistent. For more details, we refer the reader to [App.(H)

DSymmetric under space reflection.
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The only non-vanishing component of the four-vector A* is therefore the light-

front off-shell energy for the pn system, which is given by,

2
_ _ . SNN— M
Dq
where, sy is the invariant mass of the on-shell NN system,
m3 + pA
SNN = 4% - PIgIN = M131N (4.10)

Note that pf = pZ; = P2, and the symmetry of the denominator (2 — o) = a;a,
in Eq. with respect to the labels 4,7 allows us to omit indices referring to
particular nucleon species. It can be checked that in the static limit, p3 — 0,
a — 1, ( p;, — 0) the light-front off-shell energy approaches to the deuteron
binding energy A~ & 2|ep|.

With the above choice of four-momenta, the general form of the I'y vertex can

be written in the following form:

(pi —pr)" Ak (pi —p )X 1
M =ryy*+Iy—+I13—+7T r e i — Dr) oy
17"+ 1 9 + 35 +1y 2 T+ 53 1€ Py (pi —pr)p
ArX
r 4.11
* " Am? (4-11)

Each of the six I'; are scalarﬂ functions that depend on p.q via the bound state
constrain:

p?l = mfl = (PNN - Ap)Q = MI%N - 2PNN : Ap (412)

where, we have taken into consideration the light-like nature of the A four-vector,

A? = 0. It follows that,

2 2 2 2
o 2 2 LF coord - MNN —my . MNN — my
NN Dq

(4.13)

21n other words, they remain invariant under Lorentz transformations.
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which in the center of momentum frame of the NN system results in (see the

discussion in [App. H.1| and [App. L.3)),

_ Mz —m? _ 4E? —m? ~ 4F? — 4m? _ 2_k2
Prem M, 2E; 2E Ey,

(4.14)

The computation of the vertex functions over the entire allowed kinematic region
requires a self-consistent theory of the NN interaction, which is currently an imprac-
tical task. However, we can continue our study of the transition vertex (Eq.
by limiting our attention to high momentum transfer kinematics, where it can be
simpliﬁedﬂ

As a first step, we observe that in the high energy kinematics (see Eq. and

for smal]ﬁ k|, the off-shell light-front-energy to mass ratio,

A~ m2, + k?
=9 N T 9 + 4.15
e — my/py (4.15)

can be considered a small parameter.

In the CM frame of the deuteron and the virtual-photon, for high momentum
transfer we have myp; > mymg ~ 2m%. Therefore, we can classify each of the six
vertex functions regarding its contribution to the transition vertex (I'*) by counting
how many powers of the small factor (2my/p;) they contain. As follows from
Eq.7 I'y, 'y, and I's correspond to the leading order contribution, they have
zero power of the small factor, (2my/py)°. On the other hand, I's4 and I'g are

suppressed by one power, (2my/ps)!, and two powers, (2my/p;)?, respectively.

The conditions under which an—_N can be considered a small parameter depend

also on the magnitude of the internal momentum. In Fig.(4.3]) we show the depen-

BTt is worth to remind ourselves that, as established in Sec. 1) this kinematics permits
the unambiguous identification of events involving large internal momentum.

HHere we are considering a ~ 1, and k2. < m3%. In the next paragraph we take care of
the case when |k| may be large.
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Deuteron—Virtual Photon CM—frame (xg = 1.5)

k (GeV/c)

Figure 4.3: The momentum, k dependence of ﬁ—": factor at different Q2.

dence of an—_N as a function of the internal momentum magnitude (k = v—k2 = vk2)
for different values of momentum transfer (Q? = —¢?). In order to take advantage of
the high energy kinematics, the plot is presented in the v*d CM reference frame (Fig.
. It is easy to see in the figure that for Q% > 4 GeV/c the parameter remains

small, 2— < 1/2, up to high values of the internal momentum k ~ 1 GeV/c.
my

The next step is to use the fact that at the limit of small NN relative 3-
momentum (pye), the non-relativistic quantum mechanical wave function of the
deuteron must be recovered. As a result, we will be able to constraint the form of

the vertex function that dominates in the high energy limit.
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4.2 Calculation of the Deuteron Wave Function in the Light
Front

Keeping the leading terms in Eq.(4.11), containing no powers of (2my/p)), the

deuteron LF-wave-function reduces to,

P I 1
A — — | r (pl pT) T pvpo, + o A
(O E U<p7'75r){ 1Y+ S +1 52m?ve Py, (Di pr)p o5

!
Si

Esi,s; NGV
XV5WU(Z% Si)X“

(4.16)
where, pr = @, and the deuteron polarization vectors are chosen as (see
Appendix section |[.4] and Fig.,

Pxnss Enns
A < A Aa )\d> _ [ £NzSaz NNSd Al7
XM Xo s X1 » Xz ( MNN » 8dT) MNN ( )
with,
m3 + p3
Py = (0p,p1, +pa.), Exn=y/M2y+Péy. and, Mgy =syy = 4M
a2 —ay)
(4.18)

Since the wave function in Eq.(4.16)) is Lorentz boost invariant along the z-axis,

we can perform the calculation in the more convenient reference frame obtained by

boosting with the velocity v = 1;—3. Such a transformation will result in a wave
function of the form:
A Kk 2 ] 1 ,
(e, k) = — /\ ;/\, u(—k, \o) {Fw“ + 1, . + Z_; il oy e““_p;’kiA’_%}
2 AN, i—

€ .
Sk, X))

X5 /2
(4.19)
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where, k* = (0, kr, k,) with kr = py1, and,

Eqy Py
k. = AW)pi = ., ——F)=FE -1
(U)up1 Moy (p1 Fr 1) k(o )
Eqy Py
k., = AWw)ypy=—""(p.——=—F)=FE -1
(U>up2 M12< 1 E12 1) k(OéQ )
kt = pir=—Par
E, = A))p) = Aw))ph = By = \/m} + K (4.20)

withP]

K2 =k>+k2%, and, Ep=y/m%+k>= iNN (4.21)

Notice that, p/}” and A'~ correspond to the Lorentz boosts of respective unprimed

quantities and are expressed as follows:

1 1 4(m3 + k%)
= ——(Ew— Pu.)p; = N T = /syv=2E
Py M12( 12 12z>pd \/m [ a1(2 — Oé1) SNN k
1 1 [4(m3% +k3)
A~ = ——(FEjy+ P )A™ = N T w2
T o [ w@—a)
4(m3 + k%)
AT =pt AT = | N T 2| & 4k? 4.22
Py Py Oé1(2 o 041) md:| ( )

where, the last relation is correct up to the binding energy of the deuteron. Finally,
the polarization vector of the deuteron is three-dimensional sﬁd = (0,s)) in which

- - 1 : 0_
(1,4,0), s;'= E(1,—1,0) s0 = (0,0,1) (4.23)

where, the z-axis is defined along the direction of the deuteron momentum in the
reference frame defined in Sec.({2.2]).
For numerical calculations of the LF deuteron wave function we adopt the follow-

ing approximation. Since the term related to the vertex function I'5 is proportional

B More details can be found in |App.(I.3)
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to the virtuality factor p; A~ = 4k?, at small internal momentum the deuteron LF
wave function will approach to the traditional non-relativistic form, with its charac-
teristic S- and D-waves components of the deuteron. On this regard, one can follow
the approach of Ref. [24], which is based on the assumption of the angular condition
according to which, in the on-shell limit the I's term is absent. Then one can relate
the I'y and I'y vertices to the radial functions of the S- and D-wave components
in the deuteron wave function, which are evaluated on the momenta k defined in
Eq..

We relate the vertices I'y and I'y to the radial functions S- and D-wave com-
ponents in the same way, however keeping the I's term which can be evaluated
from comparison with specific observables of deuteron electro-disintegration sensi-
tive to the transverse momenta of the bound nucleon in the deuteron. Note that
such an approach requires rescaling of the S- and D- contribution into the overall
normalization of the deuteron wave function (see section [1.3). Following the above

prescription one obtains for the I'y and I'y vertices (see Appendix section ,

Iy (k) = — (U(k)Jr%)\/%

_ (U(k)(Ek —my) _ W(k) (my + 2Ek>) ! (4.24)

2k2 £ V2 E, Vam

As it follows from the above relations, both vertex functions are finite and depend
on the magnitude of momentum k. The two vertex functions I'; and I's are shown
in Fig. as a function of k for the three realistic potentials, Paris, AV-18, and
CD-Bonn. One can not make a similar correspondence for I's vertex function since
as we will show below it corresponds to the effective P-wave that vanishes in the

non-relativistic limit.
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Figure 4.4: The momentum, k dependence of the vertex function I'y and I'y calcu-

lated for different NN potentials.

To proceed, it is convenient to represent the LF deuteron wave function through

to two-dimensional spinors in the form (see Appendix [I| for more details),

¢2d (a17 ki, Aty /\2) :\/% Z QS;Q \/E_k |:U(k)

() 3 =l

W (k)

(3(0 : kligk -8)) . 52)

V2

X1\,

V2
(4.25)

3%

In Eq.(4.25) the angular dependency of the f5 factor can be written as,

2 . +
ey YRS ryiee,0)
=1

(4.26)

which allows to identify the radial part of the effective “P”-wave in the form,

(4.27)

k2 k* [4VE, k
A P(h) = o |2
m3 m3 | V3 mn

f%(k)}

In Eq, one power of % is included in the definition of the radial wave

function to satisfy the quantum-mechanical relation that for a radial wave function
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corresponding to the orbital angular momentum quantum number [, in the limit of

small momentum (k) it behaves as, limy_,o R;(k) ~ k'. The remaining be—z factor
N

indicates the relativistic nature of the “P”-wave term that vanishes in the non-

relativistic limit.

Iy, T, T's Vertex Functions

1005_ \\ — - AV18
\\ _____ M- AV18
L ‘\\ s — Dipole

10E

r; '
0.100¢
0.010%

0.001}

1074

00 02 04 06 08 10
k (GeV/c)

Figure 4.5: The momentum, k dependence of the vertex function I'y, 'y, and I's.
I'y, Ty have been calculated using the CD-Bonn potential, while for I's has been
parameterized using the dipole model shown in the text.

For a comparison among the three vertex functions we plot them in Fig.(4.5)).

Here, we have employed for I's a parameterization using a simple dipole-like model,

k 4\/Ek 1 [ (428)
my V3 VAr (k2 4+ m2)? '

60



with a typical value for the coupling, % =20 . The dipole-like term is physically
motivated, e.g., it provides the correct asymptotic behavior, for small momentum
(k — 0) the P-wave behaves as k¥ with L = 1, and for large k the vertex function
(Ts5(k)) scales as k=2, which guarantees that the momentum distribution will scale
as k=%, which is shown in F ig.. Therefore, the dipole parameterization can be
seen as a simple interpolation between the two limit behavior of the momentum

distribution, that is, for small and high momenta.

nspp | AV18 nspp | CD-Bonn

0.010; 0.010;

0.001L 0.001L

1074 104

00 05 10 15 20 25 00 05 10 15 20 25
k (GeV/e) k (GeV/e)

Figure 4.6: The k=% scaling of the momentum distribution. The right panel only
includes the S and D radial wave functions calculated with the AV18 potential. The
left panel also includes the P-wave-like term.

In Fig. we show the angular dependency for different values of internal
momentum (k) that results from the inclusion of the I's term in the deuteron’s
wave function. The panel on the right only includes the radial S and D wave
functions, while the left panel shows the effect of including also the P-wave-like
structure within the dipole model. As expected, at low momentum they are similar,
and at high momentum there is an angular dependency coming from the P-wave
term. Moreover, it is easy to see that (for each value of k) the (constant) angular

distribution from ngp (with only S and D waves) lays at the minimum of ngpp
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Figure 4.7: Angular dependency of ngpp using the AV18 potential for the S and D
radial wave functions, and the dipole model for the P-wave.

(which includes also the P-wave), this minimum occurs at cosf = —1,0,1, i.e.,

parallel, antiparallel, and transverse to the 3-momentum transfer (q).

Since the “effective P”-wave does not contribute to the A\ = 0 polarization of

the deuteron, the most important implication of this effect will be the polar angle

dependency of the unpolarized momentum distribution function extracted at large

momenta. Another effect will be the enhancement of the tensor-polarization of the

deuteron, again in the large momentum limit.

4.3 Normalization

The normalization condition of the above wave function is defined according to

the observable quantities such as deuteron baryonic number, or the charge form

factor G¢(Q* = 0) = 1. Both approaches result in the normalization condition (see

Appendix J|),

|

Ad»Sr,Si

| 57 (e, pr) |2
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do
(2— o)

(4.29)
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Using the dipole model for the I'5 vertex function, we can estimate the angular
averaged one-body momentum distribution. A comparison with the equivalent mo-
mentum distribution that only takes into account the S and D waves contributions
is shown in Fig.. In both cases the S and D-waves are calculated using the

AV18 potential.

1-Body Momemtum Distribution for Deuteron's <pn> component — Includes: S, D, and P waves

\ nspp — AV18
Ir U, qas— nsp —AV18
ns-AV18
------- np-AV18
001} ——— np-Dipole

10

107

1 ' ' ' 1 ' ' ' 1 ' ' ' 1

108

02 04 0.6 0.8
k (GeV/c)

Figure 4.8: Momentum distribution, n(k) = ngs(k) + np(k) + np(k), and n(k) =
ns(k) + np(k), together with individual contributions, ng(k), np(k), np(k).
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CHAPTER 5
FINAL STATE INTERACTIONS

During the last two decades significant efforts have been made in the calculation
of FSI effects in high Q? electro-nuclear processes (see e.g. Refs. [7,/44,45/51-56]). In
the kinematics where the momentum transferred at the rescattering vertex is signif-
icantly smaller than the momentum of the fast nucleon there is an especially reliable
approach called generalized eikonal approximation (GEA) [7,44]. The GEA is a self-
consistent procedure the relativistic effects associated with the large momentum of
the nucleons involved in the reaction, and provideds a theoretical framework for cal-

culating FSI effects relevant to studies of the nuclear structure at short distances.
5.1 The Generalized Eikonal Approximation

In the kinematics in which the struck nucleon carries about the same high momen-
tum (> 1 Gev/c) of the virtual photon, the final state interaction process can be
described within GEA [44,45]. The GEA is especially reliable in the situations in
which the momentum transfer in the rescattering vertex is significantly smaller than
the momentum of the fast nucleon. This covariant approach is based in Feynman
rules defined for effective interaction vertices.

In this chapter we carry out the calculation of the FSI diagrams of Fig.(2.4] (b))
within the LF, i.e., we rewrite the (covariant) Feynman diagram as the 7-ordered
non-covariant diagrams in Fig.. The variables used for the m-ordered FSI tran-
sition amplitudes are defined in Fig., where p; and p’f are the final and inter-
mediate momentum of the fast (struck) nucleon.

In the case the virtual photon transfers a large momentum to the struck nu-
cleon, and working in the reference frame of Fig.(3.4), the intermediate light-front

longitudinal momentum of the nucleon will be very small, p?r ~ 0. Because the LF
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T - ordering

Figure 5.1: FSI 7-ordered diagrams.

longitudinal component of the momentum (p*) is conserved by the interaction, and
it is positive for real particles, it follows that choosing events for which pi ~ p’ ~ 0,
i.e. pr_ ~ |q|, the re-scattering between the struck and the recoiling nucleon is con-
strained to be mostly along the direction transverse to q. This peculiar feature of
the GEA leads to a strong angular anisotropy for the corresponding FSI and can be
used to aid the extraction of the probability distributions provided by the PWIA

diagram, e.g. selecting kinematics that minimize the FSI effects.

5.1.1 Calculation of Final State Interactions Amplitudes

To calculate final state interaction one considers the light-front diagrams of Fig.(5.1)).
Similar to the case of PWIA (Chapter , the interacting nucleon enters with a
propagating and instantaneous parts. which results in an electromagnetic current
as in Eq.(3.13).

The latter will result in a diagram of Fig.(5.1] (b)) where the vertical dashed
line indicates the intermediate state in light-front time sequence of the scattering
process. Note that this diagram still contains instantaneous propagators of recoil

(r') and struck (f') nucleons whose contributions will be discussed below. Applying

now effective light-front diagrammatic rules from for the scattering
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amplitude one obtains,

AR — / Un, (pf)Un, (P ) U NN [Pr +m[Pp +m]TL [P + m|T pn X dp; d*p;
' vy D py Dy pl 1673
(5.1)

where, Dy and D, correspond to the light-front energy denominators, given by the

expressions,

Dy = p; —p. —py +ie
Dy = pg —p.+q —pp+ie (5.2)

and I'yy represents the NN rescatering amplitude.

For further derivation we introduce light-cone momentum fractions,

+ +
oy = p—:,_ and o = QPZ (5.3)
Pq Dq

and use the ”+” component conservation to obtain, ay = oy + ay.
We now consider the instantaneous parts of propagators of recoil and struck

nucleons. For the recoil nucleon we get,

+

) 2(p2 —m?)y
Pr+m = Z up,, (prr)Un,, (Pr) + % (5.4)
b, r'Ed

where, the instantaneous part will be dominated in the integral of Eq. at ar — 0
limit which corresponds to strongly virtual nucleon emerging form the deuteron ver-
tex and instantaneously interacting with struck nucleon. Moreover, the magnitude
of the momentum transfer in the rescattering vertex is ~ afpg’Q, which provide
another factor of suppression for the term contributing to the instantaneous part of
the recoil nucleon propagator. For the struck nucleon propagator we have,
2(pj —m*)y*
appg

P +m = un,(pp)in,(pp) +
h/
f
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The reason leading to the suppression of the instantaneous terms as compared to the
propagating term is that, due to the knock-out kinematics we have pfc, ~ m?, hence
the term is dominated by the ayr — 0 limit. Therefore, the momentum transfer in
the rescattering amplitude is again large ~ a3p3.

Thus within the approximation for which one expects that FSI is dominated by

small momentum transfer rescattering (eikonal approximation) one can keep only

propagating terms from Eq.(5.4)) and Eq.(5.5) in the amplitude of Eq.(5.1)), yielding:

Al — Z Up; (ps)in, (pr)r_]:fNuhrl (pr’)uhf/ (ps)
hyshp Py Ds

_ _ + _ _ _
Uh /(Pf')F”N[Z Uh,, (Pz")uhi/ (pir) + %(P@-/ — Py on)]uh,«/ (Pr')FDNNXAd
! R ' do d2pl
il r! !
4(m2+p§,#)} o, 1673

X
L1 2 Tand
@iy |:md a;(2—ayr)

(5.6)

where, in the derivation we used the definitions of «,+ and a; from Eq.(5.3)) as well

as the relation:

D, = 1 l 2 4(m2+pi’,L)]

p_(—; B O[,L'/<2 — Oéi/) (57>

d

Using now the definition of Light-Front wave function from Eq.(3.12), prop-
agation and instantaneous component of nucleon’s electromagnetic current from

Eq.(3.13), as well as defining the NN — NN scattering amplitude as:

Fnn(ps, hs, pa, has pr, b, pa, he) = Gy (p3)tin, (p4) T v v tn, (P1)un, (p2) (5.8)

for scattering amplitude one obtains:

FNN(pahaprahr;p’ah/ap’ahr’)
Al = — Z L) - Df e In(pgrs hgrs piry hr)
hrz,hf/hi/ pf/ 2
Va(w, py 1 )V2V 1673 dos d2ps
X ! (59)
Qr o, 1673
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Now we consider the denominator pj{, Dy taking into account that the reac-
tion ([2.1)) is quasi-elastic and satisfies energy-momentum conservation according to

which:
(pd —Dr + Q)2 = m?\f (510)
Using above equation and on-shellness of the recoil nucleon in the intermediate state,

one obtains:

ph Dy = (pa—pr+9)°+2(pr — pr)(pa — pr + @) + (pr — pr)® — M3 +(5.11)

24—
_ S+Q2 qu [Ozr—Oér/+(5+i€]
with
5= A (pi. Py N4(pf’l—pf/#) 519
S L P (512
(p1) Qr Qr (pg )2,

were in the last part we used the fact that due to the peaking of the deuteron

wave function at small internal momenta, the integral in Eq.(5.9)) is dominated by

2
D .
L term will be

pf,’ | ~ 0, thus effect due to the replacement of o, by «, in the

r!

negligible. Note that in the above equation p} is defined according to Eq.(2.16)).

Substituting Eq.(5.12) in Eq.(5.9) one obtains:
Enn(pg, hps pry hes pprs B pprs )
Al = Z / SJFQLW) In(ogrs hgs pirs hr)
hys by — % [y — ay + 6 + i€

» Va0 >pz’J_>\/—\/ 1673 dar d?p

Qe ! 167?3

(5.13)

Before to proceed with the calculation we evaluated that 6 function for several
high energy kinematics, using the empirical observation that average transverse
momentum transferred in NN — NN scattering is about 250 MeV /c. As it turns
out the 0 is negligible enough to be ignored in the calculations. The outcome of this
is that the rescattering amplitude A} evaluated at the pole value of the denominator
conserves the variable «,.. This represents a unique feature of high energy scattering

on the light-front.
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To evaluate the integral in Eq.([5.13]) we use the relation:

1 . 1
Qa, —  + 0 +ie —imd(ar = (on +0)) + Par — o+ 0

(5.14)

where the second part of the right hand side of equation corresponds to the con-
tributed in Eq. where integral over «,. is evaluated through the principal
value integration. Substituting Eq. in Eq. and taking the delta function
through the da,. integration, we split the expression for the amplitude A/ into two
parts. The first in which the rescattering is defined by on-shell elastic NN scattering
amplitude and the other in which NN scattering is half-on-shell.

Furthermore, it is convenient to redefine the NN scattering amplitude in the

form:

FExn(g, hp,pry hes pprs by pprs byt ) = £/ s(s — AmA) fyn (s, 6 by ey by by ) (5.15)
In the case of small angle scattering, fyy corresponds to the diffractive scattering
amplitude, which has a well known form as a function of the invariant momentum
transfer,

t= (p, — po)?. (5.16)
and can be extracted from NN cross-section measurements.

Substituting Eq.(5.14) and Eq. into Eq.(5.13)) one obtains:
16 3 —14 t,h ,hr;h /,hrl
AP =i Z V2v16m / VS mx)fRn (st hy s o)

J]’ff(pf'> hf’% Db, hi’)

2 -
by iy s+ Q= qtpy
% wd(diapi’,J_) d2pﬁ
A (27r)2
\/S 4m? (s,t,hy, hys gy hy)
Z P/ S—‘eri\iﬁ'p ! ! J]/\l/'(pfﬂ hf/) pir, h"L’)
hyshprhy — 1 [, — a + 0]

> 1/) (az 75 Dir, L)\/_V 1673 dar dzprr’

(077 ! 167T3 ’

(5.17)

where, 38 and f9f amplitudes correspond to one-shell and half-off-shell ampli-

tudes of NN scattering.
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Forward Final Sate Interaction Contribution

In this case the lines labeled by momenta of p,, p, and py, ps correspond to the same
nucleons and fyy corresponds to a elastic forward scattering amplitude, which in

high energy limit can be parameterized in the following form:
on(s,t, hpy by B hyr) = 040 (i + a)e%hmhﬂahf,hf,, (5.18)

where 0y, @ and B correspond to the total cross section, real part and slope factor
of small angle elastic NN scattering amplitude which can be taken from experiments
on elastic NN scattering.

For the off-shell part we use similar parameterization as in Ref. [7]:
(st by, b b, o) = F (st g, s g, e ® (e (5.19)

where,
mag = (mg — By + ¢o) — (@ — pr)° (5.20)

with, E,/, qo, q and p, are defined in the lab frame of the deuteron.

5.2 Numerical Evaluations and Discussions of Results

We now proceed to study the effects of including the Final State Interaction mech-
anism for the reaction as compared with only account for the the PWIA. To this

end, we define the following ratio between the two cross sections,

O.PWIA+FSI

The cross section oPW is calculated by inserting in Eq.(2.23) the probability
amplitude Ag,diﬂ given by Eq. 1) On the other hand, oPWIA+FST g the result
of using the amplitude A" = Af ;. + A4, (Eq. [2.26), where Af ;, is given by
Eq.(5.17).
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Figure 5.2: ependence of the ratio R on the recoil angle of the neutron for a kine-
matics with @Q? = 6 (GeV/c)?, and different values of missing momenta (p,). The
left panel shows the ratio R between the two cross sections calculated in this work
within the Light-Front framework. The right panel shows the same ratio, but for
calculations based on the Virtual Nucleon Approximation from M. Sargsian .

The numerical calculations are presented in Fig.. It can be seen from the
figure that both calculations account for the characteristic anisotropy of the eikonal
regime, found in . As expected, at small values of the momentum, the prediction
for the ratio R from both calculations (VNA and LF) is similar, while for high
momenta their predictions diverge. The difference at high momentum is the result
of relativistic effects, which are not accounted for in the VNA. The disagreement
starts to be noticeable already at p, ~ 300 MeV /c, and it becomes quite prominent
as the value of the momentum increases. The result derived within the LF formalism
shows that the effects of the FSI mechanism are much more sensitive to the increase
of the missing momentum that what would be expected from the use of VNA. In
particular, the LF result predicts that the contribution of the FSI, relative to that
from the PWIA, drops rapidly as the missing momentum increases. We expect these
interesting results will emerge from experiments as more data for the high energy

kinematics electro-disintegration of the deuteron become available.

71



CHAPTER 6
SUMMARY OF THE RESULTS

In this dissertation, we have developed a theoretical technique for the description
of the deuteron electro-disintegration reaction in high energy kinematics within a
completely relativistic approach based on Light Front dynamics. The advantage
of this new procedure is twofold, it simplifies the calculations without sacrificing
accuracy, and it also allows a transparent interpretation of the physical processes
involved in the reaction.

Explicitly, we present a new approach for calculating the electromagnetic tran-
sition current of a nucleon from a bound state to a free state. We also introduce
a new procedure to describe the relativistic nucleonic composition of the deuteron
in the form of its LF wave function and identify a new term that dominates the
relativistic structure of the NN bound system.

The relativistic formulation of these two objects, that is, the electromagnetic
current of the bound nucleon and the wave function of the deuteron, are the main

achievements of this dissertation.

6.1 The Light-Front Electromagnetic Current of the Bound-

Nucleon

Based on the light-front approach we calculated electron-deuteron scattering within
PWIA which allowed us to isolate the electron-bound-nucleon scattering cross-
section, o,.y. Within the LF framework the contribution from processes where the
exchanged photon couples to non-nucleonic constituents can be tamed. In partic-
ular the so called Z-graphs naturally disappears while the off-shell nature of the

nucleon results in the appearance of an extra term in the electromagnetic current of

72



electron-bound nucleon scattering called the instantaneous term. In deriving .y we
separated the propagating and instantaneous contributions in the electromagnetic
current which allowed explicitly to trace the effects associated with the binding of
the nucleon. Furthermore, within the LF framework we were able to identify the
parameter (defined as 1) that universally characterizes the extent of the off-shellness

of electromagnetic current.

The derived off-shell cross esction o,y is used to estimate the expected off-shell
effects in electro-nuclear processes in kinematics relevant to the 12 GeV energy
upgraded Jefferson Lab experiments. We compared the LF predictions with that of
the de Forest approximation widely used by experimentalists to estimate the off-shell
effects in the reaction mechanism of electro-nuclear processes. These comparisons
indicate that practically in all kinematic cases the LF approach predicts less off-shell
effects at Q% > 1 GeV? than the de Forest approximation does. Most importantly
the LF approach predicts a significant drop of the off-shell effects with an increase
of @* which intuitively can be understood as a decrease in the sensitivity of the hard

processes on the off-shellness of the target nucleon.

We also examined our conjecture that the n-variable can be considered as a
universal parameter in controlling off-shell effects. We found that for wide range of
kinematics the off-shell effects can be suppressed on the level of 5% as as soon as
1 < 0.1. The latter gives an effective method for controlling the uncertainties in the
reaction mechanism for large varieties of electro-nuclear processes probing deeply

bound nucleons in the nucleus.

Finally, it is worth mentioning that even though we considered the eA scattering
within PWIA the obtained expressions for electromagnetic current are applicable
also for scattering amplitudes in which the final state interaction between outgoing

nucleons is considered within eikonal approximation. The main contribution to the
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re-scattering amplitude coincides with the pole value of the struck nucleon prop-
agator in the intermediate state. Hence, the electromagnetic current is the same

half-off-shell electromagnetic current of Eq.([3.25)).

6.2 Development of Light-Front Wave Function of the Deuteron

There have been intensive theoretical efforts aimed to the description of the rel-
ativistic wave function of the deuteron during the past decades, however, limited
experimental data [14L[49] has been available. Moreover, the vast majority of exper-
iments were in low and intermediate energy domain and the handful of high energy
experiments involved inclusive and elastic processes neither of them being able to

probe directly high momentum component of deuteron wave function.

In the present work, our main goal was to develop a calculation that allows to
probe the high momentum components of the deuteron nucleonic (pn) wave function.
This requires a proper relativistic description of the deuteron wave function in terms
of bound proton and neutron. We consider the deuteron wave function on the Light
Front, in which case the vacuum fluctuations that obscure the probability amplitude
to find the pre-existing pn component with large relative momentum are removed.

Applying effective LF diagrammatic rules to the scattering amplitude for the
processes depicted in F ig. the LF wave function of deuteron is introduce by
Eq.. The transition vertex I'qny is parameterized by 6 invariant function as
in Eq.(4.11)), of which the first two (I';, T's) are related to the familiar S and D
deuteron’s radial partial waves. Within the leading contribution, we must include
also the I's vertex function, which is related to a P-wave-like angular structure.
Physical motivations pointed out to the use of a dipole-like parameterization as a

simple model for the vertex function I's (Eq. [4.28)). It was shown that the dipole-like
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term provides the correct asymptotic behavior for small momentum (k — 0), for
which the P-wave behaves as k% with L = 1. Moreover, it assures that for large
momentum k the vertex function I's(k) scales as k=2, which in turns guarantees that
the momentum distribution will scale as k=%, which is shown in Fig.. Finally,
the inclusion of the P-wave term modifies the relative contributions to deuteron’s
wave function normalization. Within the dipole-like model for the I's term, we can
estimate the angular averaged one-body momentum distribution, which is shown
in Fig. together with the equivalent momentum distribution that only takes
into account the S and D waves contributions. The main result is the dominance
of the P-wave term in the deuteron’s wave function for high internal momentum

configurations.
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Appendix A: Notation and Conventions

Dirac matrices are defined in four-dimension space-time by the conditions (Clifford

algebra),

VYo + NV = 29, (A1)

They are used to generate a basis for the linear operators in Dirac space, i.e. the
(4-dimensional) spin 1/2-spinor space with definite parityﬂ. The basis is formed by

the 5 (multi-)linear operators,

oy, %y Yy WYy 0w = 1/2)[Ve ] = 1/2) (v — %) (A.2)

where, u,v = 0,1,2,3 are space-time indices, the fifth gamma matrix is ~; =
170717273, and 14 is the four-by-four identity matrix.
When an explicit representation for the gamma matrices is needed, they are

written in the Dirac-Pauli representation,

12 0 . 0 g; 0 ]_2
7 =7"= , Yo =17'= , T =7"=
0 —12 —0; 0 ]_2 0
(A3)

where, 15 is the two-by-two identity matrix and o; = (01, 09, 03) is a vector whose

components are the Pauli matrices,

o1 — 3 09 = > O3 = (A4)

DThey are eigenstates of the parity operator. For the definition of the parity operator

see section .
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Because in this representation v, appears diagonalized, the spinors that form
the basis of the representation (Dirac spinors) are eigenstates of . This basis is

convenient for study non-relativistic limits or approximations.
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Appendix B: Diagrammatic Rules for Nuclear Scattering Am-
plitudes

A brief summary of the rules for computation of scattering amplitudes within the
Light Front (LF) formalism is presented below. We follow the Lepage-Brodsky
convention [64,/68].

The notation for the components of a generic 4-vector is,
v = (vh, vg, vy, 07)
vE =0 £, (B.1)
thus, the position and momentum 4-vectors are written as,

_l’_

o = (a%,z,y,27) = (277, xr,27)

=@ pepyp) = (", Pr,p7) (B.2)

The LF scalar product takes the form,

(x*p’ + x’p*) — X7 Pr (B.3)

DO | —

T-p=

The LF evolution is parameterized (as usual) by the first component of x*, which
is therefore referred as the LF time. When ambiguities may appear, the LF time
is single out from the other components by using a new label, a frequent choice is
T=uat.

Diagrammatic Rules for effective light-front perturbation theory can be formu-

lated as follows:

1. Draw all topologically distinct 7 = x"-ordered diagrams at the desired cou-
pling power. In addition to the usual advanced and retarded propagation

between two events one needs to include a third possibility in which the two
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p,s q,\ p,s p',s

(a) (b) (c)

Figure B.1: Example of the scattering amplitude on the light-front (7 = 2 flows
from left to right).

events connected by an internal fermion or photon interact at the same LF
T-time, commonly referred as instantaneous term.

. Assign to each line a four-momentum p* and spin s (or helicity, \) correspond-

ing to a single on-mass-shell particle, i.e. p?> = m?.

. With spin 1/2 fermions associate on-mass-shell spinors u(p, s), with antifermions

v(p, s), with photons €,(q, A), etc, such that,

a(p, s")u(p, s) = — v(p, s )v(p, s) = 2mdsy

> ulp,s)ulp,s) =p+m

s

S oo, )0, ) =p—m

s

(€(a. X)) €ula: A) ==dwa . q-€e(g,A) =0

v v, 4" "
D (g )€ (g, ) = — g™ + nq.n il (B.4)
A

where 7 is a null vector (n* = 0), given in LC gauge by, n = (0,0,0,2)

. Each intermediate state gets a factor of Light-Front energy denominator:
1
DY D DY e

where, the sums run over LF energies of particles in the initial (ini) and

(B.5)

intermediate (int) states. For each particle, its LF energy is fixed by the

Iy — m2+p%
on-mass-shell condition, p~ = —F > 0.
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5. Internal lines account for two kind of interactions:

e Propagating, in which case, for a vertex like in Fig.(B.1}a) one has:

a(p, s")f(q, \u(p, (me ZpTout> <me Zpout>

out out

(B.6)
where, in and out refer to flowing into and out of the vertex. The § func-
tions at the vertex guarantee the conservation of the plus and transverse

components for in and out momenta.

e Instantaneous. For each vertex like in Fig.(B.1}tb) (fermionic), include,

+

u(pﬁs')(f(qﬁﬂ)*ﬁf(q, Nu(p, s)

(S Sw) o (S-S

out out

(B.7)

e And, for each vertex like in Fig.(B.1}c) (vector), include,

1
2 —(. 1 I\t
' a(p,s)y U(pas)m

(Zme met> (me Zzw)

out out

a(k', o )y u(k, o)

6. Each vertex in the diagram is associated with an effective transition factor I'.
For elementary interactions among bare particles the I' factors correspond to

the fundamental vertices with coupling constants.

7. For a composite particle A, represented by a state with momentum p4 and
spin s4, the LF wave function associated with its transition to n-constituents
is defined by:

(H?:l XI (xh kZT7 )) L XA (pAa SA)
Ph (P2 — 2imy v +ie)

Y ({zi, kir, 8i} 184,04) = (B.9)
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10.

where, x; and k;t is the LF longitudinal momentum fraction and transverse
momentum of the ith constituent particle. The spin wave functions of outgoing
particles are described by X;r (i, ki, s;), and IT" is the effective vertex of the

transition of particle A to n-constituents.

Sum over polarizations and integrate over each internal line with the factor,

e

which ensures the plus component positivity (all particles move forward in LF

time).

To convert incoming into outgoing lines, or particles to antiparticles, replace,

UV, U —DV, €€ (B.11)

Symmetry factors must be included as usual. As well as a factor of -1 for each
fermion loop, for any fermion line beginning and ending at the initial state,
and for every diagram in which fermion lines are interchanged in either of the

initial or final states. Also, the overall sign from Wick’s theorem.
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Appendix C: Half Off-Shell Nucleonic Electro-Magnetic Cur-

rent and Tensor

The proper requirement of charge conservation in field theory is given by the Ward-
Takahashi identity, which in the problem at hand states that the equation of con-
tinuity must be satisfied at the photon-fermion vertex. For bound particles (off
the energy shell), gauge invariance requires some additions to the free EM current

operator, which can make important contributions to the form factors.

The form for the off-shell EM vertex is [83-85],

K

Fiﬁ*N = <’}/'LLF1 -+ iUHVQUFZZ + q’uF3) (Cl)

my

This is the EM vertex one would use to study elastic scattering off constituents
in a bound system like nuclei, e.g. the triangle diagram of Fig.(J.1). The Ward-
Takahashi identity can be used to impose a constrain over Fﬁf* ~ that allows to write

the F3 form factor in terms of Fj. This is equivalent to solve, g,Jy = 0. Using

Eq.(3.13) together with one obtains:
Fy

— Fl@

Resulting in the off-shell EM vertex,

o K
Fﬁf*N = (Fl (fy” + q“é) +io"q, Fy ) (C.3)

2mN

where the form-factors (Fj 2 3) are functions of Lorentz invariants constructed from

the initial (p;) and final (py) nucleon’s momenta and the momentum transfer (¢) in

Fig.([J.1).
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C.1 Nucleonic Tensor

In this section we provide explicit expressions for the components of the nucleonic
tensor (HY'). Substituting Eq.(3.25)) into Eq.(3.33), allows us to express the nucle-

onic tensor as a sum of two terms:

HY = Hy prop + HN inst (C4)
where, the the propagating contribution is given by,
o = 5 S0k (st = 2 [T Gy 4 m ) DO (ron + )|
SiSf (C.5)
and the instantaneous by,
H = —E:( T VT k) T (e Y ) ()

SSf

= T[T Gy T o+ )

AT (b + ) TN (o + ) + TN (b + ) TR (Bion + )|

where, f: =" (Fﬁ:* N)T . Notice that the initial momentum of the nucleon, p;,
occurring from now-on corresponds to p; n, which allows to drop the on-shell label
“on” without confusion. With this, we can write propagating and instantaneous
contributions of the tensor, H*" as functions of the nucleon form factors F} and F3

as follows:

H]%Vprop 2F12 [g/w (m?v — i pf) + (pl pf +p,pf) ]

+ FiFor [29‘”(1 (py —pi) + (0f'd” +pid") — (Pid” + p?f]“)]
2

F2
+ 253

[9"”[q2 (pi - pr +my) =2 q-pi ¢-pf] — ¢ (P} + 0i0%)

—@"q" (pi - ps +my) +q-p;y (fq” +0id") + - pi (Vi + Pra") }
(C.7)
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and the instantaneous correction as follows:

) Ap; - p;
H]L\Lf,inst _ 2F12 [g/w (Api (pi — pf) — TrZLZ ZApi 'pf> + <Apfp}”c + Ap???) (1 +
N

2

Ap; - pi)
my

+q7q“q (qﬁQ'pf q- (Api+pi) — (pi — ) - (Api + pi) + nfLQ ’( q; pf-q+Apz--pf)>
N

2 v v 2 v v App
—qﬁ(p?q +piq“)q-pf—q7(p‘}q +pr“)(q-(Api+pi)+ nfLQ zApz--q)

N
2 v v Api - pi
- — (Apq +Apqu)q-pf(1+ 5 z)}
q my
An; - D Ap: - D
+F1F2”[QHV(MQ'(QPJ‘_AP¢)_2Api‘Q)‘*’q#qV( L plf]‘(APi_2pf)_2)
m m2,q?
N N4

— 'q” +pd") + (" + p?é]“)}
2

Ap; - p;
[g“”[(cf Ap;-pr—2q-Api q-py) (1+ pr>+q2 Api - i)
my

2 l{
+F22m?v
Apfip” vou) 2 Ap; - p; wov Ap; - p;
= (Awipf + Apipf ) a(1+ — 5= ) —d"q [Ap; - ps(1+ — — Ap; - pi]
N N

Ap; - 1 Ap: - D
+(Apé‘q”+Api”Q“)q~pf(1+ ngpl)+(P’fqy+p’}qM)Q~Api<1+ p’ﬂ)}
my my

(C.8)

With our choice of reference frame (Fig|3.4), one can expand the L, H* product

in the following form:

LHY = (LogH®™ — 2Lo. H* + L..H**) + (—2LoyH° + 2L, H7)

by (L L) (I 4 ) 4 % (Lyy = L) (HN = HEE) - (C9)

2
Furthermore, using the gauge-invariance of leptonic current, one expresses the above
product in the form:
¢’ "\’ ¢’
L HY = Loo | H* — 2q—HOZ + (q—) H* | 4 2Ly, (—HO - —HZ>

(L= Lox) (HW = H)

N | —

+ % (L|||| + LJ_J_) (H”H + HJ‘J‘) +

= Q*(tan(0/2))* (VL + 1LV rr cos(¢) + nrVr + nerVrr) (C.10)
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Using the definitions of n; for i = L, T, TL, T'T, from Eq.(3.30]) for hadronic structure

functions, (Vy ), one obtains:

q* 0 0)2 2 2 2
wh = o (Hoo 29_H0z+(Qsz) a (H++ Q +oOHT + (a") H- —)
e

q’ 4Q? (¢7) Q?
2 0 2
wl, = 2% (Q—HZ H?V”) ’q q (HH' + Hy (Q,Z) )
wy = Hy' -+ Hy*
wh, = HI — B (C.11)

where we have used, —¢, = |q|, as well as the relation between components of the

nucleonic tensor in light-cone and Minkowski coordinates:

1
HY = Z(H++ +2H""+H™ ")

1 _
= [(H* —H ")

1
H* = J(H™ —2H" + H )

1
gl — Z (gt 4 gl

S 1)
1
= 5(H+” — gl (C.12)

From Eqs.(C.7, C.11) we compute the explicit forms of the structure functions.
In the reference frame of Fig.(3.4]), they are given by:
2 2

2 2 2 2
N 2 205N04f<’” N tPT Y ) 2 [Mmyt+PT Y
=F +1) -k F +1
WL prop 14 o2 anoy 129"k~ Q?2 anoy

2 o2
9
(m% + pt) + dpt
my anoy

2 2 2 2 2 A2 2
N 20<N o my +PT o (my + PT) g My TP %
WY, inst = + 2 + 2
anoy 2m ay Q QaNQf

A 2
_2F1F2KaNq2M (2%_1_2 m +1>

m2Q? ag  q-Ap;
Ap; aya
+F2( )q q- Apl<1+q P N2f> (C.13)
N m?  aj
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w?L prop :|q‘Tpr <2F12 + 2F22 (%) Q2> (1 + N T q
q

q - Ap; pi - Ap; K \2
WL, inst =84l % “pr <1+ — ) <F3+F§<2mN) > (C.14)

2 2
(0] «
WP prop = FL <2(m?v +P2r)a sz + 4(pT)2> +26F1 Fy ((m?v +p2T)W(jlf + Q2>

2 2 2
K QN (0%
+ F <> 2= o7 ((m?v 1) 2) — Q%

2mN q
L AD; L AD;
> + 8F 1 Fyk <1+pzm2pz> (q-Api —pf'qM>

N 2
inst =SF A A
WT inst 1 (q Di + Dy - pi m2 + pr - Ap;

2 2
K m* p; - Ap;
8F2 [ —— prq-Api+Q%ps Apy + Q2= L 2P
+ 2<2mN> ( (q pfq-Api+ Q% py pl—i_QmQ—l—pi-Ap,;
(C.15)
N 2 2 2 K o
WTT prop :4pT Fl + FQ 4m?\[Q
WIT off =0 (C.16)
The kinematic variables, and scalar products used in the calculation are:
e The light-cone momentum fractions,
2py _ 2(En +pN 2¢" _ 2(¢"—la
- ( £ ,2)7 o, =20 ( +||)’ o = ax + o
Pq Pq Pq Pq
(C.17)
e The off-shell factor,
Ap} =i = Dllon » With, pf = py —p; (C.18)

Since, Ap;” = Ap} = 0, we have, 2Ap; = v+ (pi_ —p;m), hence the minus
component is given by,

Q* m?v+p%q+

C.19
v (C.19)

Ap;:p;_p;on_ —q +(p pzon>_
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e The initial (p},,), final (p}), and transfer (¢") momenta scalar product with

the off-shell factor Ap{" can be written as:

an «
WNp; - p; = QN _ (12 2\ %
pi - D o (mN+pT)af
(8} 0]
20pi-p; = Q*~L — (md +pr)=2
Oy a;
a2

2Ap;-q = Q° — (m} +pr)— (C.20)
aran
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Appendix D: The Rotation Group

The fact that fermions exist leads to the conclusion that the Rotation Group in
Physics is SU(2). Relativistic Theories of Quantum Mechanics take into account
this fact by using spinors for the description of fermions’} However, for the sake of

clarity, we start with the more familiar case of 3-dimensional (spatial) rotations.

D.1 Rotations in three dimensions

A rotationlﬂ of a 3-dimensional vector 7 = (x,y, z) € R?, can be seen as a transfor-
7

mation that leaves invariant the length of the vector, 7 By — #2=¢9". In

matrix form, the rotations around the Cartesian axes are,

1 0 0 cos(f) 0 —sin(0)
R.(0)=1| 0 cos(d) sin(h) , Ry(0)= 0 1 0
0 —sin(#) cos(0) sin(@) 0  cos(6)

cos(f) sin(f) 0
R.(0) = | —sin(0) cos(d) 0 (D.1)
0 0 1

Any rotation can be decompose as a sequence of rotations from with some

particular choice of angles.

All relevant definitions are provided below.

BRotations on a 3-dimensional real vector space form a Group called SO(3). Written
as matrices these are orthogonal, R~' = RT, and have determinant 1.
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Generators

The rate of change of the rotation matrices [Egs.(D.1) at 8 — 0 EL contain enough

information such that they can be used to parameterize arbitrary rotations. This

limit can be readily obtained from [Egs.(D.1)| by differentiation,

OR,.(0)
Jm:,—‘ D.2
100 l9=0 (D-2)
hence we get,
00 0 0 0 1 0 — O
=100 —i |, Jyb=L 0 00|, =i 0 0 (D.3)
0 72 0 — 0 0 0 0 O

This construction guarantee that the rotations in[Eq.(D.1)|can be written as R,,(6) = e/
with, m = x,y, z. Furthermore, an arbitrary rotation by an angle # around an axis

represented by a unit vector n, can be parameterized in terms of the matrices in

Eq. as,
R(#,0) = "7 = R(ii) = ¢ (D.4)

where, 7 = n. It follows that any 3-dimensional rotation is completely characterized
by a set of three parameters. Because of this feature, the matrices are called
the generators of rotations.

Notice that any set of rotations around three independent axes can be used
to obtain an arbitrary rotation. Different choices of the three independent axes

correspond to different parameterizations.

A This is, limg_,g %Ri(ﬁ).
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D.2 General Correspondence between SU(2) and SO(3)

If instead of a 3-dimensional space, we work in a complex 2-dimensional space, the

transformations equivalent to the 3-dimensional rotations are written ag’}

o1 = s 09 = s 03 = (D6)

are the standard Pauli matrices. The parameter 6 represents an angle, and n a
unit vector associated with a direction in 3-dimensional space. The complex 2-
dimensional space of tuples (1, x2) € C?, on which the SU(2) matrices U(n,6) act

is called spinor space.

In general, an SU(2) transformation in spinor space and an SO(3) transformation

in 3-dimensional space (z,y,z) € R3, are related by the following correspondence,

I 0 L
U(n, ) = €35 = cos (g) +in - dsin (5) «—— R(n,0) = ™/ (D.7)

which implies that the groups must haveﬁ a similar structure. Indeed, this follows

from the fact that their Generators obey the same Commutation Relations,

3 Oy Om . On
[Jl, Jm] = Zelann ) |:_l 7i| = €mn—7" (D8>

BThese are unitary matrices, U~! = U, with determinant equal to 1.

B At least locally, i.e., the infinitesimal transformations.
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D.3 Proof of the Correspondence between SU(2) and SO(3)

From the vector 77 = (z,y, z) we can form the matrix,

z T — 1y

G-T= (D.9)
r+iy —z
This is a traceless Hermitian matrix with determinant, det{[¢ - 7]} = —7 - 7 = —r?.

Since the trace and the determinant are invariant under unitary transformations, it
follows that SU(2) transformations acting on & -7 behave similar to rotations acting

on 7 in the sense that,
Ug-rU =¢-7' = r2=()? (D.10)

In other words, they preserve the length of the 3-dimensional vector. Thus, an SU(2)
transformation induces a rotation on the position vector 7, and vice versa.

In order to explicitly construct a map between SU(2) and SO(3) we can build
a traceless Hermitian 2 x 2 complex matrix H, that transform under SU(2), i.e., it
has SU(2) as its group of symmetry.

Noting that, on the 2-dimensional complex space the most general form an ele-

ment of SU(2) can have is[],

a b
U= (D.11)

—b* a”
with, |a|? + [b]* = 1. Tt is straightforward to check that an arbitrary element of the

space transform as,

X axi + bxs X
x=| " e 5 ux= ' = M | =x . XT=xU

X2 —b*x1 + a*x2 X5

(D.12)

@ Resulting from the two conditions, UUT = 1 and det{U} = 1.
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and satisfy,

'y = XY = al + el (D.13)
2 *
X1 X1X

= b z = XX =0 (D.14)
Xixz [xel

Although, xx! transform under SU(2) as we want, and it is Hermitian, it is not
traceless. However, because x transform like the combination: (—iogx)* = —io2x™.
Explicitly we have,
) N L 0 -1 X1 —X2
exp{ [—m?] }X = —ioyX = =
L0 X2 X1
a(—x3) +bxi

—ioox* = (—ioex?) = U (—ioyx”) = = —ioy (X)"
—b"(—x3) + a"™xi

Furthermore, x' transform like the combination: (—ioyx)? = ixT oy, i.e.,

(—ioox)" = (—x2 x1) — ((—i02X)T>/ = (—ioy (XT/))T (D.16)

thenﬂ, (—ioax*)(—ioyx)T transform like xxT,

2
e —Xix2 X N v
(—io2x")(—ioax)" = b | = o) ((i02x)") = Ulioax™) (io2x) U
-X5 XXz
(D.17)
and it is traceless. We can now identifyﬂ
(—ioox*)(—ioex)t < -G -7
1 1
r=506=x), v=50c+x), 2=xx (D.18)

BThese are outer products. They are equivalent to Projection operators, which means
that this map is a projective representation of rotations on SU(2).

BNote that, hermiticity is not necessary for the following map, however, if the matrix
is not traceless the map can not be constructed.
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It is worth to stress that because —ioy can be represented as,

gy = eXp{ [—fm%] } (D.19)

it follows that the equivalent spinors and transformations,

—iog X" = exp{ [—zﬁr%] }X* (D.20)

can be express in terms of elements of the algebra (the generators). Therefore, the
construction is guaranteed to work for any representation, not only for the two-

dimensional case explicitly shown in this section.
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Appendix E: Tensorial Representations of the Lorentz Group

Special Relativity requires requires that two observers’ descriptions of a physical
system be equivalent if a Poincaré transformation relates their reference frames
(RFs). Poincare transformations include rotations in space, boosts, and translations
in space—timeEU].

Note that the existence of fermions indicates that the representations of the
Lorentz group associated with particles in Physics are spinorial representations (see
[App. F)). However, for the sake of clarity, we start with the four-vector representation

of the Lorentz group.

E.1 Generators

The Lorentz Transformations include space rotations (see [App. D.1|) together with

(rotationless) Boosts, which are defined below.

Rotations

The standard representation for Generators of rotations can be inferred directly
from together with the fact that they only act on spatial components of

4-vectors. Explicitly we have,

00 0 O 0O 0 0 O 00 0 O
00 0 O 0 0 0 ¢ 0 0 — O
Jl - y J? = ) J3 = (El)
00 0 —2 0O 0 0 O 0« 0 O
00 ¢« O 0 —¢ 0 O 00 0 O

They occupy a reduced block form of the matrix, which is related to the fact that

the generators of spatial rotations form a subgroup.

M1 orentz transformations and space-time translations.
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Boosts

The equations relating two inertial frames that differ only by a relative motion along

the z-axis with relative speed speed vy ard'l]
P =q @+ 82", P=q(+p"), F'=2', =27, (E.2)

where,

y= (1) 2, (E.3)

Because, 72 — v23% = 1, the transformation can be re-parameterized (vis — ¢) in

terms of hyperbolic functions,
~v=cosh¢, B =sinh¢ (E.4)

which leads to an expression for the Lorentz boosts that resembles rotation trans-
formations. Furthermore, with this parameterization the boosts acquire a form that
simplifies the study of their infinitesimal limit.

In matrix form the z-boost can be written as,
Tt = (AZ-boost)‘u V:UV (E5)

where the matrix A, oot has the form,

cosh¢ 0

e}

sinh ¢

. 0 10 0
(Az—boost) v — (EG)
0 01 0

sinh ¢

S
e}

cosh ¢

I0We use the notation, z# = (20, 2%, 22, 23) = (t,z,y, 2), and the speed of light is set to

1, (c=1).
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and ¢ can be seen as a hyperbolic angle corresponding to a hyperbolic rotation

satisfying, cosh?(¢)—sinh?(¢) = 1 . Equivalently to the case of rotations|(Eq. D.2)|

the generator of this transformation is obtained by differentiation with respect to

the parameter,

K, = —aAZth(@ - (E.7)
which results in,
0 00 —
K, — 0 00 O (E.8)
0 00 O
- 0 0 0
thus,
(Asboost)” v = exp (IK.¢) (E.9)

Repeating this procedure for boosts along x- and y-axis we find the three generators

of rotation-less boosts to be,

0 —2 0 O 0 0 — 0 0 0 0 —2
— 0 00 0O 0 0 O 0 00 O
Kaz = ) Ky - ) Kz =
0O 0 00 — 0 0 O 0O 0 0 O
0O 0 0O 0 0 0 O — 0 0 0
(E.10)

The matrices of [(Eq. E.10)| associated with K; are called the vector or fundamental

representation for the generators of standard Lorentz boosts.

The main difference between the hyperbolic (boosts) and the circular (rotations)
parameterizations is found in the domain of definition of their respective parameters. For
the circular ones, satisfying cos?(#) + sin?(f) = 1, the domain of 6 is closed, 6 € [0, 27].
In this case, the parameter can take any value of the domain (including the boundary),
a property called compactness. On the other hand, the domain for the hyperbolic angle
¢ € (—00,00) does not include the boundaries, it is not closed, therefore non-compact.
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Commutations Relations

The defining properties of the generators are their commutations relations, among

them and with the other generators of symmetry transformations,

[le]]m] - ielann 5 [leKm] = ielmnKn s [KlaKm] - _ielmnn]]n (El]-)

E.2 Standard or Instant-Form 4-vector Representation

The standard boost is conventionally defined as a rotationless boost in the direction
of the relative velocity between two frames of reference (observers). Let us assume
that in the “first” reference frame a massive particles is at rest. The components of

the particle four-momentum in the “first” frame are then,
P = (m.0,0,0) (B.12)

A standard boost to the “second” frame transforms the momentum components
to, p* = (E,p). In other words, this is how an observer in the “second” reference
frame perceives the momentum of the particle. Note that we have assumed that
the four components of the momentum are parameterized as, p* = (p*, p, p?,p?) =
(E, Pz, Dy, p2), which is familiar from any textbook in special relativity. In matrix

form we can write the standard boost as,

[e)

p' = (A", p (E.13)

where, IF stands for Instant Form of dynamics, to be defined in section [App.(E.3

below.
The main feature of the Instant Form boost is that they are defined to be rota-

tionless, which implies the following parameterization in terms of the generators K;

(Eq £10)

AT = exp (ZK : gg) = exp (ngK : q@) (E.14)
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Wher gg = gbngS = (¢s, Py, ¢-), correspond to three parameters that completely

characterizes each transformation. Note that because the generators K; do not

commute |(Egs. E.11)} it follows thatE,
AT = exp <1K . 5) # exp (iK,¢,) exp (1K, ¢,) exp (iIK,¢,) (E.15)

The parameterizationﬁ of [Eq.(E.14), is called the Canonical parameterization.

Explicit Representation

In order to obtain an explicit representation we substitute the vector representation

for the boosts generators|(Eq. E.10), into the definition for the IF boost [Eq.(E.14)°|

we have,
cosh(¢) ¢1 sinh(g) ¢ sinh(g) $3 sinh ()
ATy, disinh(¢) Fcosh(e) + 93+ 3 2ibysinh® () 26idgsink? ()
¢osinh(¢) 241 po sinh? (%) ¢3cosh(g) + ¢ + @3 2¢2¢3 sinh? (%)
dysinh(9)  2hidysin® (§)  2dadysin® () Gcosh() + & + 3
(E.16)

The meaning of the parameters come from the action of A on the 4-momentum

associated with a particle at rest, p* = (m,0,0,0), which produces,

P = (E,f) = ()0 =m (cosh(<;5), &1 sinh(¢), do sinh(6), b3 sinh(gb)) (E.17)

Mg = 9], and, ¢ = ¢/9.
I Or any other order for what matters.

@5Where all the generators are collected in one single exponent, which in general is a
linear combination of the generators.

D8 Notice that by definition the dummy index in the Lorentz transformation A is a
lower index.
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thus, showing that the parameters are,

cosh(¢) = % . §ysinh(¢) = % (E.18)
from where we get,
($)(sinh(¢))* = (¢)* (1 + cosh(¢)’) = (%)2 — 4= ‘% sinh(¢) = %

(E.19)

Using now the relations for the half “angle” of hyperbolic functions we find,

cosh (g) =1/ EQ—;m , sinh (%) = EQan (E.20)

which results in,

E p1 p2 p3
po PEE P3P gpipEom oL ps B—m

(AIF)H — m o [pPPm P pl? [l 9] 2 ol [P 2m (E.21)

v _ 2 2 2 _ )
p2 QP1Lp2 E—m P E Py P3 9P2 p3 E—m
m o1 15 2m p1>m " Ip1* T [p1? o1 [p] 2
p. p1 p3 E—m p2 p3s E—m P E pi 3
m o 2R 2 m  wem T e
Note that,
2 E 2 2 2 E—m 2

SO ANRFLRNIE . N S P — (E.22)
pPPm > [P [pl* m (E +m)m

and with similar manipulations for other matrix elements, we arrive to the well

known result,

B 7
(A", = " " (E.23)
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E.3 Instant Form Dynamics

Note that the so called “standard” or Instant Form definition is actually a param-
eterization choice over the geometrical structure of space-time. In the next section
(App. E.4]) we will see how a different parameterization choice results in a different
transformation law, i.e., a different relation between the momentum components of
a particle at rest and its momentum components when is moving. A useful param-
eterization entails to relate different regions (events) in space-time in a consistent
manneﬂ while providing a reasonably “simple” interpretation. Among the possible
(re)parameterizations that can be made, three has been shown to be most useful.
They differ on the direction along which the evolution of a system is parameterized,
which is also referred as the dynamics of a physical system, and the parameter is
called time. The three forms of dynamics were unveiled in 1949 by P.A.M. Dirac
in a seminal paper [65]. Dirac called them the Instant Form (IF), the Light Front

Form, and the Point Form.

For the Instant Form, the chosen direction of the evolution time is our experi-
ential time ¢, and evolution is understood as the study of changes occurring from
one instant of time ¢ to another (later) one. Therefore, Poincare transformations
that leave invariant the condition t = constant, will have no effect on the descrip-
tion of the evolution of a systemﬁ. Since they do not interfere with evolution, the
generators of this transformations are called kinematical. On the other hand, the
generators of Poincare transformations that do not leave invariant the condition

t = constant are called dynamical.

07 Agrees with physical experiments.

T8 Or better say, the way we experience the evolution of the system.
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Instant Form Kinematical Generators

The kinematical generators in the case of the Instant Form of dynamics are spatial-

rotations and spatial-translationg™]
Jz ) Jy ) JZ ) ]P):E ) ]P)y ) ]P)Z (E24)

They form a subgroup of the Poincare group, i.e., the subgroup of (space) rotations

and translations.

Instant Form Dynamical Generators

The generators of the Dynamics, also called Hamiltonians, are the energy (generator

of time (t) translations) and standard boosts,
E, K,, K,, K. (E.25)

They generate transformations that do not fulfill the constrain, ¢, = constant.
Hence, knowledge about the system at times different than ¢y is needed in order

to perform the transformation, which implies having solved the dynamicg®}

E.4 Light Front Dynamics

Although the standard form of dynamics is the most familiar and natural to us, it
turns out that for fast-moving systems?!] there are other parameterizations of the
dynamics that simplify the description and interpretation of the system’s evolution.

For the present work, the most relevant is the so-called Light Front form of dynamics

M Related to the canonical momentum operators
20 At least over some interval of time.

21 «Close” to the speed of light.
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(LF), discussed in this section. In the Light-Front parameterization for evolution,
the parameter “time” is denoted by 7 and chosen along a light-like direction, which
is (conventionally) chosen to be 7 =zt =1t + 2.

We will follow the same procedure used in Sec. to find the explicit
four-vector representation of the standard (IF) boosts, i.e., . However,
now we want to find the matrix for the Light-Front boosts. As we shall see, in the
case of the four-vector representation, it all boils down to identify which are the

parameters in the definition of the general LF boost. This identification is provided

in section [App.(E.4.1)]

Light Front Kinematical Generators

The LF kinematical generators are defined by linear combinations of the standard
generators in such a way that its action leaves invariant the hyperplane, 2+ = 0,

these are:
e Rotation about the LF axis,

Js=1J., (E.26)

e Translations within the 2™ = 0 plane,

Pt=P,+P.,, P,, P, (E.27)

e LF Boosts,

G =G,=K,-J,, G=G,=K,+J,, Ks=K, (E.28)

Substituting the 4-vector representation of the IF generators (Eqs. and [E.10))

we find the explicit representation for the kinematical LF boost generators.
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For G; and G», we have

0 -2 0 O 0 0 — O
- 0 0 —1 0 0 0 O
Gl == 5 GQ == (E29)
0 0 0 O - 0 0 —
0 ¢« 0 O 0 0 2z O

The LF boosts commutation relations follows directly from using the IF algebra

Eq(E11]

Ks,G1] =1G1, [Ks3,Go] =iGy, [G;,Gj]=0 (E.30)

Light Front Dynamical Generators

As expected, the LF Dynamical Generators relate regions of space-time outside the

plane, T = 0,
P-=Py—P,, D,=K,+J,, D,=K,-JI, (E.31)

where, P~ is called the LF energy and generates the LF time evolution, whereas
D,, D,, are called LF rotations and they change the light-like direction chosen to
parameterize the evolution.

E.4.1 Vector Representation of the Light Front Boost

A general LF boost is conventionally deﬁned@ as a two step process, first a boost

in the direction of LF propagation (z—axis) from rest,

p* = (m,0,0,0) (E.32)

2 For its action on a particle.

109



to a frame where it achieve its final component of momentum along the z—axis
(p. | followed by a linear combination of generators®?| such that attains its final

transverse momentum pr, explicitly
A = exp [z@ : VT} - exp [IKs7] (E.33)

where, V1 = (v, v2) and 7 correspond to three parameters that completely charac-
terizes the LF boost.

It is worth to mention that in the definition of the LF boost the order between
the action of K3 and G; matters, since they do not commute. On the other hand,

for G, and G, we have
(G1,Go] =0 (E.34)

hence, they can be trivially added into one exponent like in [Eq.(E.33)l In other

words, we can write,

ALY = exp [z@ : VT} -exp [iK3n]
= exp [1G1v1] - exp [iGavy] - exp [iK37)

= exp [1Gavy| - exp [iGyv4] - exp [iK37) (E.35)

where, the parameters V1t = (v1,v2) and 7 are the same in the three statements.
Although, the definition of LF boosts is more elegant, the three statements
in are equivalent.

Substituting the LF parameterization of the generators in the defi-
nition of LF boosts |(Eq. E.33)| we arrive at,

23 Chosen here as the spatial direction for the light-like parameterization of evolution.
The intermediate result would be, pl' = (Ein, 0,0, p,).

EANote that these generators do not change the null plane, z = 0.
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1, 2 M2 4 o204,2

e T (1+e* +e*vi+e*v3)  vi vy
ey 1 0
677V2 0 1

_lo=m(1 _ e¢2m 21,2 2ny2) _
€ (1 e+ e lvi + e V2) Vi —Va

1 —n(_ 2n 21,2 21,2
5€ ( I+e"T+e“lvite v2)
e”vl
enVQ
1 _—n 2n _ 20,2 _ 21,2
se(1+e e?vi — e?1v3)

(E.36)

The meaning of the parameters comes from acting with ALY on the 4-momentum

associated with a particle at rest |(Eq. E.32)| which results in,

pﬂ = (Eapxapyapz) = (Aggf)uul%y

m
_ -n n nF2 n n n -n 32
—2(6 +e'+e'vp, e'vy, elvy, e e eVT) (E.37)

using now the LF coordiantes, p* = F + p, and p~ = FE — p., we get

(p+7pa?7py7p_) =m (677 ) envl ) 677V2 ’

e+ €e"7) (E.38)

showing that the parameters must fulfill the conditions,

+

pr=me, Pr=meNp, p =me+m N (E.39)

Thus, we arrive to the following simple form for the LF boost parameters,

677: ) vV = i

er

P B _mih
m

o (E.40)

E.4.2 Light Front Boost in Light Front Coordinates

A question may rise when following the procedure in the previous section. Why are

we using [Eq.(E.33)f°| to transform the 4-vector ]%“ = (m,0,0, 0) The answer is

2I1,F boost definition.

28 \Momentum at rest in standard coordinates.
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that (AL%)#, is written in standard coordinates as well. To write down ALY in light-
front coordinates we must perform a change of coordinated?”] The representation of

this transformation in space-time is,

1 00 1
010 O
Opoir = (E.41)
001 O
1 00 -1

Its action on the momentum of a particle at rest results in,
OpoLr ]%?F = (m,0,0,m) = Z%ﬁp (E.42)

which applied to the LF boost produces,

T

el 00 0 g 0
evy 1 0 0 b1 0
(rorr - Al Qpe) v = (A, = =
ey 0 1 0 2o 1
617\72T 2V1 2V2 e " % % ilf ot
(E.43)

Hence, by adopting LF coordinates we obtain more simple expressions. In partic-

ular, the action of A on the momentum of a particle at rest, also written in LF

coordinates reproduces the results in , which is the meaning
of the last equality in .

From 7 it can be seen explicitly that, contrary to the IF case, the LF
“space” components of momentum, p*, pr, do not receive any contribution from the
p~ component when is boosted from rest. Therefore, LF boosts can be performed
over states labeled by p* and pr independently of any knowledge about the LF

energy (dynamics), i.e., the LF boosts are kinematic.

E7This change of coordinates do not correspond to any Lorentz transformation. Note
that it does not leave the Lorentzian metric (¢"” = diag(—1,1,1,1)) invariant.
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E.5 “Canonical” Parameterization

In order to use the conventional method for deriving the irreducible representa-

tions of the Lorentz group, corresponding to particles with non zero spin, we must

transform the boost definition into the exponential map form (Canonical form),

ADeﬁnition

— ACanonical = exp [Z( .

3]

(E.44)

where all the generators appear in a single exponential. The definition of standard

boost is already in this form. However, the LF definition must be transformed.

E.5.1 LF Boost in “Canonical” Parameterization

We have identified what are the parameters that characterize the LF boosts. To be

able to use the general methodology for deriving the irreducible representations of

the Lorentz group we must recast the LF boost definition into the canonical form

(e E]PY

AEE = exp [z@ Oy + iKgﬁ]

(E.45)

where, the parameters or = (01,09) and 7, are in principle different from those in

Eq.(E.40)} Indeed, the matrix form of |Eq.(E.45)] is,

i S\ 2
(e e (=cd) @34)  (Lonyn, (emn (e N(d=cd) @)
272 7 7 2n?
—(l—eﬁ)vl —(1—677)171
an —(1—e) g — 1—67_7)172
T, ’ 1 A
(eﬁ—e’ﬁ)ﬁz— 6121—6121) (f)%-l—ﬁg) (e’ﬁ—l)ﬁl (e*ﬁ—l)ﬂg (€ﬁ+€7ﬁ)ﬁ2— eg—eﬂ> (i%-&-f:g)
277 7 7] 27
(E.46)
28 Note that the generators of LF boost form a closed algebra Eq.(E.30)} hence no others

generators appear in the exponent.
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which in LF coordinates acquires the form,

e’ 0 0 0
(e-1)0
= 1 0 0
(AIé};n)u v (eﬁﬂ)@ (E.47)
7 0 1 0
e=(e1-1)"(02493)  2e77(e1-1)51  2e77(eT—1) 2 -
i g g

To identify the meaning of the parameters in the matrix AL we make the fol-

lowing observation. The matrices |[Eq.(E.47) and |[Eq.(E.43)| must transform the LF

momentum components of a particle at rest [Eq.(E.42)| into the very same trans-
formed momentum. In other words, the two matrices must be identical. Comparing

them we find the relations between the two set of parameters,

—+ —
~ p = noo- n_pr nooS
O Og<m) T T 1—enpt p+—mpT (E48)

Then the LF boost in “canonical” form and in terms of “good” parameters is,

pr - G+ inKs (E.49)

1—em

AM = exp {z@ -V + iKgn] = exp [z
pr—m

Note that compared with the canonical re-parameterization (Eq. E.45)| the
definition of LF boosts |(Eq. E.33)| results in more simple relations between the
boost parameters and the LF variables p*™ and ﬁq@. On this regard, it is preferred

as the definition for the LF boosts. However, the canonical form is more useful for

generalizations to spinorial representationg™}

23 Compare [Eq. (E.40)| with [Eq.(E.48)|

BUSee [Appendix F
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E.6 Higher Rank Tensor Representations

A rank k tensor T+ #k, transform on each index as a four-vector representation,
i.c., each index transform under the action of a matrix A™. All the tensorial rep-
resentations can be reduced to more simple ones. The more simple ones, called
irreducible, are preferred because they reflect the correct number of degrees of free-

dom for particles that transform under such a rule.
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Appendix F: Spinorial Representations of the Lorentz Group

In Appendix section [(D.2)] we found that 3-dimensional (Euclidean) vectors"], and
2-dimensional (Pauli) spinor® can be related via[Eq.(D.7)} It follows that each ro-
tation in 3-dimensional space corresponds to two different rotations in spinor space,
i.e., for a unit vector n the map of means that when the two-component
spinor rotates a full cycle, as 6 runs from 0 to 4w, the corresponding Euclidean

vector cover two cycles in 3-dimensional spaceﬁ.

This result is so general that can be used to define what we mean by a spinor.
An m-dimensional spinor is a complex m-tuple, which is an element of a complex

vector Space@ transforming under rotations with the corresponding law,

Uls, f,0) = 3" (F.1)

where, J® = (J&S),J(QS),JQS)), are the generators for the spin (s = 1/2, 1, 3/2,...)
representation of SU(2), and 7 is a unit vector in the direction of the rotation axis,
n% = 1. The dimension m and the spin are related by, m = 2s + 1. Note that for
half integer spin representations results in the half angle transformation

law, in particular, for the spin 1/2 representation we have, Ja/2 7 /2.

BIMeaning three real numbers forming an ordered array (3-component tuples), and with
the property that they transform under rotations by matrix multiplication with

B2 Complex 2-component tuples transforming under rotations with the half angle law of

B3 This is the statement that SU(2) is the double covering group of SO(3)

BAT{ has the structure of a vector space under the operations of vector addition and
multiplication by scalars.
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The correspondence between rotations in 3-dimensional space and spinor spaceEL

i.e., the map,

z T — 1y
FER? 7.5 = eC? (F.2)
Ty —z

induces for every spatial rotation in R? an SU(2) transformation in C?, such that,
U(s, 1, 0) = ¢« R(n,0) = ™7 (F.3)

This relation shows that all spinors with definite spin s transform under spatial
rotations with the very same law. This is to be contrasted with Lorentz boosts
transformations. We will see that for each spin there are two types of spinors,
which can be identified from each other by their distinct transformation rules under
boosts. We say that for spinor representations there are two inequivalent Irreducible
Representations (IRReps) for each spin. In general, the two IRReps are related by
“parity conjugation”. There is however a caveat, since parity conjugation must
act only on “space” components, the appropriate “parity conjugation” operation
depends on what particular parameterization is used to describe the geometry of

space-time.

F.1 Correspondence between so(1,3) and sl(2,C)

In the previous section, we have established the explicit correspondence between

the rotation a spinor undergoes in spinor space, and the space rotation experienced

by a vector in space-time [Eq.(F.3)P° This allows to compare spinors on frames of

BiFor the sake of simplifying the notation, whenever it does not lead to confusion,
sometimes we will omit the label for the spin.

BANote that the difference between the original and rotated vector is space-like, which
means there is a frame where the rotation takes place on a fixed time hyper-surface.
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reference that differ by some rotation of the space coordinates. We want now to
obtain the analogous correspondence for the case of Lorentz boosts, i.e., we want to
know how the components of a spinor transform between inertial frames that only
differ by a relative velocityf]

There is a correspondence between Lorentz transformations in 4-dimensional
space-time and spinor space, i.e., the map,

t+z x—wy

' € M* — zto, = eC? (F.4)

r+iy t—=z
induces for every Lorentz transformations in M* an SL(2,C) transformation in C?,

such that,

D(A) = ePIIEED N o (F.5)

The procedure followed here is similar to that one used in relating SO(3) with
SU(2), i.e. finding a map between the real group and the complex covering group
[66,67]. For the 4-vector representation, we found that the standard Generators

satisfy the algebra,
[lejm] = ielmnv]]n 5 [leKm] = ielmnKn ) [Klu Km] = _ielmne]]n (F6>

therefore, the Combination@,

1 1
=5 On+iKn) , Bn=5 (I —iKy) (F.7)

B7 Note that, like in the case of rotations, as seen by a third observer (which could be
on one of the two frames related by v12) a 4-vector on the frames of reference related by

v12 differ by a space-like 4-vector, Ap? = (p* — 109“)2 =2m(m — F) < 0. Hence, there is a
frame where the change is of the form, Ap* = (0, p), this is the Breit frame.

Complexification of the algebra.
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satisfy the commutation relations of the SU(2) algebra™)
[Al, Am] = ielmnAn ) [Bla ]Bm] = Z.Elman 5 [Ala Bm] =0 <F8)

where, indices [, m, and n run over 1,2, 3. Since the new generators A and B com-
mute with each other, it follows that they generate independent transformationﬂ.
Complex vectors transforming only under A correspond to constrain the gener-

ators to satisfy,
B,=0 = K,—K!=—i, (F.9)

which are classified by an angular-momentum-like 1abe]|ﬂ, Jr, and they are referred
as the right-handed chiral representations. Analogously, complex vectors transform-

ing only under B correspond to constrain the generators to satisty,
A,=0 = K,—K:=4i], (F.10)

which are classified by another (independent) angular-momentum-like label j, and

are called left-handed chiral representationﬂ.

Therefore, choices [Eq.(F.9)| and [Eq.(F.10)| correspond to two kind of complex

vectors each transforming differently. As can be seen from these are the
only two independent possibilities. This result is summarized by the statement that

any arbitrary representation of the Lorentz grou can be written in terms of A

BI Thus, each set (A,, and B,,) generates the SU(2) group.
HO1t, follows that the Lorentz Group can be mapped (locally) to: SU(2) ® SU(2).

ElSince they generate the SU(2) group, the representations can be classified in the same
way as the Rotation group.

E2Note that both|[Eq.(F.9)|and [Eq.(F.10)| are consistent with the commutation relations

of [FG. (E.11]

43 Here we always refer to the simple connected proper orthochronous subgroup of the
Lorentz group.
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and B. Henceforth, the representations of the Lorentz group are classified by two

angular momentum labels (jg, jz) corresponding to A, and B; respectively.

The Lorentz transformations for right an left handed (chiral) spinors then be-

come,

(Jr,0) : Dﬁ)(s) = Déf\)) = exp [ij(s) . (5— zgg)]

(0.71): DR = DY) = exp [ (6+i)] (F.11)

where, A is an arbitrary Lorentz transformation with parameters 5, and, gg, charac-
terizing (space) rotations and (pure) standard boosts respectivelyf”’] The transfor-
mation laws show that both type of spinors transform in the same way
under rotations but not under boosts. Thus, they only differ from each other when
have been boosted, i.e. there is no meaningful way to distinguish them when they

are at rest.

It is worth to stress the generality of this construction. Notice that nowhere
in the derivation we need to make reference to what spin are we dealing with, i.e.
a knowledge of the algebraﬁ was enough. This construction is used to represent
chiral spinors with the spin labeled by jg r, which translates into a representation
of the generators J of SU(2). The advantage of these construction over a tensorial
one, is that it does not introduces superfluous degrees of freedom which need to be
removed later. For example, the spin 1 representation can be obtained from the
tensor product of two spin 1/2 representations, 1/2® 1/2 = 1 @ 0, from where we

must remove the trivial spin 0 representation.

HlSee [Eq.(D.4)| and [Eq.(E.13)

B3 Which must be satisfied by every particular representation.
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F.2 Discrete Space-Time Symmetries and Bi-spinors

Parity and Time reversals

Since the algebra of the generators is the same for every representation, we can
use the scalar representation to explicitly show these statement. For the scalar
representation the indices on the matrices are space-time indices, thus the Parity

and Time reversal operations are represented as,

1 0 0 O -1 0 0 O
0O -1 0 0 0 1 00
0O 0 -1 0 0 010
0O 0 0 -1 0 0 0 1

which transform the generators of rotations and boosts [Eq.(E.10)| by,

POJO (PO) T = pOJOPO = 4]0 — ] & ]
TOJO (T("))_l = TOJOTO = 170 — [ T, ]
POKO (PO)~! = pPOROIPO = KO — K & -K
TOKO (7TO) ' = TOROTO = KO — K & —K  (F.13)

It follows from [Eq.(F.9)| and [Eq.(F.10)| that, the right (jg,0) and left (0,j.)

handed representations (corresponding to the same spin) transform into one another

under Parity or Time reversal,

. Pari . Parit
(.]7 0) metz, (07]) ) ¢R <Ti—m2, ¢L (F14)
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Bi-Spinors

For some theoretical models Parity is consider a symmetry@, then it follows that the
two type of SpinorsE], are not independent anymore. In other words, if Parity is not
taken into account the two type of spinors are independent. However, introducing
Parity as a symmetry leads to a constrain which must be satisfied by both spinors
at the same time. It is no longer convenient to treat them separately, and we shall
consider the (Weyl) bi-spinor y ﬁ,

X = on (F.15)

bL
As it follows from the relations |(F.14)| under parity the Weyl bi-spinor transform

as,

T (.16)

oL Or

Hence, the representation for Parity in Weyl bi-spinor space is,

0 1 br
Plx] = Pwx = = TwX (F.17)
10 oL

i.e., Py = 4 is the Weyl representation of the " matrixlﬂ.

B8 This means that the interactions are invariant under Parity, like it is the case for QED
and QCD.

E7 These spinors describe particles with spin that are subjected to interactions ruled by
such models.

B8 The situation is similar to consider 3-vectors instead of individual components for the
study of spatial rotations.

HINote that different conventions may differ from this by a phase factor.
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Under Lorentz Transformations (A), the Weyl bi-spinor x is transformed bylg_UI,

CbR exXp [Zj(s) . g:| 0 CbR
X - — M(V/[\/)X - . .
oL 0 exp [iJ(S) : b*] o1
D 0
- Y P (F.18)
0 D or
where,
b=0—i¢ (F.19)
On the other hand, the parity transformed bi-spinor changes as,
or, exp [ij(s) . l;*} 0 or,
Plxl = — M (VX)X = o
OR 0 exp [z’J(s) . b] Or
D 0
_ (A) o1 (F.20)
0 D Or

which shows that the Weyl spinor and its parity related partner transform differently
under Lorentz transformationdl

Since right- and left-chiral spinors transform differently under boosts, whereas
under rotations they transform with the same unitary matrix, it follows that they
differ from each other only when their momentum is not zero. In other words, there
is no Chiral classification for spinors at rest (Isotropy of space). Hence, for massive

. o o . . . . .
spinors at rest we must have, ¢, = ¢;. Since at rest there is no distinction between

oll \r (VX) is the representation of the Lorentz Transformation A in Weyl’s bi-spinor space.

EIThe three Jl(s) are the (2s + 1) dimensional representation for the generators of the
rotation group, and the three b; correspond to the chosen parameterization.
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them, we must consider the two linear independent combinations,

o 1 (o] + [e]

b= — YrRT YL (F.21)
Yr— ¥L

These are called Dirac bi-spinors. Dirac bi-spinors ¢ are obtained from Weyl bi-

spinors x by the transformation,

YR 1 Logyn 1o YR
Y =Tw-px =Tw-p = NG (F.22)
oL Logrr —1os o,

The matrix Ty _p perform a change from Weyl representation to Dirac representa-

tion. For the Lorentz transformations we havd™?]
b W1 1 [ exp [Z:]f . I;] + exp [Zj . 5*] exp [z:]f . l;] — exp [z:]f : I;*]
M(A) = TW_DM(A)TW_D = 5 - - - - - = - =
exp [2}]] . b} — exp [2}]] . b*} exp [iJ . b} + exp [iJ . b}
(F.23)

An arbitrary Dirac bi-spinor is obtained by applying the representation of boosts

in Dirac bi-spinor space to an at-rest bi-spinor,

V) = % SOZD) ! SO(LLZ’)
)~ Yo

L[ exp [zj I;} + exp [zj l;*} exp [@j E} — exp [zj E*} N @g) n 9063)

- exp [lj 5} — exp [ZJ 5*] exp [zj ) 5] + exp [zj g] V2 ng%) _ gpé‘é )

(F.24)

Similarly, the Dirac representation of Parity is obtained by,
Pp=Tw-pywTy-p=1"= fet ! (F.25)
0 —losp

B2 p g (% is the representation of the Lorentz Transformation A in Dirac’s bi-spinor space.
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Under parity the Dirac bi-spinor transform as,

R L L R
_ 1 S0(17)—‘_@(17) o 1 (’O(p)—i_so(p)
Yy = —= — P =Pp—
NG NG R
Pp) ~ Py Pp) ~ Py
1y Pl + 26
TV o iy | T
(P~ )
(F.26)

which means that Dirac spinors are eigenvectors of Parity. The Dirac bi-spinors
(1), shown in [Eq.(F.24)| are eigenvectors of the (space) Parity operator with eigen-
value +1 and they correspond to particles. The eigenvectors with eigenvalues —1
are associated with anti-particles. Thus, when parity is a good symmetrylﬂ it is

convenient to work with Dirac bi-spinors.

BIWhich is to say, that during the evolution of the system the interaction between
particles do not change their Parity.
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Appendix G: Spinors and Polarization Vectors for Single

Particle States

G.1 Canonical Spin
Spin 1/2 particle - Canonical

The canonical spinors for a (free) spin 1/2 particle are obtained from at-rest spinors

by applying a rotationless boosﬁ. This is equivalent to substituting in [Eq.(F.24
the spin 1/2 representation of the rotation group|(Eq. A.4), while we set the rotation

—

parameter to zero (6 = 6) in [Eq.(F.19). We first observe that,

exp [j(8:1/2) . [;] — exp {g . gg} = cosh (’;b‘) 1,+7- |¢| sinh (’;b‘) (G.1)

Using now the identification of the boost parameters in equations |(E.19)|and |[(E.20)|

we find the following representation of the boosts for canonical Dirac bi-spinors,

1] = b 9] E+m N | —
BI cosh (7) ]_2 g - m sinh (7> _ 2m 2m(E+m)
(s=1/2) - - - - o .
7 - 2 sinh (M> cosh <M> 1, 0 —F—E— oL
2| 2m(E+m) m
(G.2)

The spinors themselves follow straightforwardly from [Eq.(F.24)| explicitly we get,

u(F, ) = (E *m)% xe) @3)

2m Gy 0

=X (s)

where, m is the mass of the spin 1/2 particle, and the two-component spinors ¢(s)

are given by,

o 1 o 0
X (+1/2) = » x(=1/2) = (G.4)

EIThey are solution of Dirac’s (homogeneous) equation.
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The canonical states transform properly under rotations,

s's

DIRIY? u(p.s) = > u(R(F),s)DS/”R] (G.5)

where, the representation of rotations D[R] follows from setting now the boost pa-

rameter to zero (¢ = 0) in [Eq.(F.19)| Hence, we have

fe=1/2) | § L 5. 0 (1
exp [J b] — exp {zz 9] cos ( 5 1, +i0 7 sin | 5 (G.6)

and,

0 exp [zg . 5]

Spin 1 particle - Canonical

-,

The general set of polarization vectors for deuteron (with pyr = 0) are obtained by

boostingf_gl the at-rest polarization vectors, we get,

X2 = (g;;,o,o, A’j—c;) rest frame  (0,0,0,1)
v = (0,54, 2.0) (G.8)
o =(0,%, 70
XC ) \/57 \/57
G.2 Light Front Spin and Melosh Rotation
Spin 1/2 particle - LF

Light-front states of a massive particle are obtained from its rest frame state by
first boosting in the z-direction to obtain the desired p*, followed by a light-front
transverse boost from the z-axis to obtain the desired transverse momentum pr.

The light-front spinors at any momentum are thus given by

B3 Applying a rotationless Lorentz boost transformation relating the frame where the
deuteron is at rest with that one in which it has momentum, p; = (Ey4, 0,0, pg.,).
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pt+m —De

y 1 pr y 1 pt+m @9)
(p1/2) = 5=F (r—=1/2) = 5= :
2P pt—m 2 De
Dr —pt +m
—Dr p+ —m
1 p+ —m 1 Dr
Vp1/2) = 75=F Vp,-1/2) = 5= (G.10)
2p Do 2]9 p-‘r +m
_p+ —m Dr

The relation between light front and canonical spinors (Melosh rotation) is given
by,

Qiya(p) = Al 0 (G.11)

0 Bilp)

where the 2 x 2 block matrix (35 is given by,

1 pTH+m =y

Bi2(p) = N.s

(G.12)
P pT4mM

Like any rotation the determinant of this matrix must be 1, from where it follows

the value of the normalization constant,

1

1 S
1/2 1/2
this is,
Nije = /(0" +m)? + 52 = 2(E + m)p* (G.14)
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Furthermore, the angle of rotation can be easily identified by comparing 3, /2(p) with

the spin 1/2 representation of rotations (Wigner matrices) parameterized by Euler

angleﬂ,

CcoS 9% — sin ‘9%
(G.15)

M _
3 M M
sin =3t cos )

Notice that for the correct angle #,,, both matrices R{% and f3; /2 correspond to the
same rotation. There most be a coordinate transformation relating them. Since the

trace of a matrix is invariant under a change of coordinates, we have,

Te{Bi2} = Tr{R}),} (G.16)

from where we get the relation,

p+ +m O ﬁ’% 2
=cos— — cosy=1———"—"— pr=0 6O, =0
2(E +m)p* 2 . (E+mpt T— Y

(G.17)

hence, if the spin 1/2 particle moves along the LF there is no rotation to correct for.

The inverse Melosh rotation is the complex conjugate transposed (adjoint) of

Eq.(G12)

1 pt+m De

—DPr p+ +m

(G.18)

which corresponds to the change, pr — —pr.

B This is, R{V‘/[Q = di{ 2}\, where g\, y are the Wigner d-functions for spin j.
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Spin 1 particle - LF

For this case we use the at-rest reference four-vector,

]o)ll:(m - m> (G.19)

which is time-like, (]%)Q/m2 = 1. The polarization vectors (as usual) correspond
to eigenvectors of the little group with different eigenvalues, we will use the labels,
A=+1,0.

Explicitly, the at-rest light-front polarization vectors for a massive spin 1 particle

are,
0 0 1
0 =1 o -~ o 0
p)y=| V2 | =—et, o) =] V2 | =< )= (G.20)
7 Vi !
0 0 -1

and, the corresponding polarization vectors in a frame where the particle has mo-

mentum p are given by,

T+

0 0 b
=1 1 p1
L= | Lw=| P b= (G.21)
—1 —1 2
V2 V2 m
=V2p, V2p, _ PiAm?
pt pt mp+
where, p, = p1 + ip2 and py = p1 — ipa.
Notice that the transformation law guarantee the constrain, e*¢ = —1. This

polarization vectors are a 4-dimensional representation of spinors, not 4-vectors.
The fact that in the case of spin 1 there are three of them, which together with a
time-like vector can be used as a basis for the 4-dimensional Minkowski space is just

a coincidence that may end up being very confusing.
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For matrix elements of spin 1 operators, e.g., the deuteron electromagnetic cur-

rent (see [Eq. J.1|), which has been written on a basis of light-front polarization
vectors [(Eq. G.21)| we have,
(N | T4 Pay M) = €% Thgel, = 81\&‘]58)% = JLr (v (G.22)

Then, the relation with the corresponding matrix elements written on a basis of

canonical polarization vectors (in the same reference frame), is given by a Melosh

rotationm

o g tgp H _ Qo* w _ Qo* x T B
‘]LF =5 JCBI — JLF(/\{W\H) - 61(/\{fu/\’c)JC(/\é,/\c)Bl(Am)\lf) - 61(/\&«\&)65\2 aﬁez\cﬁl(/\mhf)

(G.23)
where the Melosh rotation matrix 3, is given by,
(P +m)?* V20" +m)p p;
1
Ailp) =5 | V20" +mpe 0 +m)* = FE V20t +mpy (G.24)
p; V2t +mlpe (" +m)?

Like any rotation the determinant of this matrix must be 1, from where it follows

the value of the normalization constant,
Ny = (p* +m)* + pf = 2(E +m)p* (G.25)

Furthermore, the angle of rotation can be easily identified by comparing S, (p) with

the spin 1 representation of rotations (Wigner matrices) parameterized by Euler
angleﬂ,

3 (L+costy) —ssinby 5 (1—costy)

Riw \%sin@M cos 0y —\% sin 0 (G.26)

2 (1 —cosfy) \%sin&M 2 (1+cosby)

LLmHere, we use € to denote LF polarization vectors, and € to denote canonical ones.

B8 This is, RY = d%\,? \» Where d{\,, y are the Wigner d-functions for spin j.
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Notice that for the correct angle 6,;, both matrices RM and 3; correspond to the
same rotation. There must be a coordinate transformation relating them. Since the

trace of a matrix is invariant under a change of coordinates, we have,
Tr{5} = Tr{R"} (G.27)

from where we get the relation,

~92
Pt )

3 (pt 2_ =2
(p* +m)” — p3 Tamgpr P9 fu=0
m)p —

(p++m)2+172 =1+2cosby — cosby=1-—
T

(G.28)

which, as expected coincides with the rotation angle for a spin 1/2 particle|(Eq. G.17)
Thus, analogous to the case of spin 1/2, for a spin 1 particle moving along the LF
there is no rotation.

The inverse Melosh rotation is the complex conjugate transposed (adjoint) of

Eq-(G20)

1 (pt +m)? V2(pt + m)pe v;
Brl(p) = A —V2(pt+m)p. (pt+m)?—pE V2(pt +m)p (G.29)
p? —V2(pt +m)p,  (p*+m)?

which corresponds to the change, pr — —pr.
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Appendix H: Basis for the Relativistic Two-Body Problem

H.1 Two-Body basis - Momenta

Our task is to provide a consistent decomposition of deuteron momentum. Let us
start with the description of the two-body system. Some variables necessary to
characterize the state of the system are kinematical (also called external), like the

total momentum,

Pcm =p1+p2 (H1>

others are dynamical (internal) variables, like the relative momentum (p,e), which
are defined by decomposing the momenta of each constituent particle into its pro-

jection onto the total momentum of the 2-body system and the rest, explicitly

b1 Pcm
plf = P2 Pcum + pfel (HQ)
D2 - Pcm
pg = P2 Pcum - pifel (Hs)
therefore, the relative momentum is,
o
P1— P2 p1—D2) " Pem
pfel = ( ) - ( ) Péum (H4>

2 2P2

The main reason for the above definition of p,. is the following orthogonality con-

dition

Prel * Pcm =0 (H5)

which guarantee a simple separation between kinematical and dynamical variables.

133



Useful Intermediate Results

The invariant mass of the system (M = M,,) is an important quantity that will

appear frequently,

MEQZsz:SNN:m%+m§+2p1'pQIm%‘Fmg‘i‘zEl'Eg—zﬁl'ﬁg (H6)

C

The relative momentum can be written in term of the invariant mass,

oy < m%—m%) Ph < m%—m%)
pho="2 (122 -2 1+ 22 (H.7)
) M?2, 2 M?2,

For every practical purpose the masses of proton and neutron are equal. Hence, in

our particular case (m; = my) the relative momentum acquires a very simple form,

T
b1 —Pp
pfel = : 9 2 (H8)

H.1.1 Momenta - IF

In the center of momentum of the two-body system the expressions on our previous

section achieve their simplest form. In the case of IF this is,

E, Ey
k! = g k H.9
Pgmpl \/Elb ( )
where,
B, = P12 Pem - Pc2m +Pi2_p%,1 o P02m+m%,2_m%,1 . me . M,
12 = = = = =

(H.10)

with, M7, = P2..
This is a crucial result, it shows that in this frame both particles have the
same energy. Therefore, the relative momentum decouples from the “evolution”

timd®] For numerical calculations it leads to two important simplifications. On one

EIThis is the time that defines the hyper-plane t = 0 of Instant Form.
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hand, the description of the internal dynamics happens in a three-dimensional space,
reducing the required computational power. On the other hand, the reduction is
such that the three-dimensional space is orthogonal to the evolution time direction,
hence the signature of the metric is Euclidean which simplifies convergence.

The energies end up being the same only for two particles with equal masses.
However, because the difference in energies do not depend on the internal momen-
tum, only on the total momentum, there is also a kinematical definition of the
two-body frame that decouples internal an external motion.

In particular, we have

TR
k= k= 1% (H.11)
P2 Am?— 4k mE A4k

Ey=E+ Ey = My = NS Ry 4 N E, (H.12)

In this framem the components of the vector A, become,
A =pg— () +15) =pg — Ex (H.13)

oy k2 K2

— — pd cC _ = °C <H14)

&:_'_ :_): _— = _—
» = Da— (D1 + P2) = Py \/pquk nEk

which shows that in the two-body rest frame the deuteron momentum is not zero.

H.1.2 Momenta - LF

In the Light Front Form of dynamics we have,

_ o omPHpr

+ g pr-n=0 (H.15)

pt=p"+pa, p=p"—pi, p
we shall choose, 7 along deuteron’s momentum, which we identify with the positive

2 direction®]

B0 Ag stated above, this is the rest frame for the two-body system, P =0.

Bl Therefore, we have assumed that, ﬁ%m = 0, and, in agreement with the previous

section, p% = p% =m?2.
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The equivalent relations to Eqs.(H.9} [H.13) in the LF ard®]

1 m3, + k?
A =p; —(p7 +p;)= — | M? —4—N T H.16

with all other components zero. It is worth to stress that within the LF framework,
the kinematical picture is not only more simple, e.g., Al has only one non-vanishing
component, but also more general since the component of P! along the z direction
does not have to be zero.

In this case the relative momentum is written as,

— (pl_p2)7 (pl _p2)'Pcm _ 1—CM1 m2+k’%
kip = - P = 2 H.17
LE 2 2P2 a Pt a2 -a) (H17)

clearly establish that the evolution time decouples when, a = 1 ﬁ, or,
Pt a(2 — a) > 4m?, since the numerator is (approximately) bounded by the term
(1 — ay)4m?. This argument shall become clear when we use the WF in the scatter-
ing amplitude, because then kj is the conjugate variable to time@ in the transition

amplitude.

From [Eq.(H.4)| we also have,

Pt m? + k? P
kit = ﬁ(al —1) <me + 4a( T) = ( — 1) (H.18)

whereas the transverse components of the relative momentum are the same to those
of the Instant frame. Notice that,

o m? + k2

Fpkre = — (o1 — 1) o= a)

(H.19)

G2ANotice that the term, a(2 — @), is the same independently of which particle, 1,or, 2,
it refers to. Whenever a situation like this appears the labels will be omitted in order to
keep the expressions uncluttered.

B3 This case reduces to the previous section when ﬁcm =0.

GBI Dynamical time.
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Therefore, after using,
k,=(1-ay)—= (H.20)
we get,
k= kip = —k% — k2 (H.21)

which explicitly shows that both formulations (IF and LF) agree with each other.

H.2 Two-Body basis - Spin
The Pauli-Lubanski pseudo-vector,

1
WH = éeﬂa”PaJﬁé (H.22)

is the closest to a relativistic (covariant) spin axial vector. Because the spin is an
axial vector it is frame dependent, only at rest it can be defined unambiguously.
Moreover, it depends on the origin of coordinates, which for a multi-particle rela-
tivistic theory does not have unambiguous deﬁnitionﬁ.

For massive particles, which is the only case considered here, the spin operator

is defined by,
(0,Jem) = AL (Pen)” WY /M (H.23)

where, A,!(Pe,)”, represents a Lorentz transformation from a reference frame

where the system have momentum P, =0 @

B3 For composite states, binding via strong interactions (and also Gravity at large scale),
the ambiguity on the definition of a relativistic spin operator remains an unsolved problem.
Here, we overstep the problematic issues by studying a region of phase space where am-
biguities can be suppressed, i.e. they can be kept under control under certain conditions,
which are presented below.

B Tf there is only one particle, this frame coincides with its rest frame. If there are more
than one particle, it refers to the center of momentum frame of the system.
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The Pauli-Lubanski operator |(Eq. H.22)| for a Dirac particle iﬂ,
1
Wi (P) = 5 (P + mo)ys (H.24)

Notice that™]

Wi (Pu(p, s) = % (P* +mAy") ysulp, s) = % (0" +m*) ysu(p, s)
= Wi, (p)ulp, s) (H.25)

= Wi, (=p)ulp, s) (H.26)

and,

w(p, s)Wij(P) = ul (p, s} "Wy (P) = %“T(p, s) (=P" = m(y")") 357"

- %u*(p, 8) (= P" +my") 75) 70 = % (=P +my") ysu(p, )"

= (W (=p)ulp, s))'" = u(p, S)%(—p“ +my")ys

=u(p, s)W{),(—p) (H.27)
(o, )WY a(P) = ul(p.9) (WE(P)) 4 = Ll (p, ) (P — m(3)1) 757"
= %UT(p, s) (—(=P)" =m(y")") 157"
= U(p, s)W)(p) (H.28)

BAWhich is just the result of substituting in [Eq.(H.22)|the bi-spinor representation of the
Angular Momentum tensor (Spin 1/2 representation extended by Parity), J,, = 0., /2 =
i[Yu, Vv]/4. Remind that J,, = 0,,/2 correspond to the bi-spinor representation for the
Generators of the Lorentz Group (proper and orthochronous).

Strictly speaking, the spinors are only the components of the state, and the operator
should be evaluated on the state (ket). However, this notation is less cluttered and easier
to read.
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Thus, the Pauli-Lubanski operator is not Dirac self-adjoint®™] However, we can

use it to construct a self-adjoint (observable) spin 1/2 operator,

S1y2(P) = % (Wiy2(P) + Wyja(P)) (H.29)

where, we have divided by the mass to make sure that at rest it coincides with
the standard non-relativistic notion of spin. This definition is consistent , i.e. it
produces the same result no matter to which spinor side of the matrix element it is
applied.

In bi-spinor space, we have,

[51/2(29)]52,51 = %ﬂ(p, 52) (W1/2(P) +W1/2(P)) u(p, s1) (H.30)

which results i}
" 1 _ u p 1 1
[S"(D)sasn = (P, 52) ((p = p)* + 2m7") su(p, 51) = (P, s2)7"v50(p, 51)
(H.31)
H.2.1 Two-Body Spin 1/2 - Canonical
If we use in [Eq.(H.31)| the canonical spinors we get the Instant Form of spin,

1
[Stp ()]s, = 517’0(])7 s2) 7 suc(p, s1) (H.32)

we obtain,

p.a' p.o’ p~0‘ p g
S - X x - AN z= 7 4\
IF ( m s P m(m—l—Ep) +o 7pym(m+Ep) +0o9,p )+U3)

' . . o . . .
GBI This is a necessary condition for any operator with observable eigenvalues.

T This is the simplest non-trivial case of a spin density matrix: p; /2= %(al +s-0).
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which defines a spin-polarization vector,

1

0.5) = 5 S8 0o (St )] = 5Te[(s-0)Shp)]  (H34)

$2,81
where, s is the unit 3-vector in the direction of the spin when the particle is at rest.

Repeating the steps leading to |[Eq.(H.31)| but now for two different particles

with respective momenta p and p’, we will arrive to the spin operator for the two

body system|]]

Py o Py o Py o Py -o
S2B — P P P,
IF < My, s 17127 + 0z 12y M12(M12 n PCOm) + Ty o 12zM12(M12 T P102) + o,

(H.35)

where, the total momentum and the invariant mass of the two-body system are

respectively,

The spin S?B defines a spin-polarization vector x*(p,s) which reassembles that of a

spin 1 particle (see section App.(79)). In the CM frame (P{3' = 0), it reduces to,

Sle]?:CM = (O y Oz 5 Oy Uz) (H37)

H.2.2 Two-Body Spin 1/2 - LF

Accounting for the contribution from each particle to the two body system, and

restricting ourselves to collinear frames (P}, = 0), we have,

P+ P2 — 2M2 p+ —M12
S8 — <ﬂ0z o Cm—lzoz) = <—daz o —O’Z) H.38
= M, P 2]\/[121DS§n M, P 217; ( )

[ The Spin operator for two spin 1 /2 particles is constructed out of the tensor product of
the individual spin 1/2 operators, and can be conveniently separate into rotation invariant
structures, scalar (singlet), vector (triplet), and the symmetric and traceless rank-2 spin
tensor: (pl)z'j = % (a 5@' + %(S . J)ij + 3TilJlj)~
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Appendix I: Relativistic Two-Body Wave Function

The wave function (WF) of a bound state is dictated by the symmetries it must
satisfy and is constructed out of all the degrees of freedom (dof) necessary to achieve
a satisfactory description of the system. Deuteron is a spin 1, iso-singlet (isotopic-
spin zero) state that is invariant under parity transformation (space reflection). We
work on the two nucleon approximation, which is the most important component
in Fock space expansion. In other words we assume is made out of (mainly) two
massive spin 1/2 constituents.

It is convenient to write the WF Eq. in a form that permits a parameteri-

zation in terms of Dirac structures. We have,
— = Y )‘d — 2 )\d : ~T _ - Y2 )‘d rr’
Us,Us, gnn X" = Us, g Xy (iv270) us, = s, gnn X' V5€ Us,, (1.1)

The first step makes use of Charge Conjugation, i.e. crossing between the exchange
and annihilation channels, thus relating the charge conjugated fermion with its
antiparticle. The second uses CPT symmetry, i.e. the relation between the fermion

. . . /
and its antiparticle, vs, = v5¢™" u, . Thus, we have

P = g, FQNNXI);d’yg,e”/uST, (1.2)

SiSr

I.1 General Structure of the Vertex
The most general form that satisfy all the requirements is,
_ c
(I);\gsl = X;);(Pd)u(kmSQ)F# (u(k1751)) (13>
where,

kH Al kH
F‘LL :Fl’}/u + FQ_ + Fg—p + F4 dp
m 2m 2m?2

AL &y

4m?

1
+ D5 757 (pa) k(8 + T (1.4)

2m3
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Here, Xﬁ is the polarization vector with A labeling the 3 possible polarizations of a
spin 1 particle, e.g., A = 1,0, —1, are, right handed, longitudinal and left handed,
respectively. The covariant functions, F;, convey the dynamics for deuteron decom-
position into proton-neutron system, they are functions of the invariant mass of the
two-nucleon system,

m? + k3

M]2VN = SNN — (Ep + En)2 = 4(m2 -+ k2) = 4m

=M2—A,-Py (L5

here, Ej,,, = \/m2, + k? are the respective energies of proton and neutron in the
two-body center of momentum frame, the (reduced) mass m is approximated by
m = (m, + my,)/2), the 3-vector k = (k.,k3) = (k, — k;)/2 is half the relative
momentum, where k, refers to the recoil nucleon and k3 is defined by as,

]Cg == (Oér — 1)MNN/2 (16)

where the longitudinal momentum fraction is,

ET' —"_ kTZ p+
Eq+ pa- Pf (1.7)

Here we particularize our study to the unpolarized scattering cross-section. There-
fore, in our calculation within the Impulse Approximation (also for the case with

Final State Interactions restricted to the GEA) the relevant object is the spin aver-

aged LF density matrix of the deuteron (see [Eq.(J.30))),

11 |\I’>\d (Oé ]CJ_>|2
ki )==.Z E Losise A7) /0 I.8
pd(a7 J—) 3 2 \ (2 _ Oé) ( )
d»Sr;Si
which after using [Eq.(1.6), we get,
k) =os Y BN (ak 1.9
d»Sr,Si

where, E, = Vm?2 + k2.
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I.2 Comparison with Partial Waves Analysis

For sufficiently low energies it is reasonable to expect that the contribution to the
scattering amplitude other than the lowest partial waves must be kinematically
suppressed. This means that at low relative momentum, and in the CM of the
on-shell nucleons, valuable insight about the functional form of the covariant vertex
functions (I';) can be obtained by matching the covariant WF decompositionm with
the Partial Wave decomposition@. Although, this identification provide expressions
for the relativistic WF which rely on non-relativistic QM]

To proceed with the matching of the two WF decompositions both of them must
be expressed on a spherical basis, thus we shall use canonical spinors since these
are manifestly rotational invariant®} To this end we apply a change of basis to our
light-front wave function Eq., which has the effect of a spatial rotation, known
as the Melosh rotation. In general, a spin 1/2 particle with momentum p can be
represented equivalently with light-front or canonical bi-spinors, which are related

by a rotation as follows,

u" (p*, pr) = u§(P) D [Rar(p)],0 (1.10)
Ry 0
D[Ry] = (L11)
0 RI,

2 Which results from the simplification of the electro-disintegration cross-section pro-
vided by the PWIA.

Z3Which results from the simplification that occurs at low energy (transferred) allowing
us to treat the reaction as scattering by a Potential.

M Note that the Partial Waves depend uniquely on a relative 3-momentum, which in
potential scattering theory would be the momentum transferred in the NN scattering.

3 As it is well known the canonical spinors are invariant under SO(3) spatial rotations.
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where, RT, is the transpose of R, which is the representation of the Melosh rotation

in two-dimensional spinor space,
1 pT+m —(ps —ipy)

Ry (p) = (L.12)
2p*(E, +m) Dx + Dy pt+m

and E, = y/m? + p2.

1.3 Dirac Bilinears - Canonical

We use Canonical spinors to evaluate the following Dirac bilinears. The reference
frame is such that, PX;N = 0.
We find, for the bilinear, u,,1u,,,

1
VD) +my/m+ p?

upi U’pr =

@i - e +m () +m+p)) 1 —iojempupr,)  (1.13)

for the bilinear, ,, (7s) up,

.G b
/0 1.14
(V5) up, = /D) +mr/m + p? (pr+m p?+m> (I.14)

fOI‘, /U/pi (7075) Up,

-0 ﬁr 7
/0 1.15
tp, (V0Y5) Up, = /DY +mr/m + p? (pl e " +m> (I.15)

and for, @y, (7;75) up,, we find,

. [m+pd (p)+p) Piet+pr. \ B0
Up, (7j75) Up, = 2 po i mUj ( 9 1-— prjUj — 5 03 m +])O (1.16)
v T

More useful for our purpose is to work in the basis of total (Pyy) and relative

(prel) momenta, here we have,

2 M2) )
Up, Uy, = mExy + —= | 1 +i0;¢;, P, relp, 1.17
T/ @m+ Bxy)? - AE? << N 5€int PNNiPrel (I.17)
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2m + ENN) Drel - 0 — EaPyx - @
\/(Qm + ENN) 2 — 4E2

rel

iy, (1) ty, = 2" (L18)

(m+%) <]3NN.5> — 2Ee1 (Prel - O)
\/(Qm + Enn) 2 — 4E2

rel

Uy, (Y075) Up, = 2 (I.19)

2
MgSn

oy (mENN + = > — 2pret, (Dre1 - @) + 3Py, (ﬁNN : 5) + i€xjprel, PN, 1
\/(2m + ENN) 2 — 4E2

rel

Ty, (75775) Up, = 2

(.20)

From equation (4.7]) we note that,

M2
Py =m? — % <0 (1.21)

i.e., pral is a space-like four-vector. Thus, it is always possible to find a frame where

the relative energy vanishes,
p?el = FE =0 (122)
This frame is given by the condition,

M2
0= Er261 = p?el _'_ﬁfel = m2 o +ﬁ?el = PI%N = MI%N =4 (TTL2 +p?el) (123>

4

For two particles of equal mass, like the nucleons, the condition, F,, = 0, occurs in
the two-body (NN) center of momentum (CM), i.e. Pyx = 0. In this frame, it is
useful to define the four-momentum of the two nucleons through k* = (Ey, kr, k),

which has components,

v/ M
B YO M SR ke=pe. and k= Bilo - 1), (124
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then we have, k = par/2 = p™ = —pi©, and the bilinears are given by the

following expressions,

u_jup = Myn1 (1.25)
u_j(vs)up = 2k - & (1.26)
u_j (v07s5) ug =0 (1.27)
2k; (K- &)
u_i (9575) ug = Manoj — 25— ——— (1.28)

2m + MNN
The wave function (Eq. in the two-body CM is then given by,

S o T N I~ o 7 -
== 20 (Bul6 ) — e (B D) 9)) =20 (- 00 F )

N kX A, ANk k-G
+ 2T (—pX“ (k-a))+2r4 X (Ek v 7 p d
2m m

2m _2m—|—2E’;c m

5 — — A — 5 — - =,
— 21“5M]2VN (X)\d X k) . ﬁ — QFGAZXHd (EkAp g A;D ko k- 0)
m

om  2m+ 2E, m
(1.29)

1.4 Separation into Angular and Radial Dependencies

In order to compare with the partial wave decomposition of the NN interaction we
need to separate the angular and radial variables. In other words, the vertex function
must be expressed in terms of irreducible space tensors (spherical harmonics).

We first pull out the spin part, after which the components of vectors k, and
A are separated into symmetric and anti-symmetric terms. Both of this terms are
invariant under rotations. The last step is to extract from the symmetric structure

the trace, which is invariant by it self.
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For the structure associated with I'; we have,

= —grl <(2Ek +m) [6;5] + (Ex —m) [31;; kj — i ]) 7iX;" (.30)

where, we use the notation, k = ﬁil Note that in the NN-CM, ¥} = x* — %%;Z’
where {* is the polarization vector for a massive spin 1 particle (like deuteron) at

rest, i.e.

A= A= 1 . e 1
X)\io = (0,0, 1)7 X>\ i = __(]-alao)v X)\ ! =

V2 V2

The difference only appears for the longitudinal polarization (A = 0), and it reaches

(1,—i,0) (1.31)

about 7% at k ~ 1 GeV/c. In Fig. we show that this correction is much smallelm

than the small parameter ?—n;. Hence, the use of the more simple polarization vector

¢ instead of the actual Y} is justified.

For the I'y term,

-, —,

k> . k2 - -
Fg — — 2F2—(l€ d)(k O') = —QFQEU{ k; )O',LX]
2 k2 A
For the I's term,
A#XAd I ES o A)\ L3 1 o o A)\
BT 1. . 1. . 1 1.
= Ty [(5 {m}m — 5k A)aij> + 5 (k- B)8 + Seisemmbnd } o
(23 (. - 2 . . - y

S {5 {5 {m}w — (k A)(SU] + S0k D) 0] + [eia (k< A) | } o,

T8 Notice that it is compared with the square of the small parameter.
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where, {l%A} = (IA@AJ + /%JAZ> indicates the symmetrization on indices ij, and
ij

we use the notation, A =

For the I'y term,

P { Roe RE B.a
r, — or, X (Ek g_ 0)
2m

AN
=Lz (As) oo =T

kT2 .
. [ k- A)oy — e (k;xA)l] o

am? |3E,
F3(3E, +2m) [ (-« 2 . "
R ({m}ij - <k A)éw) X

];:3<Ek — m) A A A N
SR T 15 (il ) = Gighy — Ok — ok oA (1.34)

Notice that in principle Ap is arbitrary. In practice however, when the deuteron to
proton-neutron transition vertex is used in a break-up reaction, Ap is specify by the

direction of the transfer momentum. In this case we get,

Iy kg(;”fﬂ';jE ) ({ka} - 2093, ) o
i[5 (i) (k- 8) = (- 4) = Ak = Ak o
_pf?’g;;k (& 8) [k, — 6] rod + T w’jE (k- A) (5] oot
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For the I's term,

M2y [ Ak 2B [+ -
F5 — — ZF5 NN (— X —) . )Z’Ad]_g = —ZF5 kk (A X k‘) . )ZAd]_Q

m \2m m m3
. Ek ];3 ~ A\ . Ek l;3 ~ A\ A A ~ A
:_ZFE’EQ_???,Q]{:TXT]_Z:_ZFE)EQ_W <k’X —(Ak’)(AX )) 12
N T 5 Y

where, 15 is the 2 x 2 identity matrix.

For the I' term,

4 - . R
s 2m3E), (EkAlAJ — (Bk — m)(A k)kZAj> UZXJd
kA \
FGW ((SA,A] (5@) + 523) oiX;
(B, —m) ;. - . .. 1. - 1 .
;ﬂng N [ (3{%}@ — (k- A)é,]> + 2 (k- B)dy; + e (kxA) ]
F 1A A e o KB —m) N1
Lg 6m3 |:3A2AJ - 52]} UzX]d —T Am3E, (A-k) |:61]l (k‘ X A) } szjd
it (i (A R) (@ m) ) Bl s
S6m3E, \" " k—m) ) [045] X
K (Ep—m) « . [3 (54 - )
—Ts 3m3Ey (A-F) [2 {kA}ij — (k- A)éij] Uixjd (1.37)
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We arrive then to the separation,

+ [3kik; 5,]} [gn (m — Ey) — grf—z - rf?’é%;km) ( k)

4 ;{/%A}ij — (k A)(sw] rggk—: +r46k32 - F6E4;§;“3Ekm) Ak
e (58) ] [ g T - g6

+[s84, - 5] rG%] }

+ {12>zjd} { [3A2Aj - 5@-] —9 [5@]} (m%%k) (1.38)

In this form we can now make the following associations. The terms proportional to
{sz(;‘d} 0;;] and {azf(;‘d} [312:11%]- — 5,-} correspond to an S-wave and D-wave tran-
sition, respectively. These terms must converge to the nonrelativistic deuteron S-
and D-wave radial function@, when the contribution from the vertex functions I's,
I'y, and I'e. The conditions for which we expect this to be a good approximation
are stablished at the end of Sec.. Since, the terms associated with I's 46 are
expected to be small we focus on the angular structures associated with I's, which
contributes as P-wave and has a relativistic origin with no analogous in the nonrel-

ativistic framework.

0 From the deuteron wave function which is a solution to the Shrodinger equation with
an NN interaction potential, e.g., CD-Bonn or AV18.
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Figure 1.1: Deviation of deuteron longitudinal polarization 3-vector 3= from that
of the two-body in the NN-CM 3y

1.5 Dirac Bilinears - LF

To recover the light-front wave function we must apply the Melosh rotation |Eq.(1.12)
to the Canonical bilinear structures. The LF bilinears in the two-body CM and two
dimensional spin space are,

aEylr = My (ml + (ET : 5T> 03> (1.39)

1 ( -
~LF,. . LF e
Uy =—mm—= ( Mnnkr - O +2mk:0>
_g Uy 2t NNAT - OT 303
Myn s
= i (fr o mla = 1)) (140)
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551;% (vFs) U%F = 175% (7375) U%F =24/ k3 +m? (E G — k- 5T> = Mxnva(2 — a)os

(1.41)
ﬂlf%’ (v"s) UI/?F = _EE% (1375) U%F = —MnxnvVa(2 — a)os (1.42)
1
_LF LF )
T u = ——— (Mnnmoy — 2ksosk, + iMynk, 1
Kk (’7175) P \/W ( NN 1 303 NN&y )
My~ .
= —— (mo; — (a — 1)o3k, +ik,1 1.43
\/W ( 1 ( ) 3 y ) ( )
LR LF Mnn .
Uz (voys) U = ———= (moy — (o — 1)osk, — ik,1) (1.44)

k3 + m?
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Appendix J: DEUTERON ELECTRO-MAGNETIC CUR-

RENT AND WAVE FUNCTION NORMALIZATION

Figure J.1: Deuteron elastic scattering: d +~* — d’

The normalization of deuteron’s wave function is fixed relative to its elastic
charge form-factor: Go(Q? =0) = 1.

Equivalently to the EM nucleon current parameterization in terms of form fac-
tors, in the one-photon exchange approximation, Lorentz invariance constrains the

deuteron EM current to be completely described by three form factors [49]:

' X" a)(x-q
st pasa) = — (@I - x) — @) XD DY (i
d
+ Gl @) (v (¥ a) = ) (- ) (3.1)
where, x = x5, (X' = Xs,) are deuteron polarization vectors. The charge (G¢) and
quadrupole (Gg) FF are related with Gy, G5 and (Gyp) by,
2
Go =G1+ §TGQ (J2)
GQ:Gl—GM+(1+T)G3 (J3)
At Q? = 0, they are conventionally normalized to,
Gc(0) =1 (in units of e)
Go(0) = Qq ( in units of e/m?) (J.4)

G (0) = g (in units of e/2my)
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The FF can be extracted from combinations of the EM current matrix elements.
On the Briet frame and in the limit, Q% — 0, the unpolarized elastic scattering is
proportional to the charge form factor. For the (+) component of the current on
the LF we obtain:

% > {phsiy | T pasa) = (pa+ 1) " G1(0) = (pa+ 1)) " Ge(0) = (pa+1l)" (1.5)

54,50
In this frame we have, p!, = (mgv/1 +7,0,0,—Q/2), and, (p))* = (masv/1+7,0,0,Q/2),

which yields,

1
3 Z (Pysiy | T | pasa) = (pa + )" Ge(0) = 2my (J.6)
54,8

2

- Q
where, 7 = pret

The relation with deuteron’s WF is provided by the elastic scattering diagram

Fig.(J.1), which has the transition amplitude,

d*p pr+m pi +m Pr+m
sl | AP = — | XL T} ! T, Z LanNXsa 55 =
(Pasa |A"| pasa) / i(27r)4X3d NNy 2 —m2 4de TN p2 — m2 + e ANNX p2 —m? + e
(J.7)

a sum over r is implicit, where r = p, n, accounts for the two nucleons.
Changing to LF variables (d'p, — 1/2dp~dpTd*p,), and integrating over the

light-cone energy, dp, , puts the recoil particle on shell, we obtain

d*p, L dp}f pr+m
I AR _ T r bt f
(Pasa | A pasa) —/ 2pjr(27r)3X5¢l ANN 22 4 e

!
pi+m _
Fz*NmFdNNXSd Z u(pr> Sr)u(pr7 3r> (J8>

7 S

The evaluation of result is that the active nucleon, used to construct the EM
current, is off-shell for the initial (p;) and final (p;) states. Therefore, we write the

respective propagators as follows:
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Dioff + My :Zs,; (u(ps, s:)u(pi, 8i)) + Ly, _ >, (ulpi, si)a(pi, ) + Lo,
Vo= kg (md - 4 % (g — o)

(J.9)

brog +my 2, Wppsp)ulpr,sp) + L, 3o, (ulpy, sp)ulpy, sp)) + Ly,

2 2 2 1p2 - O‘f _
Do — My & (2 — g4I PIT (m7 — syn)
2 d ar(2—ay)

Notice that in general, for the diagram of Fig.(J.1)),

+ +
Py Di pr
ap =2 o, =2—F/=2—q,=2—-2-—"1
AN Py Py

The substitution of the propagators into the amplitude produce,

d p’l’ldpr s’ T s

a; afpr

2 : d pTJ_dOé st 3
- \I/sds JH\I{SQ
/ 2—a)2—a+a,) TN e

where, @ = a,.. The WF of deuteron is given by (Eq.(3.12)),

_uu L gnnx 1
S;Sr % (SNN _ mg) \/§ (27_(_)3/2

and the off-shell nucleon current has the following four contributions,

TN (55055 500:) = Thon (721550 08) + iy o5t (512 D1 ofts S1 Do)

+ ‘]Zl\if,off (Sf’pf70ff7 Si7pi) + ‘]Zl\if,off (Sf’pfa Si7p2',oﬁ“)
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(J.13)
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where,

‘]]!\Lf,on (Sf’pf? Sivpi) = ﬂ(pfsf)FgXNuQ)lSl) (J15)
INoft (875 Df5 Sis Diof) = ﬁ(pfsf)ri:*NQ P u(p;s;) (J.16)
my
INott (S, D oft, SiyDi) = ﬂ(Pfo)QiFQL/*NU(PiSi) (J.17)
my
_ A L.
Toft (87 Drofts 8is Do) = @(psss) 5T 2 u(pis;) (J.18)

2mN 7 N2mN
Hence, it can be written as the succinct expression,

I (85,053 80,0:) = u(prsy)Th. yu(pisi) (J.19)

with the vertex function given by,

Iy = (1 + ﬁ) Iy (1 2 ) (J.20)

2mN 2mN

J.1 Wave Function Normalization from EM Charge

In the reference frame of Fig.(3.4)), we have ¢> = ¢*¢~, and ¢© < 0. Then, the limit

of real photon scattering (Q* — 0) is given by, ¢ — 0. As a consequence, p/; — pg,

and p; — p. [Eq.(J.20)] is
- , to— _
Ty = <1 + ﬁ) (F1 (v —a" L) +io P > <1 + Lx—p) (J.21)

2my 2q*q 2my 2my

In the real photon limit we have,

A + A
. yTA~ _ _ K A
Y (@.qt—0) (1 + —%) (Fl% +iottq Fy ) (1 + 7_;;)

4mN 4mN 4mN
YA, v+ TTA,,
= (1 4+ —2 F 14+ L P
(+4mN)(12 T Iy
which reduces to,
. vt
Ix (@.qt—0) F1(0)7 (J.22)
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Hence, the matrix elements of the EM current read as,

_l’_

Ty _ Y
IN (Qrqr—0) = U(P.fsf)Fl(O)ju(piSi) = F1(0)v/pytpitds;s,

JE (Q2,qT—0) — I (O>pi+5sl,'s;, (J23)

The normalization condition acquires the form,

5 Z Pysiy | T pasa) = (pa + ply) T Ge(0)

sd sd
&p,, d y
_Z Z / TR a)‘I’S?L (F1(0)p;T6s,s,) W22

(2 —a)(
sdsd SZSfS

(J.24)
where we have averaged over initial states (sg,s;) and sum over final (sl), sy
Taking one of the sums over deuteron polarization indices fixes, s/, = s; (orthogonal

states), and substituding (pg + p},)" — 2pJ, it becomes

d*p,  da . .
Z / L L2 _ Oé) \I/dd51 Sp (Fl,p(()) + Fl,n(O)) \dedsl S (J25)

sd Sr,S1

Since the charge FF of neutron vanishes at @* = 0, it follows that, F; ,(0)+ F;,(0) =

Fy,(0) = 1= G¢(0). Thus, in terms of LF variables we arrive to the following result,

G O d prLdOf sat
L Oy J.26
F1p0 3 2 Z /2a 2_Oé d,s1,5- © d,51,5r ( )

Sd,Sr,S1

2p'1"
jZ

If in equation we change the LF variables for k = (p, |, k3), then the

integral acquires a more familiar form, explicitly,

where we have used the equality, 2 —a =

2(67« + kg)

m2_i_p2L 1/2
- (e, +€1) )

. ky=(a—1) (a@_a) (J.27)

T8 Note that the sum over the internal index s, is shown explicitly.
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In the center of mass frame, k = p, = —p;, the integration measure transform to,

d*p, | da B A3k

—_— = — J.28
20(2 —a)  Ey (7.28)
where, B, = v/m?2 + k?, and we find,
Gc(0)
- o (k 2= =1 J.29
Z / 2Ek| yS1,S )| FLp(O) ( )

Sd Sr,S1

J.2 Wave Function Normalization from Baryonic Number

The current operator we have constructed is such that coupled to an EM probe, it is
an EM (transition) current. Nevertheless, the baryonic nature of the nucleon allows
for a normalization procedure based on baryonic charge conservation which is more
simple than the one using EM charge conservation.

We start by noting that the main interaction between the bound nucleons is the
residual strong force. Hence, which describes the transition of deuteron to
constituent nucleons can be seen as a hadronic current. Within the approximation
in Fock space decomposition of deuteron as two nucleon bound state, the baryonic

charge is conserve during the interaction.

Explicitly, using the number density operatoi | [24],

s \Ijsdysv‘ysl OC,p 2
pdd(a,m)=2| s (2_<a) Ll (3.30)

Sr,S1

T3 This is the zero component of the matrix element of the current.
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Evaluating the integral of p)* results in the baryonic number for each deuteron
polarization, which is equal to 2 in this case, since each polarized state have 2

baryons (in this NN Fock component), explicitly,

d*p do d*pda | U (a,py)|?
BSdZ/ o Pa(@p1) = Z/ G 2 (J.31)
Sr,S1
For the unpolarized case we have again 2,
1
3 Y B, =2 (J.32)
54

Which is consistent with [Eq.(J.26)|

d? puda gt s 1 d?p,yda |V (K, s1,8.)2  Ge(0)
Z ds s \des sr g Z = =1
20(2 — ) G dsisr T3 2a (2—a) Fy,(0)

Sd Sr,S1 Sd;Sr,S1

and also with [Eq.(J.29)| from where we get,

> /dk (K, s1,5.))> =3 (J.34)

SdySr,S1
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