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ABSTRACT OF THE DISSERTATION
SINGULARITIES AND GLOBAL SOLUTIONS IN THE
SCHRODINGER-HARTREE EQUATION
by
FNU Anudeep Kumar
Florida International University, 2020
Miami, Florida

Professor Svetlana Roudenko, Major Professor

In 1922, Louis de Broglie proposed wave-particle duality and introduced the idea of mat-
ter waves. In 1925, Erwin Schrodinger, proposed a wave equation for de Broglie’s matter
waves. The Schrodinger equation is described using the de Broglie’s matter wave, which
takes the wave function, and describes its quantum state over time.

Herein, we study the generalized Hartree (gHartree) equation, which is a nonlinear
Schrodinger type equation except now the nonlinearities are a nonlocal (convolution)
type. In the gHartree equation, the influence on the behavior of the solutions is global
as opposed to the case of local (power type) nonlinearities.

Our first goal is to understand the behavior of finite energy solutions. We start with
proving the local existence and then extend to the global existence for small data. We
then, in the energy-subcritical critical regime, classify the behavior of finite energy solu-
tions under the mass-energy assumption identifying the sharp threshold (depending on the
size of the initial mass and gradient) for global (scattering) versus finite time (blow-up)
solutions.

Next, we revisit the problem of scattering and give an alternative proof of scatter-
ing, for both NLS and gHartree equations in the radial setting. The alternative approach

provides a simpler proof of scattering, which might also be useful for other contexts.

Vi



Our next aim is to understand the phenomenon of wave collapse (blow-up, the sudden
energy transfer from higher levels to lower ones), i.e., solutions with finite time of exis-
tence. We first give a sufficient condition for finite time blow-up for the large data and
give examples of the various thresholds available in a variety of cases (energy-subcritical,
critical and supercritical) for Gaussian data.

We then investigate stable singularity formations in the mass-critical gHartree equa-
tion, and in particular, rigorously prove a stable blow-up formation in dimension 3. We
observe that the nonlocal nonlinearity does not destroy the blow-up dynamics, similar to
the local nonlinearities. On the other hand, one of the necessary properties, namely the
spectral property required for the blow-up analysis, is modified remarkably. Nevertheless,
we are able to prove that stable blow-up occurs with a self-similar profile at the square
root rate with a logarithmic correction.

Finally, we present the reader with the conclusion and possible future research direc-

tions, wrapping up the dissertation.
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CHAPTER 1
INTRODUCTION

Politics is for the present, but an equation is for eternity. (Albert Einstein)
1.1 Prelude: Physical world

A partial differential equation (PDE) is an equation involving derivatives in space and,
possibly, in time. Motivated by the problems in mathematical physics, Schrodinger-type
partial differential equations are one of the standard equations studied in mathematics.
The Schrodinger equation integrates both classical and quantum mechanics. It uses con-
servation of energy from classical mechanics written in terms of its wave function from
quantum mechanics. It has its roots at the very start of 20th century and that is where
we begin with. The main sources of the present section are lecture notes [mbSP] and an
article on Noble Laureates [Zur].

At the end of 19th century Max Planck began working on the problem of black body
radiation (see Figure 1.1, [CU] for the two best examples of black body radiation). He
tried to explain the dependence of electromagnetic energy on the frequency of the radi-
ation and the temperature of the body. When heated, the molecules comprising a black
body vibrate and emit light of the same wavelength as their vibration. In 1900, Planck
introduced an assumption that the energy of electromagnetic wave is quantized and given
by the relation

E =nhv,

wheren = 1,2,3,..., h = 6.6 x 1073*m?kg/s is Planck’s constant and v is the frequency
of electromagnetic wave. This assumption helped Planck to derive a formula (now known
as Planck’s law), which accurately describes the spectrum of a black body radiation.

In 1905, Albert Einstein proposed that the light is not a wave but is made up of

separate wave packets (photons, termed by Gilbert N. Lewis in 1926), which allowed



Hot Stove

Figure 1.1: Blackbody radiation, taken from [CU].
Einstein to write an equation for the Photoelectric effect
E=hv=hw.

Here, h = % = 1.05 x 10734 Js and w = 27v is the angular frequency. It provided the
explanation that the energy received by an electron, allowing it to leave the surface) is
dependent on the frequency (not intensity) of a photon. This lead Einstein to deduce the
particle-like behavior of the photon.

In 1913, Ernest Rutherford and Neils Bohr gave a model for an atom, which con-
sisted of a small and densely concentrated region (called nucleus) of positive charge (pro-
tons) with electrons orbiting around it. The model was an improved extension of the
Rutherford model (1911) that had a drawback that an electron, orbiting around a nucleus,
accelerates, and thus, it would loose energy in the form of electromagnetic radiation.
Hence, it should collapse by spiraling into the nucleus, which suggests that all atoms are
unstable, a devastating suggestion. To eliminate the problem, Bohr (1913) added the fol-
lowing assumptions to Rutherford’s previous model, he suggested that the electron must

be treated as a particle having a definitive position and momentum:



e The angular momentum of an electron orbiting around a nucleus is an integral mul-
tiple of Planck’s constant, . = mwvr = n h. Bohr calculated that each allowed orbit

has a specific energy level and there are no other orbits in between.

e These orbits with definite energies are stable and an electron revolving in a partic-

ular (stable) orbit does not loose or gain any energy.

e The lose or gain of energy can only happen when an electron jumps from one orbit
to another, AE = hv, where v is the frequency of the electromagnetic radiation

emitted (energy lose) or absorbed (energy gain).

Figure 1.2: Are we inside of an atom which is part of a giant brain? [Ima], [Wal], [WID],
[Hra]

The idea depicted in Figure 1.2 has been floating for decades, which depicts two
interesting analogies: one represents that an atom (top left) is like the solar system (top
right), where the gravity is replaced by electrostatic forces and other draws a comparison

of a brain cell (bottom left) with the universe (bottom right).



Louis De Broglie (1924) proposed in his PhD thesis the theory of electron waves.
We already know that while describing the spectrum of black body radiation, Planck
assumed that the energy of electromagnetic waves is quantized and Einstein explained the
photoelectric effect by proposing that the waves carrying electromagnetic energy are also
quantized, which led to the existence of photons (a particle-like behavior). The energy
of photon is given by the Planck-Einstein relation, £/ = hv. Louis de Broglie posed a
question, refer [Nig]: “If a photon, which has no mass, can behave as a particle; does
it follow that, an electron, which has mass, can behave as a wave?” He suggested that
the wave-like nature of an electron should be demonstrated by the relation A = %, which
generalizes the Planck-Einstein equation by rearranging the momentum of a photon given
by p = %, where c is speed of light and the wavelength A = ©. Furthermore, since the
electron revolves in a stable orbit, now according to de Broglies’s hypothesis if it behaves
as a wave, it would be a stationary wave. Thus, we may assume from the geometric
condition for a standing wave that the circumference of the orbit would only admit an

integer number of wavelengths. Therefore, we have

2nr=nA = T:n—)\,
2T
h nXh
L=rp=ri=szx=n1h

which is Bohr’s first assumption that the angular momentum of an electron is quantized.
This introduced the concept of wave-particle duality, i.e., just like a wave is made up
of particles, a particle can behave as a wave (see Figure 1.3, the first ever peek of light
behaving as both a wave and a particle at the same time).

“In the summer of 1925, Erwin Schrodinger, read the doctoral thesis of Louis de
Broglie, who proposed that matter, for instance, electrons (assumed to have particle-like
behavior) - also have wave properties. Schrodinger devoted his Christmas and New Year

1925/26 break with all of his focus in constructing the equation for de Broglie’s matter



Figure 1.3: Wave-particle duality. The wave nature is exhibited by the upper part (wavy
bit), while the particle nature is demonstrated below (perpendicular to the wave), see
[PLQ™15] for explanation and details on duality. Image source: Fabrizio Carbone/EPFL.
waves. On December 27, he wrote to his physicist colleague, Wilhelm Wien: “At the
moment I am bothered by a new atomic theory. If only I were better at mathematics!
I’m very optimistic about this, and hope that it will turn out beautifully as long as I can
manage the calculations.” (source: [Zur])

On January 26, 1926, Erwin Schrodinger published his paper in which he con-
structed the wave equation for de Broglie’s matter waves, which now bears his name, the

Schrodinger equation. He treated the electron as a wave represented by a wave function,
¢($, t) _ A/élez'(lcu'(,‘—aut)7

where A is the amplitude, k£ = 27“ is the wave number (number of waves per unit distance),

and w is the angular frequency of the wave.



The total energy of a free particle is the sum of kinetic and potential energy V', thus,

E=imvy+V = % + V. Now observe that Planck-Einstein relation yields that

E = hv = hw and de Broglie’s equation implies that p = % = hk. Substituting the

energy and momentum into the energy conservation equation, one obtains the relation,

hw = % + V. Schrodinger then tried to express the wave function using this energy

relation. He realized that taking the partial derivative with respect to time gives

oy
E - _wau

and the second order partial derivative with respect to space yields

op P,
or T WV = TR
which led to the equation
L0y n* 0%y

known as the Schrodinger equation. It is probably one of the most important break-

throughs in the history of physics.

1.1.1 Enter uncertainty

Schrodinger could not give a successful meaning to the wave function 1 related to the
physical world applications.

Max Born in 1926 suggested that the wave function is not associated with any definite
physical state, he mentioned that it gives the probability of the different states of particles.
He postulated that the probability of finding the particle at a position « in the region R at

time ¢ is given by the following integral

/RW(x,t)Fdx.



The probabilistic explanation is related to a fascinating discovery by Werner Heisen-
berg in 1927, in which he generalized the de Broglie’s formula for the wavelength and
momentum of a particle. Heisenberg realized that there is a fundamental limit to the pre-
cision (given by a mathematical inequality) in measuring any two quantities of a system,
for instance, the position and momentum of a moving particle. The more accurately you
measure one physical attribute, the more uncertain the other becomes (see Figure 1.4 for
a fun interpretation). This result (for which Heisenberg won the Nobel prize in 1932)
is now called Heisenberg’s uncertainty principle. The uncertainty principle suggests the

unpredictability of nature around us.

DO YOU KNOW HOW FAST You
WERE GOING?

NO, BUT | KNOW MY
LOCATION!

Figure 1.4: Heisenberg gets pulled over! (taken from [fon])

Schrodinger, Einstein, de Broglie and some of their other contemporaries were not
happy with this view where physics fate was left to chance. Albert Einstein reacted with
the remark that “God does not play dice.” To which Niels Bohr reportedly replied to

Einstein’s expression of this sentiment by advising him to “stop telling God what to do.””!

I'source: https://en.wikipedia.org/wiki/Hidden-variable_theory



1.2 World of mathematics

Schrodinger equations are partial differential equation of dispersive category. Intuitively,
this means that something, initially concentrated, spreads out spatially. In mathematics, a
partial differential equation is called dispersive, if the speed of wave propagation depends
on its frequency, i.e., waves of different wavelength travel at different phase velocities.

The linear Schrodinger equation,
iy +Au=0

has one derivative in time, u;, v = u(z, t) is a complex-valued function, and A-stands for
a Laplacian, which is two spatial derivative, having the property to diffuse the function w.

Introducing a nonlinear term, F'(u) to the linear equation, we get
iuy + Au £ F(u) =0,

a nonlinear Schrodinger type equation. Here, — sign indicates that the equation is called
defocusing, this means that the nonlinear effects work in favor of the Laplacian resulting
in faster dispersion. On the other hand, with + sign, the nonlinear term acts in an opposing
manner to Laplacian causing a battle between dispersion and nonlinear effects. The battle

opens the door to the questions we address in this research

e If the Laplacian is asymptotically larger, the solutions last forever.

e [f the Laplacian and the nonlinear term are asymptotically equal, we get a borderline

case, in which solutions become the solitary waves (or solitons).
o [f the nonlinear term is larger, then a “blow up” (collapse or singularity) occurs.
The Schrodinger-type equations are one of the simplest models in a dispersive equations

category, yet are still in their infancy for understanding the solutions. Dispersive equa-

tions provide descriptions of certain real life time-evolving phenomena in nature (see



Figure 1.5). Examples in the Figure 1.5 include laser beams - propogation in nonlinear
medium, rainbow (scattering phenomenon), Bose-Einstein condensate (bottom left) im-
age by NIST/JILA/CU-Boulder, reappeared in [Ornl7]) - velocity distribution data for a
gas of rubidium atoms, the discovery of the Bose-Einstein condensate of 1920 only con-
firmed after 75 year, in 1995%: atoms cooled to near absolute zero (273.15 degree Celsius)
condensed from less dense areas on the left (red, yellow, and green) to very dense areas at

the center and the right (blue and white), water waves. More often these phenomena are

nonlinear and their study require special methods and techniques.

Figure 1.5: Dispersive equations are everywhere. [Bok], [lad], [Orn17], [Fla]

To summarize, various nonlinear phenomena give rise to nonlinear Schrodinger-type
equation

iug + Au+ F(u) =0,

2Two labs received 2001 Nobel prize in Physics for their achievement.



with F'(u) depending on a specific model or application. Some of the simplest types:

e Local (power type): F'(u) = |u|P~'u, nonlinear Schrédinger equation (NLS), see

Figure 1.6 for an important application (here, p is the total power of nonlinear term)

e Non-local (convolutions type):

— F(u) = (|z[7® * |u|?) u, Hartree equation (b > 0).

- F(u) = (|z|7"* |ul?) |u[P~?u, generalized Hartree (abbreviated gHartree)
equation.
High
« I - Temperature T:
f thermal velocity v

*~ density d®
N T v “Billiard balls"
Low
55 ;}7/& é ZZ Temperature T:

A\~ De Broglie wavelength
?Z v J\J\/ 2 rd=h/mv = T-1/2
"Wave packets"”
T:Tcrit:
Bose-Einstein
Condensation
hop = d
"Matter wave overlap”

T=0:
Pure Bose
condensate
"Giant matter wave"

Figure 1.6: Where does NLS come from?, appeared in [DK98].

In this dissertation, we study the focusing generalized Hartree, or Schrodinger - Hartree,

equation in NV spatial dimensions of the form

1
iy + Au+ | ———* [ul? | |[ulfPu=0, 2 €RY, teR, (1.1)
[N

10



where 0 < v < N, p > 2, the function u(x,t) is complex-valued and * denotes the
convolution operator in R,

The equation (1.1) is a generalization of the standard Hartree equation with p = 2,

iuy + Au + < *]u\2)u:O, reRY (1.2)

|z|N=
which can be considered as a classical limit of a field equation describing a quantum
mechanical non-relativistic many-boson system, interacting through a two-body potential
V(z) = \a:l+*7’ see [GV80]. How it arises as an effective evolution equation in the mean-
field limit of many-body quantum systems, can be traced to work of Hepp [Hep74], see
also [GV80], [Spo80], [BGMO00], [BEG"02], [FGS07]. Lieb and Yau [LY87] mention
it in a context of developing theory for stellar collapse. The stellar remnants can take
one of three forms (depending on the mass of a star): neutron stars, white dwarfs and
black hole (see Figure 1.7, for collapse of larger stars, [Hoo]). Lieb and Thirring [LT84]
conjectured that the collapse for boson stars can be predicted by a Hartree-type equation.
A special case of the convolution with ﬁ in R3 is referred to as the Coulomb potential,
which goes back to the work of Lieb [Lie77] and has been intensively studied since then,
see reviews [FTYO02], [FTYO00]. With v = 2 and N = 3, a pseudo-relativistic version of

this equation arises in the mean field limit of weakly interacting molecules and bosonic

atoms (for example, see [FJILO7], [FL04]), taking the form
iy — V—A+m2u+ (Jo| 7 * |[u>)u =0, xcR® (1.3)

Unlike the standard nonlinear Schrddinger equation with pure nonlinearity |u|P~u,
the distinct feature of the Hartree equation (1.2) is that it models systems with long-
range interactions. Possible experimental realizations of such interactions, where the
power in the convolution changes, include the interaction of ultracold Rydberg atoms
that have large principal quantum numbers [Lus10]. The interactions between atoms in

highly excited Rydberg levels are long range and dominated by dipole-dipole-type forces

11



Black holes

stion Accretion disc

U-"(‘Juﬂd :
at immense speeds,
producing
K . .c-.fmtrrlmaqnenc
which bends radiation (x-rays)
e their trajectory
here matter e
sed in a region of -

AFP PHOTO / NASA / JPL-Caltes thre matter und enem Iy cannot
Artist rendering 3 g escape the black hole’ vity.
. The point of no return.

Source: eventhorizontele

Figure 1.7: Black hole. At its center, the mass of a black hole is compressed into a single,
zero-dimensional point, taken from [Hoo].
(the strength of the interaction between Rb atoms is about 10'? times stronger than that
between Rb atoms in the ground state [SWM10]). The spatial dependence of interactions
may be 1/|x|? for small |z| and 1/|z|® for larger |z|. Other powers such as 1/|z|* are
also possible, see [OGKAOO]. Even more general, the potential can incorporate not only
radial dependence, but also angular dependence ‘;'(TxL [Lus10], but we do not consider
the case here.

The equation (1.1) can be written (in terms of the wave function » and the potential
V') as the Schrodinger - Poisson system of the form

i + Au+ Vi§uP~?u =0
(1.4)

—AV = (N = 2)[SY [ul?,

where SV ! stands for the surface area of (N — 1)-dimensional unit sphere. This can

be thought of as an electrostatic version of the Maxwell-Schrodinger system, which de-

12



scribes the interaction between the electromagnetic field and the wave function related to
a quantum non-relativistic charged particle (see, for example, [CG04] and [Lie03]).

With numerous applications, it makes sense to develop a unified mathematical the-
ory of solutions behavior for the generalized Hartree equation (1.1). The thesis is de-
voted to that goal.

However, the nonlocal (convolution-type) nonlinearity offers certain complications to
the extension of the theory, which was originally developed for the nonlinear Schrodinger
equation with local nonlinearity. For instance, the presence of convolution makes it harder
to study the solutions in spaces with higher regularity, since the convolution kernel in the
gHartree equation can be written as an inverse (fractional) Laplacian, suggesting an in-
built restriction. Another challenge is related to the ODE techniques, which are used to
prove the uniqueness of ground state solutions; those methods are not compatible with the
Hartree-type equations (see Section 2.8). Another challenge arises because of the slow
decay of convolution kernels # (related to the long-range interactions), which directly
affects the blow-up analysis in the Hartree-type equations (see Remark 5.3.22, Remark
5.3.24 and Lemma 5.3.26 in Section 5.3). The study of certain spectral properties of lin-
earized operators also require a different approach because of the presence of convolution
kernel (see Proposition 5.3.7 in Section 5.3). These challenges serve as a motivation to
change (if feasible) the techniques available for the nonlinear Scrodinger equation (with
local nonlinearity) and, at the same time create new approaches to study the Hartree-type

equations.
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CHAPTER 2
PRELIMINARIES

The greatest challenge to any thinker is stating the problem in a way that will allow a

solution. (Bertrand Russell)

In Chapter 2 we establish some notation, initial definitions and basic estimates, which

are used throughout the work.

2.1 Notation

For a given 1 < p < oo, we define the space

LP(RN):{f:RN%R : /

RN

(@) da < oo},

equipped with the norm

| £l Loy = </RN |f(z)P dx) ’

If p = oo, we denote by L= (R") the space of essentially bounded functions. Define the

Schwartz space S(RY), the space of the C*°-functions decaying at infinity, i.e.,
S(RY) = {f € C®([R") : 2°9°f € L=(R") forevery o, 8 € Z}'}.

The Fourier transform on RY for f € S(RY) is given by

~

fle) = em ™ [ e ) de
RN
One can also define (by duality) the space of tempered distributions S’ (R")

S'(RY) = {T : S(RY) — C : Tis linear and continuous},
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and given 7 € S'(RY) the Fourier transform 7 € &'(R") is defined as
T(f) =T(f), forany f € S(RV).

Define the operator |V|* for s > 0

—

IVIs£(&) = [€1°£(9),

which is also known as the Riesz operator of order —s, where s > 0. This allows us to

define the homogeneous Sobolev space
Wer@Y) = {f e S®Y) : VI'f e P®Y)},

and the associated norm

[ sy = VI fllo@ny,
for p > 1. The inhomogeneous Sobolev space is defined by

WrRY) = {f e S®RY) : (1+|VP)if e /RY)],
equipped with the norm
1 Fllwsoy = (1 + V22 fll oy,
where
(A+IVP)Ef) = (€],
Here, (¢) = (1 + |¢]?)'/?, often called the Japanese bracket. If p = 2, we denote
HS(RY) = W*3(RY) and H*(RY) = W**RY).

For any spacetime slab [ x RY, we use L{L" (I x RY) to denote the space of functions

u : I x RN — C, whose norm is

1
q

1wl Lorr (rxryy = (/ (/ |f(x,t)|" dx) dt) < 0.
1 \Jr¥
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Lastly, we write X < Y or Y 2 X whenever X < CY for some constant C' > 0
depending upon dimension /N or powers p and . In case C' depends upon some additional
parameters, we will indicate this as follows: for example, X <, Y denotes that X < C,Y

for some C, depending on u. Similarly, we will write X ~ Y if X <Y < X.

2.2 Symmetries

We consider initial data in the H* space, ug € H'(R"), so that we can study finite Hamil-
tonian or finite energy solutions (definition below). During their lifespans the solution

u(z,t) to (1.1) satisfy the following mass, energy and momentum conservation laws:

M) ™ [ Juw ) de = [ uo(o)]? do = M,
Elu(t)] < X / Vu(e, 6)[2 do — i/ ) e P de = Elug)
= 9 5 2]? |3§"N77 ) ) - 0]
Plu(t)] ' Im /u(x, t)Vu(z,t)de = Im [ag(x)Vue(z) de = Plug).
The equation (1.1) has several invariances: if u(z, t) is a solution to (1.1), so is @(z, t):

e Spatial translation: for a fixed xo € RY, u(z,t) = u(x — x, t).

Time translation: for a fixed 7 € R, @(x,t) = u(z,t + 7).

o Time reversal: u(z,t) = u(x, —t).

Phase rotation: for a fixed 0 € [0,27), (x,t) = e"u(z,t).

Spatial rotation: for a fixed R € SO(N), @(z,t) = u(R 'z, 1).

Galilean transformation: for a fixed & € RY, ii(x, t) = ¢/~ (2 — ot 1),

e Scaling: for a fixed A € (0,00), u(x,t) = AZoD u(Az, \’t).

The equation (1.1) is referred to as the H#e—critical, if the H** norm of the solution is

invariant under the scaling. The critical scaling index s., which comes from the scaling
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invariance, is defined as

N v+ 2
== — —. 2.1
Ty T o) @1
v+ 2 . ) .
Ifs.=0,orp=1+ N the equation (1.1) is referred to as the mass-critical (or

L2-critical).

2 )
Ifs.=1,orp =1+ s , the problem is called the energy-critical (or H*-

N -2

critical).
o If 0 < s. < 1, the equation is intercritical.

If s. > 1, the equation is said to be energy-supercritical (or H L_supercritical).

2.3 Embeddings

Here we state embeddings and inequalities used later in the document. The first one is

most useful to deal with the convolution (nonlocal) term in the gHartree equation (1.1).

Lemma 2.3.1 (Hardy-Littlewood-Sobolev inequality, [Lie83]) For 0 < v < N and

1 < p,q < oo, there exists a sharp constant cy .~ > 0 such that

u(y)
—7
‘ / o —yn

N
and p < Py

< CN7P7’Y||U||LP(RN)a
La(RN)

1_
p N

Lemma 2.3.2 (Sobolev inequality, [Ste70]) Let 0 < s; < $o, 1 <19 <1y < 00. Then
IV fllzr vy < CHIVIP @y,

where & — g, = X — 5,
T1 T2

Lemma 2.3.3 (Radial Sobolev inequality, [Str77a]) Let u € H'(RY) be radially sym-
metric and N > 2. Then, for any R > 0,
C

N_1 ||u||H1(]RN)~

R

[ul| oo (lej>R) <



2.4 Strichartz estimates

We define the linear Schrédinger evolution from initial data fo(x) as follows

. 1 ey ?
f(l‘,t) _ eztAfO(x) = W/RN 61‘ 4t| fO(y) dy

Then by the L?-isometry and L>°-L! estimate, one can obtain the time decay estimate

(see, for example [LP09, Lemma 4.1]) for 2 < r < ccand  + & =1,

7 _N
€2 fo(a) | @y S TE2 1 foll Lo vy (2.2)

for all t # 0. In some PDE applications, one needs to have estimates both in space
and time, for example, in the study of well-posedness. This space-time integrability is
demonstrated by Strichartz estimates. In what follows, we will always consider the case

0§3<%.

Definition 2.4.1 The pair (q,7) is called L*-admissible pair, if N > 1, and

2 N N
__,__257 2 < q,r < o0 provided (q,r,N) # (2,00, 2).
q

Remark 2.4.2 One can also define the H S-admissibility for N > 1 and s > —1 by

2 N N
-+ —=—=—5.

q T 2
Definition 2.4.3 (see [Fos05]) The pair (q,r) is called acceptable, if N > 1 and
1 1 1
1<q¢qr<oco and - <N(§——>, or (q,r) = (00,2).
q r

Remark 2.4.4 For s > 0, every H*-admissible pair is acceptable.

We now recall the well-known Strichartz estimates (see [Str77b], [KT98], [Caz03]).
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Lemma 2.4.5 If (q,r) is an He-admissible pair with s > 0, then the following linear

estimate holds

HeitAf”Lng(RxRN) SIS

We next consider the inhomogeneous estimate, see [Fos05].

Lemma 2.4.6 Let 1 < q,G,r,7 < co. Suppose the pairs (q,r) and (q,T) are acceptable,

satisfy

and verify the following conditions:

o N = 2, we require that r,7 < 00,

o N > 2, we classify two cases;

— non sharp case:

1 1
-4+ =<1, (2.4)
qa 4
N-2 r N
<-=-< 2.5
N — 7= N-=-2 2.5)
— sharp case:
! + i =1, (2.6)
qa q
N—-2 r N
< =< 2.7
N N -—-2 @.7)
1l il 238)
roq roq
Then the following estimate holds
t 00
/ AR dt + ‘ / AR dt! SUE oo (2.9)
0 LiLr t LirLr Lo
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For the next notation, we would like to have a uniform control of the constants in Strichartz
estimates (in the intercritical case, i.e., 0 < s. < 1) and for that we need the following

restriction on the range of pairs (¢, r) (as introduced in [Guel4], also see [HROS]):

(%) <qg<oo, 2 <r< (), ifN>3
(L)+<q<oo 2 <r< ((L)+>/ if N = (2.10)
1-s — 1 — ) l-s — ' = 1—s )
4 2 . o
\1723§q§007 1,25§7‘§OO, if N =
Here, n™ is a fixed number (slightly) greater than n such that % = %+ﬁ Respectively,

n~ is a fixed number (slightly) less than n. We now introduce the S(H*) notation:
[ullg(sey = sup {llulls s - (g,r) as in Remark 2.4.2 and (2.10)}.

Similarly, in order to define the dual Strichartz norm (in the inter-critical case), we set

the following restrictions:

(

(%) <a<(t), (Fp) <r<(F)  ifN=3

() <a< (), (&) <r<((Z)), itN=2 @.11)
n<e<(l) . () <r<ooif N=1,

and define the dual Strichartz norm as
|ullgr(fr-sy = inf {Hu“Lq/LT' : with (g, r) as in Remark 2.4.2 and (2.11)},

where ; + o =1, ;7 + ; = 1. Note that S(H) = S(L?) and S'(H~°) = S'(L?). Using

the Lemma 2.3.2 (since e*** commutes with derivatives), we obtain

Corollary 2.4.7 For any H*-admissible pair (q,r,) with s > 0, if the pairs (q,7) and

(q,7) are L*-admissible and satisfy the assumptions in Lemma 2.4.6, then

t
/ ei(t_t,)AF(' ’ t/) dtl
0

t
g H|v|s/ ez’(zt—t’)A}p(_7 t/) dt’
0

SIVEE]

5! ~
Lq L,,,/ .
Lirry £

LiLLs

(2.12)
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Remark 2.4.8 Although, we can have a wider range for (q,7) (from Lemma 2.4.6), for

the well-posedness in the energy-supercritical cases it suffices to use Corollary 2.4.7.
We next consider a function € C2°(R”) such that

Lif ¢ <1
n(€) =
0 if |¢]>2.

For each dyadic number A/ € 2% we define the Littlewood-Paley operators

Pad© = () o Par© = (1-n(5)) Fio

= (o) - (%)) 7o

We now define the Besov space BﬁvQ(RN )for1 <r < ocands € R (see [Caz03, Section

and

1.4], [Guel4])

0 ‘ 2
23;2 = Z <2sa||p2juHL;> = Z (,/\/SHPNUHL?;)?.

Jj=—00 Ne2Z

lul

We point out that the estimates in Lemma 2.4.6 can also be stated in Besov spaces, see

[Caz03, Corollary 2.3.9].

Lemma 2.4.9 Given any s > 0, if (q,r) and (§,T) are admissible pairs satisfying the

assumptions in Lemma 2.4.6, then

€ gy < 1l am) = W ey

and

t
/ €i(t_t/)AF(' 7 t/) dt/

0

S Il

. N LY Bs, ,(RxRN)’
LIB: ,(RXRN) ,

We also record the following two inequalities (see Remark 1.4.3.(i) and (ii) in [Caz03])

that if 2 < r < oo, then

IV FPully < Hlul

(2.13)

2.
B,
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and if 1 < ' < 2, then

2 < s
Jully g, SNIVIul

(2.14)

!
q /.
LY Ly

Lastly, we give a Sobolev embedding in Besov space (see Remark 1.4.2.(v) in [Caz03])

lellger, < Nl 2.15)

1 s 1 s
where———lz———QandlSrggrlgoo,sl,SQE]R.
1 N T2 N

2.5 Fractional calculus

Lemma 2.5.1 (Product rule, see [FGO18] and references therein) Ler s > 0 and 1 <

T, D1, D2, q1, G2 < 00 such that% = z% + %fori = 1,2. Then,

H’V‘s(fg)HLT(RN) S HfHLpl(]RN)Hlv’SgHqu(RN) + HW\sfHLpz(RN)HQHW(RN)-
We also record the following fractional chain rule.

Lemma 2.5.2 (Fractional chain rule, [CW91]) Suppose G € C*(C) and s € (0, 1]. Let

1 < q,q1,q2 < o0 are such that% = qil + q%. Then,
VPG ()| Lany S G (W)l par ey [V [P0l poz vy -

When the function G is no longer C, though it is Holder continuous, we have the follow-

ing chain rule:

Lemma 2.5.3 (Fractional chain rule for Holder continuous functions, [Vis06]) Ler G
be a Holder continuous function of order 0 < p < 1. Then, for every 0 < s < p,

l1<g<ooands/p <o <1 wehave

s
o

[ 5a2?

VG paeny S Wul®™ || @) V]|

ool 1 4 1 s
provided T o T s and (1 — p—g)ql > 1.

q1
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We also have the following corollary as a consequence of Lemma 2.5.2 and Lemma 2.5.3

along with interpolation.

Corollary 2.5.4 (Corollary 2.7 in [KV10]) Let F(u) = |u[P~u withp > 2 and let s >

1ifpisan even integer or 1 < s < p — 1 otherwise. Then

-2
IVEF@) s 2y < MVIPullselull” oo -
L y+2

t,x

2.6 The local theory

We first observe that by the Duhamel formulation (for example, see [Tao06]), the solution

uw : I x RN — C to the equation (1.1) can be written in the integral form
t
ult) = e"up +i / O (g~ s ) Pu() d (2.16)
0

forall ¢ € I C R. The interval / is known as the lifespan of . If I = R, the solution «
is said to be global. We want to prove that the equation (1.1) is locally well-posed, i.e.,
there exists a unique local-in time solution satisfying (2.16) that lies in CY He N LIV 5"
and the map from the initial data to the solution (in some cases) is uniformly continuous

in these norms.

Remark 2.6.1 Let f(z) = |z|P~2z. The complex derivative of f is given by

p—2

5 |z[P~422

() = 5P and f(=) =
For zy, zo € C we get

f(z1) = f(z2) = /0 [le(zz +0(z1 — 22)) (21 — 22) + f5, (20 + 0(21 — 22)) (21 — 22) | db.
2.17)

Hence,

1f(z1) = f(z2)] S (P2 + |22 72) |21 — 22l (2.18)
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Also, observe that for p > 1 (e.g., see [CFHI1])

[l = l22f”] S (lal"™F + [P )1 — 2. (2.19)

2.6.1 Local well-posedness in /'

We consider the integral equation (2.16) with ug € H*(R"Y) and 0 < v < N with

2<p<1+22 if N >3,

(2.20)
2<p<oo, if N=1,2.

Proposition 2.6.2 If p satisfies (2.20), then for uy € H*(RY) there exists T > 0 and a

unique solution u(x,t) of the integral equation (2.16) in the time interval [0, T| with
ue C([0,T); H(RY)) N L2 ([0, T]; W (RY)), (2.21)

where (qy,71) is an L*-admissible pair given by

( ) ( 2p 2Np)
7r - ) *
.7 l+s.(p—1)" N+~

In the energy-critical case p = 1 + X,L_QQ (or s. = 1) we require an additional assumption
of smallness of ||uo||g1. In any energy-subcritical case p < 1 + %_22 the time T =

T(HUOHH17N7p77) > 0.

Proof. For T > 0, specified later, define v(u) = max { sup ||ulm1, |[u]l a1p2m } and
te[0,T] £
for an appropriately defined constant M > 0, also specified later, let

S ={ue C([0,T); Hy(RY)) N LE((0, T W, (RY)) s w(u) < M} (2.22)
We prove that the following operator

t
d(u(t)) = e ug + z/ AP (u(t)) dt’ (2.23)
0
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is a contraction on the set S, where
F(u(t')) = (Ja|~ N7 s [ul?) [ulP~?u(t'). (2.24)
Using Lemma 2.4.6, we obtain

[ @(u(@) o pm < lluollrz + IIF(U)IIngL;; (2.25)
and

V@ ()l oy S [Vuollz + [[VE(u) (2.26)

I Lfll L
Using Holder’s inequality in time on the second term in (2.25) and (2.26), we have

1B, S U@ g and [VE@ g STOIVEW)]

quL 1~ quL

where § = %. Using Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2, we

estimate

(N=) p p—2
P [ e LY [ A
5 HuHqupLTI ||u‘ LooLTl
2(p—1
S alZ lull g e S el 28 el o (227)

and (noting that the gradient lands on two different terms)

IIVF(U)IIquLl S (7 *V(IUIp))IILt .- x| P~ | o T
+ [[(Je =N s )| o ||IUI”_2VUI|L31L£N@%
N ||V(|7~L|1”)||L2 3 el s+ 1l e s el o IVl o
SIVull oo HuHLwyl + HuHLooLn [Vl go g
Sz 1V ull g (2.28)
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where in the first inequality we have used the product rule, second inequality is a conse-
quence of Lemma 2.3.1 and Holder’s inequality, in the second to last line we have used
Holder’s inequality in the first term and lastly we use Lemma 2.3.2 to get the last estimate.

Combining (2.25) and (2.26), respectively, with (2.27) and (2.28), we obtain

2(p—1
1P () s S Neolly + T2 llull 725 Nll v gy

Following a similar argument, we also have
1P ()l S luollmy + T Null 7] el o gy
Adding the last two lines, we get that for u € §
12 () oy + @) | ey < Clluollmy + CT M (2.29)
Set M = 2C'||ug|| 2 and take T so that

CTo M- < (2.30)

m)l»—l

_2p

yielding that the right-hand side of (2.29) is bounded by M. Therefore, for T < ||uo| Hl *,
we obtain ¢ : § — S. Note that the above estimate works for any s. < 1. In the energy-

critical case, s. = 1, we have 6 = 0, and thus, there is no time dependence in (2.29),
()] o1 gy2ors + 1@ ((E)) | 5oz < Clluo]lrz + CM* (2.31)
Hence, we can proceed only if ||ugl| 1 is small enough, namely, if

Clluollr ™" < (2.32)

1
27
which then bounds the right-hand side of (2.31) by M: C|lug|m + CM*™! < M,
yielding & mapping S into itself.

To complete the proof we need to show that the operator ® is a contraction. This is

achieved by running the same argument as above on the difference

d(®(u(t)), B(£))) = 1D (u(t)) = D) | gy + B (u(t)) = D(0(0)) oy
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for u,v € S. We again note that because of the convolution and estimating at the H'
level, we end up with extra terms to work unlike the proof for the mapping ® into itself
above.

We first apply Holder’s inequality in time to get

A(@(ult)), D(u(t)) < 7 (H<I><u<t>> — ()], + 1 9(@u(t)) - @(v(t)))HLglL;;) ,

where
[®(u(t)) — <I>(v(t))lqung SN2l s ) (JufP~>u — Ivl”_2v)||L31L;'1
(12l (= o)l 2,
o A+ Ay
and

IV(@(u(t) = 2O 0,7 = IV [~ Jul?) (JulP =2 = o ~?0) ]

IV (27 s (jul? — [ol?) [P ~>] |

a1 ;71
LIL,

a1 77
Lt1 Lzl

o By + Bs.

Here, we have added and subtracted the term (2|~ (V=" x |u|?)|v[P~2v. For A;, we use

Holder’s inequality, Lemma 2.3.1 and (2.18) to obtain

Av S (27 s uf?)|

o Ul 2u— o 2oy
LALN oo, (NFD (1)
t T

t T
S el oo (Nl 2200+ o022l = ol

< Nl ol e (Nl 22+ o022 ) e = vl e

S lully s lul oo (Il + ol 2 )l = vllzm. (233)
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We again use Holder’s, Lemma 2.3.1 and (2.19) to estimate A,

< —(N—) D |y|P p—2
A S ||| * (|ul” = oP) o 1 x_|l[v] UHL e

S MMul” = Jof?] o 5 vl

z

LooLTI
S (Il + 0l )l = vl ol

S (lullfeps + ol ) e = vll o g ol
t T

For B; we first use the product rule

By < || (Ja 7 V()

v [ful” 0 = oo 2

p
tlLJéV L?QLQENM)(JD*U

+ (|7 i) IV (el = ol )]

t x

then applying Holder’s inequality, Lemma 2.3.1, Lemma 2.3.2 and (2.18), yields

B V() g (el + o2 ) e = vl
o+ [ulf (uunmw ol 2 ) IV (= o) o
S IVl gl (el 2+ 102 ) e = ol
ol s (ll 2+ 0l 20 )1V (= 0) g
S IVl Tl (Il + 012250 ) o = oll e
ol ey (Tl 2y + 02, )9 = )

Again using the product rule and Lemma 2.3.1 to estimate B35, we get

By S Ml ™™« V([ulf — o)l e (|02l

2Np
LN Loep N0

+ 12N (Juff = )| e IV (0P|
LN

2Np
0 a1 L£N+v)(p71)

S IVl =PIl e ol

quL N+7

ol =Pl e ol

L¥L, L¥L,

28

&7
Lgl L;ﬁN‘M)(’”_l)

(2.34)

(2.35)
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Using (2.19) and Lemma 2.3.2, we obtain

p—1
By S (ully e + Il ) I = )l ol
(Il + ol o e = oll e o122, 190l
S (Il + Nl ) (190 = o)l e ol

o llu = vl 02 1V 0ll 0 ). (2.36)
Combining (2.33), (2.34), (2.35) and (2.36), we obtain that for u,v € §
A(@(u(t)), ®(u(t)) S T/ M Vdd(u,v).

This together with (2.30), the bound on time 7', implies that & is a contraction on S for the

energy-subcritical case. Similarly, for the energy-critical case, we have that for u,v € S
d(®(u(t)), P(v(t))) S M*P~Vd(u,v),

which with the smallness of (2.32) implies that ® is again a contraction on S. To prove the
continuous dependence with respect to ug, we note that if v and v are the corresponding

solutions of (2.16) with initial data uy and vy, respectively, then
t
u(t) — v(t) = " (ug — vo) + 2/ A (F(u) — F(o))(t) dt'.
0

Thus, the same argument as in (2.33), (2.34), (2.35) and (2.36) (and the appropriate mod-

ifications when s. = 1) yields

d(u(t), v()) = fJu(t) = o(O)l] ygre + fult) = (O] s

< JJuo — voll g + C’N,ngMz(p_l)d(u(t), v(t)).
This implies that if ||ug — vg|| 1 is small enough (see (2.30) or (2.32)), we have that
d(u(t), v(t) < Cllug — vollm,

which completes the proof. [
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2.6.2 Local well-posedness at the critical regularity

We now obtain the local well-posedness at the critical regularity He, s. > 0, for which
we again consider the integral representation (2.16) of (1.1) with uy € Hse (RM), 0 <
v < N and p > 2. We also require that the nonlinearity power p satisfies an additional
constraint, s. < p — 1 if p is not an even integer. This ensures that one can take the

derivative of |u[P~2u term s, times. The following proposition was proved in [AR19].

Proposition 2.6.3 Let 0 < v < N and p > 2, so that s. > 0. Assume in addition that if
p is not an even integer, then s, < p — 1. Let ug € Hse (RN). Then there exists a unique
solution u(x,t) of the equation (1.1) with data uq defined on [0, T for some T > 0, and

such that

(1.) for s = 0and N > 1, u € C([0,T); L?) N L([0,T]; L%), where (q,1) =

<2p, %) is the L?-admissible pair and x € RY,

(2.) for0 < s. < land N > 1,u € C([0,T]; H:)NL® ([0, T); Wze )NL%=2 ([0, T]; Wee"2),

—_ 2p 2Np _ 2p 2Np 2 ..
where (ql, 7“1) = <m, m), (QQ, TQ) = <1—Sc’ m) are the L~-admissible

pairs and x € RN,
(3.) for s, = 1and N > 3, u € C([0,T]; H) N L([0,T); WL"), where (q,7) =

<2, ]\2,—]172) is the L*-admissible and x € RY,

(4.) for s, > 1, u € C([0,T]; Hs) N LI([0, T]; W2e"), where x € RN and

e forp =2 (thus, N > 5), (¢,r) = <3, 3]6V]X4> is the L*-admissible pair,

e forp > 2 (thus, N > 3) and 0 < 7 < min (N, z%)’ the L*-admissible pair

is (q,r) = (2, ﬁ—g)

Moreover, for all O < T < T, the continuous dependence upon the initial data holds.
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Proof.

(1) s.=0.
For T > 0 and M, > 0 determined later, let
Xo = C([0,T]; LA(RY)) n L9([0, TT; L™ (RY)),

and

By ={ue€ Xo: [lullporrorxry)y < Mo}

We prove that the operator defined in (2.23) is a contraction on the set B, for some

T > 0. Denoting by I = [0, 7] and using Lemma 2.4.6, we obtain

T
ném@mq%+w¢mumuﬁgs2qwm@+aq(/'wwmwﬂﬁ)
0 xT

1/q

9

(2.37)

where F'(u) is defined in (2.24). Using Holder’s inequality and Lemma 2.3.1, we

get

2p—1
LiLy:

[1£(u)

_(N— -1
iy S Mt Wl g ol < exoll

Substituting (2.38) into (2.37), we have that for v € B,
1@(w()lzszy + [P(ut)|lLzers < 2enlluollzz + 2eren Mg

Take ||uol| 2 small enough so that

1

2(p-1) <

Set My = 8ci|uol| 2. Thus,

MY < L
0 _8010]\[,7

(2.38)

(2.39)

(2.40)

Take T > 0 such that || ug||s(z2,0.77) < 222. Thus, for u € By with T as above,

(2.39) becomes

My

M,
[Q(uw()zory + 1P (w(t))][rerz < TO +2c1eny 5 < My,

C1 CN,'y
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yielding ® mapping B, into itself. To see that ® is a contraction, we carry similar

calculations as above on the difference

d(®(u(t)), ®(u(t))) = |B(u(t)) — (0(t)) 132

for u, v € By. We first apply Lemma 2.4.6 to get

d(@(u(t)), 2(v(t))) < eall (|77 [ul?) (ul™u = [ 20) |
+e | (lz7N s (Jul? — o)) [P0l

dﬁf C1 (D1 + DQ)

Lq LT

For D,, we use Holder’s inequality, Lemma 2.3.1 and (2.18) to obtain
Dy < e ullyy, (lulig?, + olis, e = vlgey. @42)
We again use Holder’s, Lemma 2.3.1 and (2.19) to estimate D-
Da < ey (Ilullgy, + 015, e = ol ol 243)
Combining (2.42) and (2.43), we obtain that for u,v € B
d(®(u(t)), D(v(t))) < deren, MY Vd(u, v).

Taking My and 7' as in (2.41) together with (2.40) implies that ® is a contraction
on By.

2.) 0<s. < 1.

For T' > 0 and M;,, > 0 determined later, let
def . I7S¢(MN qQ . TA7Se,m (M IV q2 A/ Sesr2 (N
Define

Sc

By = {u€ X, : max (Hyv

ull Lo 1wy |HV|SCUHL32L;2(RN)) < Min},
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where t € [0, T] for some T > 0. We again prove that the operator defined in (2.23)
is a contraction on the set B, for some 7' > (0. Denoting by I = [0, 7| and using

Lemma 2.4.6, we obtain

IV @)l gz VI (u) | oz + 19| oo srge

< 3cq||ug] SCF(u)HLq/l o (2.44)
I xT

Using product rule, we have

1V

sc(

+ (| )V (JulP )

“F(u)l g o < (12l % |V
I T

—2
a2l

! !
H a9 .7
LY Ly

def

=A; + A, (2.45)
where
Ar < llel" ™ S [P (fulP)]] | IIU||Lq2Lr1
L2}
- -1
< ool VIl g 191l
Iz
< enpllullfe o IV Pl o o NIV e ull e s
< eng |l V]Feu |L(42LT2H|V‘SCUHL‘“LT1 (2.46)
and
2 < ||z VT k| 2 quQLrl ul|gopn
Ag < |l ful? [l 7o i 1V *ul]
I x
< enpllullf e IVPull o 11V eull o

< enalllVIeul R V)

U |L?1 L;l . (2.47)

Combining (2.46) and (2.47) along with (2.45), we get for u € B;,,

V@ (u(®) g pr + 111V

O (u(t))pgzrze + 1)l oo e

< 3er||uol| e + 6eren, MP (2.48)
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Take ||ug|

frze small enough so that

1
Set Mi, = 12¢1Jug|| gzsc. Thus,
M?(P—l) < ;
b ~ 24cieny

Take T' > 0 such that ||e**? | s(L20,1]) < Mi“. Thus, for u € B,,, with T as above,

(2.39) becomes

[ (u()lzary + |P(w(t))]Lerz < e +6cieny YT < My, (2.50)

CN
yielding ® mapping B;,, into itself. To see that ® is a contraction, we carry similar

calculations as above on the difference

d(@(u(t)), (v()) < IIV]* [@(u(t) = D(0(0)] Il 1

+HIIVI[@(u(t) — ()]l Loz,

for u,v € B;,. We first apply Lemma 2.4.6 to get

d(@(u(t)), @(v(t))) < 2ea[|V]* [(l2|~N 7 s [ul?) (Jul”u — [o]*~0)] ot

. —(N— —2
({5 (= o) o2 o
def

= 201 (Dl + DQ)

We first use the product rule for D; and similar calculations as in (2.46) and (2.47)

together with (2.18)

Di < eIV ulltgd |91l o (1191wl @s1)
V0l )91 (= o)l
w1V el g (V2,0 + NVl o IV (= o)
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3)

Using again the product rule for D, and similar calculations as in (2.46) and (2.47)

along with (2.19)

Sc

Dy < eny IV

ullfas s + V<] quer) 191 (= o)l s 2 NIV 0l

ol222 NIVl (191wl o 2.52)

sc

+ vy ||V

Vel NIV (= ) o2
Combining the estimates for D, and D,, we obtain for u,v € B;, that
d(®(u(t)), ®(v(t))) < 8crenM2P Vd(u, v).

Taking M;, and T" as in (2.50) along with (2.49) implies that ® is a contraction on
Biy,.
S. = 1.
For T > 0 and M; > 0 determined later, let

uwe X, Y ueo(o,T]; HYRY)) N LI([0, T); W (RM)).
Define

={ue Xi: max (||VU||L§L;([0,T]xRN)7 ||U||L;><>H;.([o,T]xRN)> < Mi}.

We again prove that the operator defined in (2.23) is a contraction on the set 3 for

some 7" > 0. Denoting by I = [0, 7] and using Lemma 2.4.6, we obtain

IV (w(t)) g, + [P ()] oo

< 2¢1Jugl| gse + 2e1||VF(u )HL?/L;,. (2.53)
Using product rule, we have
IVE@) e < W27 O (ulf) P ~ul
+ (27 )V (Jul )y
LA+ A, (2.54)
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where

A< el V(P g Nl

Iz

< CN,7|||U|”‘1VUI| o IIUI|LOOH1 < CNW||UI|LOOH1I|VUHLW (2.55)
&C
and

Ap < el w Pl s ul%2, | Vg,
7 Lz

< enpllulfeepy el 2 IVl oy < enallul 3% VUl Ly (256)

L¥H? L H1 |

Combining (2.55) and (2.56) along with (2.54), we get for u € B,
IV )|z, + 1P | < 26l s + dcren, M (2.57)

Take ||ugl| ;s small enough so that

1

2||uoH W.

(2.58)
Set Ml = 861HUOHH% Thus,

a2y o1
! - 1661 CNW.

Take T' > 0 such that ||e"*Vuo||sz2,0) < 24t. Thus, for u € B; with T as

above, (2.39) becomes

M1 Ml
HV(I)(U(t))HL;IL; + H(Mu(t))”L?OH; < > +4cieny 16 ¢1 sy

< M, (2.59)

yielding ¢ mapping B; into itself. To see that ® is a contraction, we carry similar

calculations as above on the difference

d(@(u(t)), 2(v(1)) = [V [@(u(t)) = 2(0)] I rgz; + 12(u(t)) = D@0 | 1111+
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4)

for u,v € By. We first apply Lemma 2.4.6 to get

d(@(u(t)), 2(v(t))) < 2e1 ||V (|77 ful?) (Jul" "0 — Jo~20) |
+2c |V [(Jl 7 s (ful” = o) [l 2] ] 0

dif 261(D1 + Dz)

We first use the product rule for D and similar calculations as in (2.55) and (2.56)
combined with (2.18)
Dy < e llull 2y IVl gy (22 + 10225 ) e = ol oy

o Nl (Tl 2+ 0l 2 IV (= ) g

Using again the product rule for D, followed by similar calculations as in (2.55)

and (2.56) with (2.19)

Dy < ey (ully e + 101 e IV = 0) gz e
o (Il 101222 ) e = ol ey 2 NIV Pl g
Combining the estimates for D, and D,, we obtain for v, v € B; that

d(®(u(t)), ®(v(t))) < Scren, M7 Vd(u,v).

Taking M; and T as in (2.59) along with (2.58) implies that ¢ is a contraction on
B;.

se>1 = vy<N(p—-1)—2p.

Case p=2and~y < N — 4, which requires N > 4 since v > 0.

For T > 0 and M, > 0 determined later, let

Xz = C([0,T); H*(RY)) N LU0, T]; W (R™)),
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and define

“ullgns, Ml ez ) < Mo},

By ={u € X, : max <H|V

where ¢ € [0, T for some T' > 0 and x € RY. Denoting by I = [0, T'] and applying

Lemma 2.4.6 to the operator defined in (2.23), we obtain

1Y

T R(u) gy + NPl g < 2erlluoll e +2a VI EF W)l a1,
(2.60)
where F'(u) is defined in (2.24). Using the product rule and Holder’s inequality, we

get

IV

“F(u)l| e < (2757759

sc(

+ (2= ful?) |V

u|2))ul|Lg'L;’

Seqy

!
| q /
L?Ly

LA+ A, (2.61)

where A; is estimated using Lemma 2.3.1 and Lemma 2.3.2 along with the formula

for s,
[ e e [
< CN7“/||U|V|SCU||LI% il IV [*ul| oo 2
< CN,VHUIInggQ VP ull o py |V Peul oo 2
< ena VI ullZer, VIl gerz- (2.63)

Here, we require 3N — 3 — 2 appearing in (2.62) to be positive, which is true if
v < N — % Observe that since s, > 1 we have thaty < N —4 < N — % For A,,

we again use Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2 to obtain

~(N— 2 :
Ay < [|2]7 N x Jul ||L§L§§|HV|SCUHL7°L%

Scu

< CN,vHUHiq o VPl gz < enqll[V Lo IV eullers. (2.64)

Vit d
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Thus, (2.61) yields

VI F @)l e < 264 IVl [V ull oz (2.65)
Substituting (2.65) in (2.60), we get
191201515 + 1) e
< 2c1]fuollgree + dereny IV ullZy 11V ul 5oLz (2.66)
Take ||ugl| ;s small enough so that
uolZe < — o (2.67)
ONHZ = (8¢1)3ensy '
Set My = 8c;||ugl| 5. Thus,
M; <

2 —_ .
16 C1CN y

Take T > 0 such that |[e!*4(|V

sewg) || sz 0.7 < 2. Thus, for u € By with T as

above, we estimate (2.66) as follows

1D ()] oo e + NV I @(u())l] o1 £y < 2ealluollrze + 41 eny Ms

M, M,
<244 — < M 2.68
S +4cien, 16¢1 cn 2 ( )

yielding ® mapping B into itself. Now we need to show that the operator @ is a
contraction. This can be achieved by running the same argument as above on the

difference

d(®@(u(t)), D(v(t))) = IV [@(u(t) = ®(0(t))] 11,
+ VPP (u(t) = @(u(t)]l g2,
for u, v € Bp. We first apply Lemma 2.4.6 to get

d(®(u(?), ®(v(t))) < 2a:[[[V

*[P(u(t)) = ) Ly
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where
[l w ul?) (1= )]

F[P(u(®)) = )y < IV

1V
HIV P [N (fal® = o)) o]

D+ D,

For D, we first use the product rule

Dy < ||Jz|" V)« IVIsc(|U|2)||LI%L§WE% |lu — “HL;OL;V%C

+ |7 IU\QIILIngTN IV (u = v)l g L2,

then using the similar calculations as in (2.63) and (2.64) yields

Se (U — U)HL?"L%' (269)

Dy < QCN,,\|HV|SCUH%§L3H|V

Again using the product rule, we have

Dy < || s |V (fuf* - |v|2>HLIgL§,NE% ||v||L?OL§2J§sC
3N |||V Sep |L?°La%-

—(N—v) 2 1.2
el (= Pl g

x

Using the similar calculations as above along with (2.19), we get

0 IV 1% = 0) gV 051
(2.70)

Seq)

Dy < 2en, (19 ull gy + 1V

Combining (2.69) and (2.70), we obtain for u,v € Bs,

d(®(u(t)), ®(v(t))) < 8crenaMid(u,v).
Taking M, as in (2.68) together with (2.67) implies that ® is a contraction on Bs

for p = 2 with s, > 1.
Casep>2andy < N(p—1) — 2p.
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ForT" > 0 and M, > 0 determined later, let
we X, ¥ ueo(o,T); H*®RY)) N LY[0, T); W (RV)).
Define

B, ={ue X, max (VI ulsgzgqorenys ullye iz oam) ) < Mo

We again prove that the operator defined in (2.23) is a contraction on the set B for

some 7" > 0. Denoting by I = [0, 7] and using Lemma 2.4.6, we obtain

V@) |y oy HI @) Lo irze < 2enllucll e + 2ea [V F ()| o -
I I x
(2.71)
Using product rule, we have
V1 F @) o < Nl [V (ul?) 2l 0
(2 ) [V e (a2 u) e
def
:Al + AQ, (272)

where A, is estimated using Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2

along with the formula for s,

Sc

Ay < |(Ja" N % |V

ul? on |ulP7E ~
g Il s

— , -1
< engyllful? IIVISCUIIL? %IIIVI&UH%Q

< ennllual”™" sy 11V <ull o Va2
L&L, 172

e 301, (2.73)

L2

\Y

< enyllIVIullpor; u
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For A,, we again use Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2 to obtain

Ay < lla|= N s uf?| 2oyl ? v 1Vt Lo (2.74)
L?OLz LooL a2

< enallull” o IV Full 72 Vel g1y
LooL a2

< en IV Peull 12 1ol gy (2.75)

Here, we require 2p —y(p — 2) in (2.74) to be positive, which holds true if v < ]%
This is the reason for an additional restriction (mentioned in the statement of the
Proposition 2.6.3 (4)(b)) that 0 < v < min (N =2). Thus, combining (2.73) and
(2.75) with (2.72), (2.71) yields

v

@ (u)lLgry + 12 (u®)ll o0 srze (2.76)

< 261 [Juoll e + dewa IV I eull 12 NIVl gy

Following a similar argument as in previous cases, we take ||uo| fze small enough

so that
2w |2 ! (2.77)
U s S T, .
Ol Frze (8¢1)2PTen
and set My = 8¢y ||ugl| g7sc,which implies that
M= < !
8¢y cN7

Taking 7" > 0 such that |||V |*uq || s(r2,0.17) < we get for u € B,

M,
—_ 4 2

s

. M, M
V@ (u)lgry + 1Pz < =7 +4ereny 6erons < M,

(2.78)
yielding ® mapping B; into itself. Next, for u,v € B,, we again run similar calcu-
lations as above on the difference

def

A®(u(t)). B(v (1)) < [V [B(u(t) — D(w(t)] 152,
1 (u(t)) — B0 | g e
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to show that @ is a contraction. We first apply Lemma 2.4.6 to get

A@(u(t)), 2(0(0) < call [l ul) (2~ ol 20) .
o[l (ul? = o) el 20]

= C1 (Dl + DQ)

We then use the product rule for D; and similar calculations as in (2.73) and (2.75)

along with (2.18)

-1
Dy < CNy'YHuH};tooHic

Vulligrg (Il Zse + 101820 )l = vl e e
ol (2 e+ 02 IV (0 = ) g

Using again the product rule for D, and similar calculations as in (2.55) and (2.56)

Dy < e (Il e+ 1017 o I (= ) gz ol

|V|SCU||L§LQ-

o (Il e+ 022 eVl = 0l e 011 2

Combining the estimates for D, and Ds, we obtain for v, v € B, that
d(®(u(t)), ®(v(t)) < 8crenM2PVd(u,v).

Taking M, and T as in (2.78) along with (2.77) implies that ® is a contraction on

Bs.
Now continuous dependence with respect to u is a direct consequence of the above
analysis, we note that if v and v are the corresponding solutions of (2.23) with initial data

ug and vy, respectively, then

u(t) — v(t) = e (ug — vo) + i/o N E(u) — F))(') dt'.

Thus, the argument used to estimate DDy and D, in the above cases yield

1

5 d(u(t), v(t)).

d(u(t), v(t)) < e1lluo — vo 5

H;c +
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This implies that if ||ug — vo|| s is small enough (see (2.40) for s, = 0, (2.49) for 0 <

s. < 1,(2.58) for s, = 1 and (2.77) for s. > 1), we have that

d(u(t),v(t)) < 2o — vl

H3eH
and this completes the proof. [

Note that the above result holds regardless of the focusing or defocusing cases; as a con-
sequence, the same result holds in the inhomogeneous space H°¢, which we prove next

(see also [AR19]).

Proposition 2.6.4 Let 0 < v < N and p > 2 so that s. > 0. Assume in addition that if
p is not an even integer, then s, < p — 1. Let ug € H*(RY). Then there exists a unique
solution u(x,t) of the equation (1.1) with data v defined on |0, T for some T > 0, and

such that
(1.) for s, = 0and N > 1, u € C([0,T); L2) N L4([0,T); L"), where (q,7) =
<2p, %) is the L*-admissible pair and x € RY,

(2.) for0 < s. < land N > 1,u € C([0,T); H:)NL ([0, T]; W2 )NLE2 ([0, T|; W),

_ 2p 2Np _ 2p 2Np 2 * ot
where (q1,71) = <1+5c(p—1)’ N_+v>’ (qo,7r2) = (1_sc, N5 ) are the L*-admissible

pairs and x € RV,

(3.) for s = Land N > 3, uw € C([0,T]; HL) N LY([0, T); Wr), where (q,r) =
<2, %) is the L?-admissible and x € R",

(4.) for s. > 1, u € C([0,T]; H:*) N LI([0, T); W2e™), where x € RN and

e forp =2 (thus, N >5), (q,r) = <3, %) is the L?-admissible pair

e forp > 2 (thus, N > 3)and 0 < v < min (N, p%), the L?-admissible pair

is (q,r) = (2, ]\2,—1172)
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Moreover, for all O < T < T, the continuous dependence upon the initial data holds.

Proof. The proof of (1.) stays the same as in Proposition 2.6.3. For other cases, we only
need to include the estimate for the inhomogeneous part to prove that ¢ defined in (2.23)

is a contraction on the corresponding set for some 7" > 0.

(2.) For T' > 0 and M;,, > 0 determined later, let
u € Xy © C([0,T; Ho<(RV)NLD ([0, T]; W (RN))NL= ([0, T); W (RN)).
Define

Bin, = {U’ € A+ max (”|v|scu|lL?1Lzl7|||V|SCU“||L(I]2L;2> < 2M;,

and [|ul[ g7 < Genfluol| Lz},

for some ¢ € I = [0,T]. Estimating the inhomogeneous part using Lemma 2.4.6,

we have

@)l o + (@)l + 19 (u(®))] Lz L2

’ ’
H a1 71"
L,

Using Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2, we estimate

||F(U)||L§3L;'1 < I (J 7 |U!”)HL - x|l quLn < engllull” ap [ quLn

I LIPL.’L‘
-1
< CN,VIIUIIquLn [ull g 2 [V [*eu IL)32L;2
< eny ||V @%Lbnunmn (2.80)

Using (2.80), we write (2.79) as

@)l pr + (L)l pre + [[P(w()l| Lz r2

< 3erJuoll 1z + Berew |V oul 7

Lq2L72 UHquLTl- (2.81)
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Then for u € B;,, we have

1@ (u(@) gz + @)l o2 pze + (1P (u() |5 rz

< 3c1luoll 2 (1 + 22p*13c1cN,7M§fp*”) . (2.82)
Next, invoking (2.48) for u € B;,,, we have

IVIP@u®)ll o + IV

O(u(t) g2z + 1) Lo frec

< 3cy||uo|| grse + 3eren 2P MP T (2.83)

Take [[ug | s small enough so that
Juoll " < 1 (2:84)
Olmze = 220+1) (3¢)) 2P 1ey '
Set M;, = 3c1||uol| gysc. Thus,
Mo b (2.85)
n — 22(p+1)3 C1CN :

Take T' > 0 such that |[e?2(]V

*uo)|ls(r2io,r1) < Min. Thus, using (2.84) and
(2.85) on (2.82) and (2.83), we have

1
1Pl + 1Pz + [ P(wt)lzserz < Serfluollzz (1 + )

< 601”“0||L%7 (286)
and

IV

O (u(t)|pppp + IV

P (u(t))|| o g2 + 19 ()] poo srec

Min

Hence, (2.86) and (2.87) implies that ® maps B;,, into itself. The rest of the argu-

ment as in the proof of Proposition 2.6.3 part (2.).
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(3.) ForT > 0 and M; > 0 determined later, let
ue Xy = ue (o, T); H'(RY)) N L9([0, T]; W' (RY)).
Define

By ={u€ & : max <HV“HL2L;([07T]MRN)7 HUHLgoH;([o,T]xRN)> < M

and [ul[rgr; < deif|uollzz}-
Estimating the inhomogeneous part again, using Lemma 2.4.6, we have
1@(u(®) g2y + 19l r2 < 2arlluollez + 20| F () (289)

Using Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2, we estimate

—(N— 1
IE @)y < (2l uf?)| o Nullger, < CN,’YHUHIE?LTHUHL“LT

< Ny llul IEOILT ull oy [l LooHl

1
< enallull; 2 g lull gz (2.89)

Using (2.89), we write (2.88) as
[P u(E)lzary + 19(w(t))lleerz < 2er]luollLz + 2ClCzwIIUIILooHI Jullpor; -
Then for ©v € B;, we have
[P (u(t)ary + 1Pw) Loz < 2¢rf|uoll Lz <1 + 22p010N,7M12(p_1)> . (2.90)
Next, invoking (2.57) for u € By, we have
IV@(u®)lsry + PO oy < 2ealluoll gy + 2% eren, M 291

Take ||ugl| ;s small enough so that

—1) 1
Hie — 24p(cl>2pflcN7’y'

(2.92)

ol I3
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4)

Set M1 = 201||U0|

fyse. Thus,
xr

2(p—1) 1
M < 22(r+1) ¢, CN,'y‘

(2.93)

Take 7" > 0 such that |\eitA(Vu0)||S(Lz;[O,TD < M. Thus, using (2.92) and (2.93)
on (2.90) and (2.91), we have

1
[@(u)lzary + 1P (uwt))|lrerz < 2¢il[uollzz (1 + 1) <dacillugllrz,  (2.94)

and

M
V@) llLyry + [ P(w()l] e < M+ 71 < 2M,. (2.95)

Hence, (2.94) and (2.95) implies that & maps B; into itself. The rest of the argument

as in the proof of Proposition 2.6.3 part (3.).

$e>1 = y< N(p—1)—2p.

Case p=2and~y < N — 4, which requires N > 4 since v > 0.

For T' > 0 and M, > 0 determined later, let
Xy = O([0, T); H*(RY)) n L4([0, T); W (RY))
and define

B = {ue X s wmax (V1 uligag, el ) < M

and [Jul|papy < 4eifluollrz}

where t € [ = [0, T] for some T' > 0 and x € R". Estimating the inhomogeneous

part again, using Lemma 2.4.6, we have

[P llLgry + [ @u)llpgerz < 2alluollzz + 21 |[F ()] g, (296)
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Using Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2, we estimate

I oy < (|~ mﬁ)HL%LSWE% HUHL?OM&;SC (2.97)
< CN”HuH;LgNﬁ%z [l e rse
< CN,7||U||L?L33—112 [ull pory 1ll o rze
< enallI VI ullpory lull cony [Jull foe prse- (2.98)

Again, we require 3N — 3 — 2 appearing in (2.97) to be positive, which is true if

v < N — 2, and since s. > 1, we have that y < N — 4 < N — 2. Using (2.98) and

for u € By , we write (2.96) as

1@ (u) gz + 10O 12 < 2erllunlliz (L4 Seren, MZ) . (299)
Next, invoking (2.66) for u € B,, we have
N1 @)l gz + @) e < 2etllunllgee +32ereny M. (2.100)
Take |[ug | s small enough so that
2 < 2.101
luolfs;e < 28(c1)%en ( :
Set My = 2¢1||ugl| gysc. Thus,
M3 2.102

Take T’ > 0 such that ||e2(Vug) |s(z2;0,77) < Ms. Thus, using (2.101) and (2.102)

on (2.99) and (2.100), we have
(2.103)

12 Cul)llrary + 12u)llzgrz < 2eilluollzz (1+ 2) < deafluollre,

and
(2.104)

2
V@@ sy + 1P| < Mo+ —52 < 20y,
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Hence, (2.103) and (2.104) implies that & maps B; into itself. The rest of the
argument as in the proof of Proposition 2.6.3 part (4.) for p = 2.

Casep>2andy < N(p—1) — 2p.
For T' > 0 and M, > 0 determined later, let

ue X, ue (o, T); H=(RY)) N LY([0, T]; W (RV)).
Define

By = {u e &, : max <|||V|SCU||L;1L;([0,T}xRN)a ||U||L§0H;C([0,T]xRN)> < M,

and [|ul[gaz, < 4erlluollrz}-

Estimating the inhomogeneous part again, using Lemma 2.4.6, we have

1) Lgey + (1 P)lrzrz < 2eifuolliz + 2ed|[F () gy, (2.105)
Using Holder’s inequality, Lemma 2.3.1 and Lemma 2.3.2, we estimate
—(N—7) p—1
1l gy < N2 ), ol oo
1le L L,
-1
< CN,7|||u|p||L(}Lé\?fw HUHZ;;oIJ;c
-1 -1
< enallull™ avgon lullzgzg el g
Ler, 772 T
2(p—1
< CN,VHUHL(;ZH;)C UHL‘}L;- (2.106)

Using (2.106) and for u € By, we write (2.105) as
18t gz + [1B(®) 22 < 2erullzz (1 +2Peren, M2PD) . (2.107)
Next, invoking (2.76) for u € B,, we have

IV @(u() gy + 1P| rze < 2610l gge + 27 eren, M

(2.108)
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Note that (2.108) requires 2p — v(p — 2) > 0, which holds true if 7 < z% (see

(2.74)). This is the reason for an additional restriction (mentioned in the statement

of the Proposition 2.6.4 (4)(b)) that 0 < v < min (N, I%). Take [Juol| s small
enough so that
o3 < ! : (2.109)
H.° - 241)(01)2177161\[7’Y
Set M, = 2¢;||ug|| s Thus,
2(p—1) 1
MY < (2.110)

= 2 ¢y oy
Take T > 0 such that ||e®(Vuyg) |l s(z2:0,77) < M. Thus, using (2.109) and (2.110)
on (2.107) and (2.108), we have
1
12 Cu)legey + 12wz < 2erlluollzz (1 + 7) < derfluollzz, (2111

and

M,
N1 () llgr; + 1) e < M+ 5 < 20y, 2.112)

Hence, (2.111) and (2.112) implies that & maps B; into itself. The rest of the

argument as in the proof of Proposition 2.6.3 part (4.) for p > 2.

The continuous dependence also follows from an exactly similar argument as in Proposi-

tion 2.6.3. 0O

2.7 Local well-posedness in H° for 0 < s < 1

In this section we show the local well-posedness in H (sub-critical cases, 0 < s < 1)
using Besov spaces for s > s., where the choice of 0 < s < 1 depends on the value of

p>2and 0 <y < N.
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Proposition 2.7.1 Let N > 1,0 <y < N, 2 < p < 1+ 222 (i.e, s > s.), in addition,
we also assume that 0 < s < (N —~)/2. Let ug € H*(RN). Then there exists a unique
solution u(x,t) of the equation (1.1) with data uq defined on I = [0, T] for some T > 0,

and such that

def

ue Y= C(I; HRY)) N LU(L; By ,(RY)), (2.113)

where the pair (q,r) is the L*-admissible pair given by

B 4p 2Np
01 = (G = v

Here, (p — 1)(N —2s) > N —2s > ~, sincep > 2and s < (N —v)/2.
Proof. For T' > 0 and M > 0 determined later, let
So—{uey : ullygs, < M)

We again prove that the operator defined in (2.23) is a contraction on the set S, for some

T > 0. Denoting by I = [0, 7], using Lemma 2.4.9 and (2.14), we obtain

1@l g2, < calluoll gy + el F(w)

”L‘IIBS
t r,2

< e1lfuoll g, + el VI F (u) (2.114)

/
o -
LYy

Using Holder’s in time for the second term on the right-hand side of (2.114), we have

I[V[*F (u) STINVIF@I ey o

/
o
LY Ly :

where 0 = % — 2”(1—_1 > (. Using product rule along with Holder’s inequality, we get

VP @)y < ICel™ N7 [V ()l ul]

1'2;777111;/
(2N s ) VP (PPl e,
L Ly
CrA, + Ay (2.115)
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where for A;, Holder’s inequality, Lemmas 2.3.1 and 2.3.2 give

— —1
A< Nl TG Tl
Lz LQLIN*2S+’Y
— —1
< engll|ul? 1|V|SU||L a IVPullfyy, < ena IVl

and estimating A, in a similar fashion, we obtain

Ay <l ful | lall”™ e, 11V ullpgiy

q/p N 25— L LN7 T

2p—
< enpllull” oy [IVF ullfar, < enallIVIPullfar,.
ar N

THT

Using (2.13), we have

2p—1 2p—1
A < CNW”“”L?B;Q and  Ap < CN”HUHLI%B??,Q'

Combining (2.118) and (2.115) along with (2.114), we get for u € .S,

2p1

12 (u(t)llrgss, < crlluoll gy + 2eren, T My

Similarly, we have

2p1

| (u(t ))”LOOHS < c1l|uo] s+ 2CICN7T6M

Adding (2.119) and (2.120), we get

2p1

1D (u()ll g, + 1P| oy < 2enlluoll gy + deren, TOMy

Set Mb = 401||U0|

s and take 7" such that

4clcNﬁT5Mb2(p_1) <

Y

IS,

(2.116)

(2.117)

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

which implies that the right-hand side of (2.121) is bounded by M. Therefore, T given

by (2.122) gives that ® maps 5, to itself. Next, we show that ® is a contraction by running
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similar calculations as above on the difference

d(®(u(t)), D(v(t))) = [[@(u(t) — D(v(®))l| 1z,

<aT’|[VIF[@u®) = 2]l e

< eIV P[]~ ul) (a2 = [oP~20)] |

q
2p—1 /
Lty

+ e[|V [l (Jul” = ol?)) [ol 2] |

q
2p—1 /
Lty

déf ClTé(Dl + D2)7

where we have used Lemma 2.4.9 along with (2.14) and Holder’s inequality in time.
We first use product rule for D; and similar calculations as in (2.116) and (2.117)

together with (2.18) to obtain
—2 —2
Dy < 2en IVl (V1 ull?, + 119l YNV e = )l g

Again, first using product rule for D, and similar calculations as in (2.116) and (2.117)

along with (2.19), we have
Dy < 2w, (VI Ul + 91050 IV (e = 0)ll g 1V F0lg1,
Combining the estimates for D; and D along with (2.13), for u, v € .S, we get
A(D(u(t)), ®(v(t))) < 8cren T M Vd(u, v).

This together with (2.122) implies that ® is a contraction on S,.  [J

2.8 Ground state solutions

The equation (1.1) admits solitary waves solutions of the form u(xz,t) = ¢“Q(x), where

@ solves the nonlinear nonlocal elliptic equation

—Q+ AQ + (lz| ™MV % |QP) QP ?Q = 0. (2.123)
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The equation (2.123) is known as the nonlinear Choquard or Choquard-Pekar equation.

A special case of (2.123) when N = 3, p = 2, and v = 2,

AQ - Q+ ([« x|QF) Q=0 (2.124)

appeared back in 1954 in the work of S. I. Pekar [Pek54] describing the quantum me-
chanics of a polaron at rest. Lieb in [Lie77] mentions it in the context of the Hartree-Fock
theory of plasma, pointing out that P. Choquard proposed investigating minimization of
the corresponding functional in 1976. In 1996 R. Penrose proposed equation (2.124) as
a model of self-gravitating matter, in which quantum state reduction is understood as a
gravitational phenomenon, see [MPT98].

The existence of positive solutions to (2.124) was first proved by Lieb [Lie77], see
also Lions [Lio80], [Lio84a]. The general existence result of positive solutions along
with the regularity and radial symmetry of solutions to (2.123) for % <p< % with
0 < v < N was shown by Moroz and Van Schaftingen [MVS13] (see also a review by
Moroz and Van Schaftingen [MVS17] and references therein).

The uniqueness proof! for p = 2 with v = 2 in dimension N = 3 dates back to
1976-77 work of Lieb [Lie77] and later in 2009 was extended to the dimension N = 4
by Krieger, Lenzmann and Raphaél in [KLR09]; the uniqueness in the pseudo-relativistic
three dimensional version of (2.124) was established by Lenzmann [Len09]. We review
the proof of uniqueness for any (reasonable) N (and p = 2,v = 2). For other cases
of v and p, it is an intricate issue, and while several authors made attempts to obtain

uniqueness, it is still an open question. A recent work [Xial6] shows uniqueness and

nondegeneracy of the ground state for p = 2 + ¢, i.e., when p is sufficiently close to 2

In certain existing literature there seem to be a misconception about the uniqueness of the
ground state even in the standard (p = 2) Hartree equation: statements such as “take the positive
unique ground state solution ) of the equation AQ — Q + (|:z:]_b * |Q\2) @ = 07 are not justified
forany 0 < b < N as the uniqueness of the ground state is only proved when b = N — 2,
2 < N < 6, see Section 2.8.2.
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in dimension N = 3 and v = 2 via perturbation methods. We note that the proof of
uniqueness for the nonlinear elliptic equation with convolution (2.123) differs from the
corresponding results for the NLS-type equations (e.g., with |u[P~1u type nonlinearity),
for which it is given, for example, by Kwong [Kwo89] and Berestycki and Lions [BL83a]-
[BL83b]. The proof in the Hartree case uses Newton’s theorem for the convolution in
(2.124) and linearity in () outside of the convolution (p = 2), see more on this in Section
2.8.2. In Chapters 3 and 4, we do not need the uniqueness, it suffices to use minimizing
properties of the Weinstein-type functional and the value of the sharp constant in the
Gagliardo-Nirenberg convolution type inequality via ground state solutions as that value
will be unique. Thus, we denote by () any ground state solution of (2.123) and use
such quantities as M [Q)], ||[VQ||.2 and E[Q], which are uniquely obtained from the sharp
constant. In Chapter 5, specifically Section 5.3 to prove the Theorem 5.3.2, we take a

ground state solution ().

2.8.1 Properties of the ground state

We would like to study how large the initial data can be taken to have the property of
global existence. As in most focusing dispersive equations, there is typically a (sharp)
threshold, which can be identified via the so-called ground state. However, one would
need to know that such ground state solutions exist, whether they are unique (perhaps
up to certain symmetries), and if ground state solutions can be obtained as minimizers
of a certain functional (as it was originally done by Weinstein for the NLS equation in
[Wei83]). Minimization will identify the value of the threshold via some sharp constants
of inequalities, from which the functional is derived. We proceed along this route: we
consider an appropriate interpolation inequality, set up a functional, minimize it and iden-

tify the sharp constant. One property that we do not know is if the minimizer is unique.
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Nevertheless, for the purposes of Chapters 3 and 4, it is sufficient to use the value of the
sharp constant (for Chapter 5, Section 5.3, we choose a ground state solution ().
We start with the Gagliardo-Nirenberg type inequality of convolution type. For brevity

we denote

RN
Lemma 2.8.1 Supposep > 2and(0 < v < N, so that 0 < s. < 1. Then
Z(u) < Con ||Vl [ Y2~ 15~V =2, (2.126)

Moreover, the equality is attained on ground state solutions Q, which solve®

_ N+7_N—2 E_N‘l‘W - 1o o
( 2p 2 )Q+(2 % )AQ+(|$| Q) |QP2Q =0,

(2.127)

and the sharp constant for (2.126) is attained at (any ground state) (), which may be

expressed as Cgy = ”QH;Q((]ENI .

Remark 2.8.2 We note that ground state solutions () are positive, vanishing at infinity
solutions, which are radial (modulo translations). These and other properties are inves-
tigated in [MVS13], see also early works on the Hartree case in R? in [Lie77], [Lie83],
[Lio80], [Lio84a], [Lio84b]. As we mentioned in the beginning of Section 2.8 the unique-
ness is only known in the case p = 2,7 = 2and N > 3 (also forp =2+ ¢ v = 2 in

dimension N = 3).

Proof. We consider the Weinstein-type functional for functions v € H*(R™) \ {0}

N N— 2 N
]| 53 TN | gy | NP V)

J(u) = Z(w)

(2.128)

’In this equation we use the normalization for @ as in Weinstein [Wei83] when ||Q||;2 =
IVQ|| 2 = Z(Q). Below we rescale @) to have the elliptic equation with unit coefficients.
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We mention that since we are interested in minimizing the value of J, replacing u with
its symmetric decreasing rearrangement will decrease both the L? norm and the H' norm
(by Pdlya-Szego inequalities, see [LLO1, Section 7.17]). On the other hand, the symmet-
ric decreasing rearrangement will increase the value of Z(u) by Riesz’s inequality (see,
[LLO1, Section 3.7]), and thus, also will decrease the value of J. Hence, we can consider
only radially symmetric functions © = u(r), which are radially non-increasing (this is up
to translations).

We proceed as in Weinstein [Wei83] by defining

n=inf{J(u): uve H ,\{0}}.

Since J(u) > 0, there exists a minimizing sequence {uy, } such thatn = klim J(uy) < oo.
—00

Note that if we set uy , = pu(Az), then |Juy ,||2. = AV p?||ul|2, and  |[|[Vuy |2, =

. N_ 1 N
AN 2| Vu||,. By choosing A, = ||uk |2/ || Vuk|| 2 and puy, = |lurl| 2 /|| V|| 2, we
obtain the sequence {uy,, ,, }, denoting it also by {u;}, with |Vug|/z2 = |lug|2 = 1.

Thus, {u.} is a bounded non-negative sequence in H'. Hence, there exists u* € H'\
{0}, radial, nonnegative and non-increasing, such that a subsequence of {uy} converges
weakly in H! to u* with ||u*]|z2 < 1 and ||Vu*||: < 1.

We next claim that Z(u*) = klim 7 (uy), which is justified as follows: since {uy} is
—00

2Np

. 2Np
. . 1 . - 4
uniformly bounded in H, ;, we have vy, — u* in LN+7 (note that 2 < —

2N

evaluating the difference, we obtain
Z(uy) — Z(u") :/N (- 7 s ) (Jug]? = [ [?) dax
R
[ O (= o) o
RN

< p P _ [ *|P P _ | *|P *||P
S e L i P 1L el U P L e

‘We can now conclude

= lim J(ug) =n. (2.129)

58



This implies that ||u*||;2 = ||Vu*||z2 = 1, and also u — u* strongly in H'. Therefore,
u* is indeed a minimizer of J.

Next we note that a minimizer u* satisfies the Euler - Lagrange equation

y J(u*+eh) =0 forall he Cg°,
€

e=0

which, with ||u*||2 = 1 and || Vu*||2 = 1, can be written as

N N —2 N N
- ( 2;7 T ) v (? - 2;7) Au” 4 (|~ ) Jur P = 0.

(2.130)

With equality in (2.129), we have Cony = % = Z(u*). Recall that u* is a positive,

vanishing at infinity function, satisfying the above equation, thus, it is a ground state
solution of (2.130) with the normalization ||u*||z 2 = ||[Vu*|| 2 = 1.

Setting ) = nﬁ u*, we obtain that () satisfies (2.127). With this rescaling, we have

= 1/|lQI3% .

Note that 7 is the infimum, it uniquely determines C'gy or such a quantity as ||Q|| 2.

QN7 = IVQI7. = Z(Q) = 772@1*1), and the sharp constant Coy =

1
n

One can also use another approach to find C;y and compute Pohozhaev identities for

the equation (2.127): first, multiplying (2.127) by () and integrating to obtain

( o 2 ) 1Nl + (5 s ) IVQIl7: = Z(Q). (2.131)

Secondly, multiplying (2.127) by z - V() and integrating, yields

N {(N+~vy N-=-2 N—-2(N N+v N+~
3 (2 - S el + 752 (5 - ) Ivaik: = 2 2@),

2 2p 2 2 2p
(2.132)
which also gives
Z2(Q) = QI = IVQIIz, (2.133)
and substituting these values into (2.126), we obtain n = Can sharp = ||Q||;22 e=D g
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Remark 2.8.3 As in [HRO7] and [HROS8] for the nonlinear Schriodinger equation, we

observe that the quantities

uollbaes, Voo, and  Miug]'™* Efug]

are also scale-invariant, recall s. = % — 2(71)_4:21), in the generalized Hartree equation, and
: _ 1-—s¢
for sc > 0 with § = =*< we define
Mlu]’E[u]

e renormalized mass-energy: MEu] =

HUHL2(RN [Vu®)] L2y
1QN o IV @l )
ull % e, Plul

QN2 ) IV QI 2y

Remark 2.8.4 It is convenient to rescale Q) as Q(x) = 520’1—1)@ (‘/TE :):) which gives

and

e renormalized gradient (dependent ont): Glu(t)] =

e renormalized momentum: Plu] =

the equation (2.123) (with all unit coefficients) for Q) instead of (2.127) for @ Here,

a? = N(p—l and 8 = %}M’. From now on we only use é (denoting it again by

Q), solving (2.123) and the sharp constant

N(p—1)—v
5 —1

2p <N+7—(N—2)p) 1
Con = 2.134
O Np-1D) -7\ Np-1)-1 ez G
For future reference we also compute,
MIQIEQ] = 5 QIO 2139
and
1—s¢ ¢ p(CGNr1 &m0
QI 72 il sy . (2.136)

2.8.2 Uniqueness of the ground state for p = 2, v = 2

Here, for completeness we review the uniqueness of the ground state argument to the

nonlocal elliptic (Choquard) equation

~Q+AQ+ (| 2% |QP)Q =0, 2.137)
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since the argument is different from that for a local (such as in semi-linear NLS) nonlin-
earity. As it was mentioned in the introduction, for N = 3 the uniqueness was proved by
Lieb [Lie83], a slightly different proof using the comparison argument is given in Lenz-
mann [Len09]; for N = 4 it is proved in Krieger, Lenzmann and Raphaél [KLRO09] via
a combination of the above. We also follow the above arguments in 3d and generalize it
for 2 < N < 6. The stationary equation (2.137) appears in the context of the Hartree
equation only in dimensions 2 < N < 6: in dimension N = 6 the Hartree equation is
energy-critical, and thus, the corresponding elliptic equation will be different (lacking the
linear term). While most of the arguments below work for dimensions 6 and higher, the

equation (2.137) is only needed for N < 6.

Theorem 2.8.5 Let 2 < N < 6. The equation (2.137) has the unique positive, radial
solution Q in H'(RY).

The proof uses the following representation of the Newton’s potential, which can be

found in the textbook [LLO1, Theorem 9.7].
Lemma 2.8.6 If f is a radial C*™ function on RY, then
1 T o0
— (W * f) (r) :/ K(r,s)f(s)ds — ‘SN_I‘/ f(s)sds, (2.138)
0 0
where
5\ N—2
K(r,s) = sV (1 - (%) ) s>0 forr>s. (2.139)
T

Proof. (of Theorem 2.8.5) Using Lemma 2.8.6 for a radial Q € H'(RY), we rewrite
(2.137) as

-t ([ Keoeeras) o= (2.140)
r 0
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where a = —14|SV71| (7 Q(s)?s ds) > 0. Using the rescaling Q(r) — a~'Q(a~"/?r),

we obtain the version of (2.140) with ¢ = 1, namely,

2 _
(~5 - 2 vo)) @) = @t @.141)
where
Ug(r) = (/ K(r,s)Q(s)2d3> : (2.142)
0

Suppose Q1 (r) and Qo(r) are two positive radial solutions of (2.142) in H*(RY) such
that ()1 # (), that solve the IVP

Q"(r) + 2Q'(r) + Q(r) = Ug(r)Q(r) = 0,
Q(0) =Qo, Q'(0)=0.

(2.143)

The Volterra integral theory (for example, see [YRZ19, Lemmas 2.4-2.6 and Theorem
2.1]) guarantees existence and uniqueness of a local C? solution to the above initial-value
problem for a given )(0) (note that Ug(r) is bounded, see details below). Therefore, if
Q1 # @2, then Q1(0) # Q-(0). Without loss of generality, assume that 1 (0) > @Q2(0),
and by continuity we have ()1(r) > @Q2(r) on some interval » > 0. We now prove that
Q1(r) > Qa(r) for all » > 0. Multiplying the equation (2.143) written for (); with Q-

and subtracting the same with indices reversed, we get

N -1

Q1Q2 — Q1Q5 = E—— (Q1Q2 — 1Q5) + (Ug, — Ug,) Q1Qe,

or, equivalently (multiplying by rV~1),

d

%(TN—I(Q;QQ — Qb)) =1V (Ug, — Ug,) @1Qo. (2.144)

Integrating (2.144), we obtain

PV @1 (r)Qa(r) — Qu(r)@4(r)) = /0 s (Ui (s) = Uy (s)) Q1(5)Qa(s)ds.
(2.145)
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Suppose that Q) () intersects Q2(r) at 7y > 0 for the first time. Then, the left-hand side

of (2.145) at r; is non-positive because of monotonicity and decay of both (); and Q)5:

ry Q1 () (Q (1) — Qh(r1)) <0, (2.146)

however, the right-hand side of (2.145) satisfies

/0 : sV1Q1(s)Qa(5) (Ug, (s) — Ug,(s))ds > 0, (2.147)

since both )1(r), Q2(r) > 0 along with Ug, (1) > Ug,(r) for 0 < r < ry. This leads
to a contradiction, thus, Q;(r) and @Q2(r) do not intersect, which implies that (1 (r) >
(Q)2(r) must hold for all » > 0. Now we show that this fact also leads to a contradiction.
Consider the two Schrodinger operators H;, = —A + Ug,, i = 1,2, with Ug,(r) =
N (1 - (f)N_2> s Q?(s) ds. Recalling that a ground state Q;(r) asymptotically behaves
as r— oz tee el (in the case p = 2), it is easy to observe that Uy, is not only bounded,
but increases to a horizontal asymptote y = cy = const. Hence, we can apply the
classical Schrédinger operator theory (for example, [RS78, Chapter 13]) to show that both
equations H; Q = (), ¢+ = 1, 2, have the unique positive ground state solution, respectively
denoted by (); (with the eigenvalue 1 as we rescaled the equation in (2.141)). This implies
that (H,f, f) > ||f||z2 for any H' function f with equality holding on a multiple of Q;,
that is, when f = ¢;Q;, i = 1,2, respectively. Now, since Hy = H; — (Ug, — Ug,), we

obtain

Q117> < (HaQ1, Q1) = (H1Q1, Q1) — (Ug, — Ug,)Q1, Q1) = Q1|72 — 4,

since Ug, > Ug,, yielding a contradiction. This implies that (2.140) (and hence (2.137))

can not have two distinct radial positive H! solutions. [
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CHAPTER 3
GLOBAL BEHAVIOR OF SOLUTIONS TO THE FOCUSING GENERALIZED
HARTREE EQUATION

The journey of thousand miles begins with one step. (Lao Tzu)

3.1 Background and statement of main result

A global solution u(t) to (1.1) is said to scatter in H*(R") as t — o0, if there exists

u™ € H*(RY) such that

lim [Ju(t) — e u™|
t—+o00

HS(RN) - 0

There are a number of early works on global existence, asymptotic behavior of solutions
and scattering theory for the standard Hartree equation (1.2). Studies trace back to Gini-
bre and Velo [GV80], where the local well-posedness is established and the authors also
prove asymptotic completeness for a repulsive potential. Hayashi and Tsutsumi [HT87]
continued to develop the scattering theory and obtain the asymptotic completeness of
wave operators in H™ M LP(|x|?dz). We refer the reader to Ginibre and Ozawa [GO93]
for results in the case of the convolution with |z| ™%, or N — v = 1, for N > 2; to Ginibre
and Velo [GVO00c] for 2 < N — v < min(4, N) when N > 3. In a sequence of papers
[GV00a]-[GVO01] Ginibre and Velo considered the time-dependent potential +¢+~7|z|~#
and studied the asymptotic dynamics and scattering (for any data in the repulsive case or
small data otherwise) first when the convolution power is % < N —~v < 1in [GV00a],
and then in the whole range 0 < N — v < 1in [GVO0O0b]. These two papers are written in
the framework of Sobolev spaces with the assumption ¢ < N — 2 (N > 3). In [GVO01]
the Hartree was treated in Gevrey spaces, which made it possible to cover the whole range

0 < p < N with an arbitrary space dimensions N > 1. Hayashi, Naumkin and Ozawa
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studied the Hartree equation with N — v = 1 (/N > 2) and initial data in a weighted
Sobolev space H** N H** with § < a < & in [HNO98].

Our aim is to understand global behavior and dynamics of solutions to the general-
ized Hartree (1.1), in particular, how the nonlocal potential with the flexibility of different
powers in nonlinearity may influence the global behavior and dynamics of solutions either
with infinite or finite time of existence. We are also curious whether solutions behave in a
manner similar to local potentials as, for example, in the standard semilinear Schrodinger
equation with |u[P~! u nonlinearity, or if nonlocality creates significant differences in so-
lutions behavior. In addition, we want to develop methods needed to study such solutions.

Here we describe the global behavior of solutions to (1.1) with H* initial data in the

inter-critical regime (0 < s. < 1), provided that p > 2, that is,

v+ 2 v+ 2
14+ — 1+ — N and p>2 3.1
+— <p< +N_2,0<7< and p = 2, G.D

with the appropriate modification of the right-hand side for N = 1,2 (p < o0). (As a
byproduct, we also obtain small data theory in the energy-subcritical setting, s. < 1.)
Since we also have the local well-posedness at the critical regularity He, s. > 0, which
1s not necessarily conserved (or even bounded in the focusing case), see Chapter 2, Sec-
tion 2.6, Propositions 2.6.3 and 2.6.4. Thus, similar to H' case we extend the local
existence to the global existence for small H* data. We then establish a dichotomy for
global vs. finite time solutions (with H' initial data) under the mass-energy threshold and
show H* scattering for the global solutions, following the concentration-compactness ap-
proach of Kenig and Merle [KMO06], and divergence along a time sequence for nonradial
infinite variance data (also via concentration-compactness method). This is in the spirit of
[HRO8], [DHRO8], [HR10] and further generalizations [FXC11], [AN13], [Guel4], for

the focusing nonlinear Schrodinger equation.
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We now state the main result of the present chapter about solutions behavior under
the mass-energy threshold. We consider (1.1) with given Vv, and p > 2 satisfying (3.1)
so that s, defined by (2.1) is 0 < s. < 1. Also, recall the definition of ME, G, P from

Remark 2.8.3. We then first consider solutions with zero momentum.

Theorem 3.1.1 (Zero momentum) Let ug € HY(RY) with Plug] = 0 and let u(t) be
the corresponding solution to (1.1) with the maximal time interval of existence (T, T™).

Suppose that ME[uy] < 1.
1. If Glup] < 1, then

(a) the solution exists globally in time with G[u(t)] < 1 forall t € R, and

(b) u(t) scatters in H', in other words, there exists us € H' such that

- itA
tl}inoo |u(t) — e us| greyy = 0.

2. If Glug| > 1, then Gu(t)] > 1 forallt € (T,,T™*). Moreover, if

(a) |z|ug € L*(RY) (finite variance) or uy is radial, then the solution blows up in

finite time,

(b) wyg is of infinite variance and nonradial, then either the solution blows up in
finite time or there exits a sequence of times t,, — +oo (or t, — —o0) such

that ||Vu(ty)| 2@~y — 00

The general case when Plug| # 0 is given by the following

Theorem 3.1.2 Let ug € H'(RY) and u(t) be the corresponding solution to (1.1) with

the maximal time interval of existence (T,,T*). Assume that

Np-1)—v

Awhd_N@—U—v—Q

Pluo)? < 1. (3.2)
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1. If
Gluo* — Plug)® < 1, (3.3)

then

(a) the solution exists globally in time with G[u(t)]?> — Plue]® < 1 forallt € R,

and

(b) u(t) scatters in H', i.e., there exists uy € H' such that

- itA
tl}inoo |u(t) — e us| greyy = 0.

2 If
Gluo]” = Pluo]” > 1, (3.4)
then Glu(t)]? — Plug]® > 1 forallt € (T, T*). Moreover, if

(a) |z|ug € L*(RN) or ug is radial, then the solution blows up in finite time,

(b) wyg is of infinite variance and nonradial, then either the solution blows up in
finite time or there exits a sequence of times t,, — +oo (or t, — —00) such

that ||Vu(ty)| r2@yy — 0o

While we follow the strategy of [HRO8], [Guel4], [DHRO8] and [HR10], the funda-
mental difference is in the nonlocal potential, and control of convolution terms arising in
various steps of our work. For example, to obtain local well-posedness and small data
theory in H'! we do not get the contraction automatically as the difference produces extra
terms that result from convolution. We use Lemma 2.3.1 to estimate the inhomogeneous
term in Duhamel’s formula via Strichartz estimate in Proposition 3.2.1, Proposition 3.2.2,
Theorem 3.2.4, Theorem 3.2.5 and in Theorem 3.4.3 (Claim 3.4.5). Also note that to

2Np
control the potential energy in Proposition 3.4.2 and in Lemma 2.8.1, we rely on L'
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norm (using the assumption that s, < 1) along with the Lemma 2.3.1. Moreover, the
local virial identity (3.100), (3.101), (3.102) in Theorem 3.3.1 and Theorem 3.5.1 has
some extra terms involving convolution which demands a careful study and application

of convolution properties, Lemma 2.3.1 and Lemma 2.3.3.

3.2 Small data theory

We investigate the global existence of small datain H* and H*< (as we now have the local
well-posedness in both cases) and H' scattering of global solutions with initial data in H.
At the end of section 3.2 we also include the long-time perturbation argument. This may
appear to be standard, however, we give a careful and detailed proof demonstrating how
we tackle the nonlocal potential term. In this section we consider the integral equation

(2.16) with ug € HY(RY) and 0 < v < N with p > 2 satisfying

1+X2<p<14 32, ifN>3

(3.5
1+ 22 <p<oo, if N =12

In the energy-subcritical case (s, < 1) it is possible to obtain H* small data theory,
replacing the right-hand side bound below in (3.12) with the H#c norm (instead of H'
norm) as done in [HRO7], [Guel4]. This requires fractional derivatives, introduction of
different Strichartz pairs and considering different cases of smoothness, depending on p
and s.; see Proposition 3.2.2. We first take H' small data, and thus, we consider the
bound on the right-hand side of (3.12) by the full 4! norm. Also note that while the norm
on the left-hand side of (3.12) is at the H*¢ level, it can be replaced with the norms at
the H' level, that is, by ||ul[s(z2) + || Vu||s(z2) (by the interpolation and then separating it
into the sum by Peter-Paul), which we will do in the proof. For brevity, we chose to state

(3.12) at the H*c level. Furthermore, we note that Proposition 3.2.1 also holds true for the
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L?-critical equations (s, = 0) with uy € H* (RN ) and (3.12) reduces just to one condition
(3.11).
In the rest of the Chapter 3, for given N, p, v, and hence, a fixed 0 < s. < 1, we use

the following L?-admissible pairs :

B 2p 2Np
(Qlarl) - (1+Sc(p— 1)7 N+’Y> (36)

and
2p 2Np
= . 3.7
(QZ7r2) (1_SC’N+’}/+2PSC> ( )
Observe that s. < 1 implies #{;_1) > 2. As an L?-dual admissible pair we take
2p 2Np
L) = . 3.8

The specific H#-admissible pair we use is

B 2p 2Np
(C.ZQarl) — (1 — 507 N—i—’)/) ; (39)

and the H—*c dual admissible pair is given by

;o 2p 2Np

Note that (g3,71) = (%, %) is an H % admissible pair. One can verify that

and 2p < L, thus, confirming to be in the

: 2
s. < 1 imply both z > Trsc@p-1) ° 502

14sc(2p—1)

2
1+sc

range of (2.11). We point out that all the pairs defined above satisfy both Lemma 2.4.6
along with the respective ranges defined in (2.10) and (2.11). In what follows (at least for
0 < s. < 1), we will work with the pairs defined above. However, one can take any pair
(q,r) satisfying (2.10) and (2.11), and thus, we utilize the notation introduced in Section
2.4 (after Lemma 2.4.6) to indicate that it is possible to cover the entire range by taking

an appropriate pair from (2.10) and (2.11).
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Proposition 3.2.1 (Small data theory in H') Let p > 2 satisfy (3.5) with 0 < v < N
and uy € HY(RY). Suppose ||uo||gz1 < A. There exists 6 = 5(A) > 0 such that if
He“AUOHS(HSC) < 6, then there exists a unique global solution u of (1.1) in H*(R™) such

that

[l gireey < 20" uol| g zoc) (3.11)

and

SCU

IV

|S(L2) S 20||U0||H1, (312)

where c depends on constants from the Gagliardo-Nirenberg interpolation estimate and

the Strichartz inequality.

Proof. First, note that by Lemma 2.4.7 and Sobolev estimates, we can track the depen-

dence of § on A (if needed, splitting the time interval). Next, denote
B={u: ullgie < 2016 w0l g0y and NIVI<ullsez) < 2¢luolln }
and define
. ¢ . ’
Dy, (u) = ePug +i / AR (u(t) dt (3.13)
0
where F(u) = (Jz|~™ =) % |u|?)|u|’~>u. Applying the triangle inequality and Lemmas
2.4.6 to (3.13), we obtain
[P (W) |5 775e) < ||€imu0”5(f15c) + [ F ()] g (7-5c)-

We will use the pair (g5, r]) (defined in (3.10)) on the right-hand side of the above in-

equality. Using the Holder’s inequality yields

—(N—v) p—1
HF(U)HLféL;/l < |||z ") x |U|7’||LE}—SCLI]\?J_V7 ||U||L§2L;1-

Applying Lemma 2.3.1 for N > ~, we estimate

2|~V % |u|PHL 2 an < CN,PWHU||ZL);12L;1' (3.14)

I— N
t ¢ Lg
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Using (3.14), we can write the estimate (3.36) as

1E )51 gi7-e) < exvparlll oy 1l ey (3.15)
Thus, for u € B, (3.15) gives
HF(u)”S/(H—Sc) < CNp 92p—1 HeitAu HQPHlsc). (3.16)

Inserting (3.16) into (3.35) and redefining the constant cy ¢ =: ¢, we have

()l secy < ety (11 22770 g2 2 ).

and thus, we need

1 22p 1 HeztAu H Héc)) S 1.

To estimate |||V[*®,,, (u)]|| s(z2), we recall the Gagliardo-Nirenberg interpolation inequal-
ity
IVIvllze < canllVullizlvllz=",

and taking v = ®,,,(u), we bound the L? and H' norms as
[Pug () [ 5022y < ¢ luoll2 + e | F(u) s (2). (3.17)
From Hoélder’s inequality, we get

x|l (3.18)

qz 1.
LEN L;*Ly

HF(U)”LfiL;ﬁ < H]x|—(N—7)  |ulP||
t

We estimate the convolution term in (3.18) again by Lemma 2.3.1 for N > ~ and then

use Holder’s to obtain

N HUHL@LTI
x

| F(w)||srr2y < enpll [ul?]]

t

S Csz"yHu| LqQLrl HuHquLrl Hu’ Lq21L;1

< CN,pv”u” S(Erse) ||U||S L?)- (3.19)
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Using (2.12) (and triangle inequality) in (3.13), we get
IV @y ()] s(22) < ¢ [[Vuollzz + ¢ [VF ()l s(12), (3.20)

where the nonlinear term is estimated as

< -(N—v) p p—2
IVE g S Ml o Pl s IV 20 e
™5 V()| ey (el
2L}
2(p—1)
§CN,p,vHu”L(‘gLTlHVUHLL“L”‘i‘CN,p'y”v(Wlp)“ o MH5 ”UHL‘DL”
t L

2(p—1)
cN,pﬂHu”L(qurl HVUHL‘“U1 + CN@’YHVUHLLHLTI HUHL%LH

IN

IN

Vul|s(z). (3.21)

QCNP’YHUHS(HSC

Combining (3.17) and (3.20), and applying (3.19) and (3.21), we obtain

[P (u) 522y + |V Puy () | s22) < e (||uollz2 + [[Vuo||z2)
+01HU||S(HSC ([[ullsz2y + | Vullsiz)
< f|upllm + 22 Lere| e |20 Y ||Uo||H1

S(Hse)

< clluoll (1+2 erfleuo 270, (322)
where ¢y, ,c =: ¢;. Now, if we take

22]7 lc ||€ztAu ||S(HSC)) S 17

and recalling that ||e“uq|| s(irse) < 0, then (3.22) would give the required bound for the
space B: 2¢||uo|| 1. Hence, choosing § < dp = 1 2“’—1,)/% implies that ¢,,, € B. Now

we show that @, (u) is a contraction on B with the metric

d(u,0) = llu— vllss) + V(= 0)llsa) + = vllsgry (323)
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(The last norm is included for convenience.) For u, v € B, by Lemma 2.4.6, we obtain

[Py (1) = P (V) | zsey < €llF () = F(0)l| (-0, (3.24)

and

104 V) (@ (1) = By ()l s(22) < ll(1+ VI(F() = F@)llsrary.  (325)
The triangle inequality applied to the right-hand side of (3.24) yields
[1F(w) = F(0)llgr(gr-se) < | (||~ % Jul?) (JufP~2u — ‘vlprU)HS/(H_SC)
(27N s (ul” = o) [P0l o=

where we have added and subtracted the term (]2~ =) % |u|P)|v["~?v to the difference.
Using the pair (¢4, 7]) (defined in (3.10)) along with (2.18), (2.19) and calculations in
(3.36), we obtain

1F () = F ()| g2 < envpalllel ™ 5 Juf?| :%L%\HUV’ “u— [of"” 2UH S
+enpalllal ™ (Jul? = [oP)]| e an (ol g
IE

< enpallullen o (Il o+ ol )l = ol oo

p—1

Fexpollal = 3 ol

=N 1 O € 1w N 1 Lo R TR

1
ey (Il ey + 100k ) 1 = Vs 015
For u, v € B, we have that
1F () = F(0) g0y < 2Penpilleunl 2270 [l = o]l e (3.26)
Combining (3.24) with (3.26), we obtain
[ (8) = By (0l siney < 2Perlle ol 5 Ju = vllgiiecy B27)
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Next, we estimate the difference from (3.25) using again the triangle inequality and

Holder’s along with the pair (¢}, r]) (defined in (3.8))

1E(w) = F0)llsrwzy < I (121775 [ul?) (Jul~2u — [0 ~20) g2

+ ([ s (ul” — o) [0 2ollsz2)

—(N=7) P =2, p—2
< expallel 7w Pl gl

+enpallle TN (ul? = o) e [l

t 1:

Lq2 Lyt

Apply (2.18), (2.19) and calculations in (3.18), (3.19) on the right-hand side of above

estimate to obtain

1P () = FOllsea) < enpallulhen g (luled o + 10150 )l = vll o o
Fepalllulf =PI, o ol

Scmwmmm%MMMmc+er%ﬁm ollseea

ey (1) + 101yl = Vllsian 1ol

For u, v € B, we have

1F () — F(0) sy < 2%enpnlle™uol| Hsj) w — 0| 522 (3.28)
Combining (3.25) with (3.28), we obtain
o (1) = @ug (v) s22) < 2Penlle™ uol 570 e = wll e, (3.29)

Finally, estimating the difference in (3.25) with the gradient, we obtain

I (F @) — F@)llsws < 19 ful?) (luP =0 — [ 20) | llsz (330

V(2= (ful? = o) o 20] gy (33D
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Using again the pair (q7,7]) (defined in (3.8)) and (3.35) along with the calculations for
(3.22), we get

(3.30) < ey,

% ey (Il ey + 00 ) IV (= 0) 50y

+ enpellully e IV ullseez) (Nl ey + 1015 Gy )l = vl sy
( )

Similarly, we obtain

(3:31) < enpy (Il ey + 101 e IV (@ = ) san 1o
p
o e (I ey + 101 e )1t = Ol IV 0 sz 0l -

Then for u, v € B, we have

V(@ (1) = P (v))l[ s(22) < €l V(F(u) = F(v))llsr(22)

< 22pc HeztAUOH itA

UOH2‘DH?:C)HU - UHS(HSc)-

(3.32)

e IV (= 0)l[s(2) + 2%ce [Juol| e

Putting together the estimates (3.27), (3.28) and (3.32) along with (3.23) (definition of

metric d), we get

d( @y (), Doy (v)) < 271 o |2 [l o | 57, dw, v) <

d(u,v),

N | —

for §; < ¢/ m and ¢; = max(cy, ccq). Finally, taking 6 < min(dy, d;) concludes

that ®,, is a contraction.  [J

Now we give a similar result in H* (see also [AR19]), which makes it possible to

extend the local existence to the larger time intervals. First, we set

(

HuHLtlgzc L;v]i%’ for 0 < s, <1,
- el 2 for se =1,
Wse =
max (Hu” S T) for s.> 1 and p =2,
L
HuHLOOL%’}), for s, > 1 and p > 2,
L
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where all the above pairs corresponding to W *¢ are H¢-admissible pairs and

(

[Je] oy ANe s for 0 < s. < 1,
Lt sc(p )LZNJF’Y
s def HUHL%Légg’ for s. =1,
.
max <\|u||L3L3]6VJX4, HUHL?oLg), for s, > 1 and p = 2,
t Lz
\ ||u||L%L§1j2> for s, > 1 and p > 2,

where all the pairs corresponding to S are L?-admissible pairs.

Proposition 3.2.2 Let v, N and p be as in Proposition 2.6.3 so that s. > 0. Assume
in addition that if p is not an even integer, then s, < p — 1. Let ug € Hse (RN) with

e < A. Then there exists 6 = 6(A) > 0 such that if || ®ug||wsec < 6, then there

o]

exists a unique global solution v of (1.1) in H*(RN) such that
lullw=e < 2[le"uollw=, (3.33)

and

Seqy

IV

|SO < 261 ”UQHHec (334)
Proof. Denote

Boa = {u: lullwe <2/ ugllw- and ||V ullso < 2cuo]

w)
We divide the analysis into several cases:

1. 0 < s. < 1. Applying the triangle inequality and Lemma 2.4.7 to (3.13), we obtain

[Py (W)l wrse = [[Pug (w) || 22 12
t
< Jle ol oz g + ¢ [[[V] / -8 N (u(#)) dt
+- La 0 Loz
< e gl gz + ecall VN @y (3.39)
¢+ L
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2Np

__ 2Np _
where | = T2 = Ny

and ¢; = 12_—738 satisfy the condi-

2p —
1+sc(p—1)° 42 =

tions (2.5) and (2.4), respectively. The triangle inequality along with Lemma 2.4.6

to (3.13) gives

[V @y ()| 50 = [[[V > P ()] 2 172
< c1fluollgse + arlllV SCN(U)HL;AL;&' (3.36)
Using (2.45) along with Lemma 2.3.2, (2.46) and (2.47), we get
IV N @)t < 2emopllullf, 211V ul s
Therefore, (3.35) gives
|9y ()l < Nle™uollwe + 2eerenqpllullifs VNIV eullso, — (3:37)
and (3.36) gives
IV @u(w)lls0 < erllunlliz + 2erensplull g VIullso. (3.38)
Thus, from (3.37) for u € B,,, we obtain
1@ug (W)llwee < llePugllwee (1+2% ¢ e lle™uollif A)
which implies that we need
2% ccd ey |lePuollih’ A < 1. (3.39)
Similarly, from (3.38) for u € B4, we obtain
V1@ ()50 < exlfuoll e (1427 1 exv € ualli)
which implies that we require
2% ¢iCnpp ||eitAu0||‘2,[(,pszl) < 1. (3.40)
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Therefore, from (3.39) and (3.40), choosing

(5<(50§min<

1 1
9 ?
R/ 2%ecien p A PR/ 2% eien

implies that ®,, € B,y. Now we show that &, (u) is a contraction on B, with the

metric

d(u,v) = |||V

*(u=0)|lso + [lu = vlfwe.

For u, v € B, by Lemmas 2.4.6 and 2.4.7, we obtain

A(Pyy (1), Buy (v)) < 261V

N = NI, q G4D

where ¢; = max(ccy, ¢1). The triangle inequality applied to the term on the right-

hand side of (3.41) yields
IV (N @) = V@),
< NPTl s ) (a2 = o 20) g (B42)

+Iv

SC[(‘;U|—(N—7) * (|u‘p — |U|p)) ’U|p—2v]||Lg/lL;/1. (3.43)

Using (2.18), Holder’s inequality and Lemma 2.3.1, we obtain

—(N—=) P Sc (10, 10=20 |, P2
B2 < el 7w ulfl] gy g MVl 0= ol 20) g
+ | (Ve (ulP) e [l — fu]P 2v|| a2
LtLgﬁV Trp

< expllulgn o (022 + 1012, IV (e - Moz

+enapllulztn N9 ull (Huuﬂw ol Yl = ol g
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Similarly, using (2.19), Holder’s inequality and Lemma 2.3.1, we also obtain

(3:43) < [ll2~ 7 (Jul” ~ )| 2 e MIVI (jol )II

t x

e A e (T Il e llo] i

1+ec Lp 1

L‘tl2 L;l
t L

< enmp (Il + 01 )l = vl g 0l s NV 20

(=)l gz gz 10llF e

 en (Il + 0l IV
Thus, for u, v € B4, we have

IV ) = Nt < 22 er g Al Suolfedd(w ). (44

S
Combining (3.44) with (3.41), we get

d( Doy (1), ®uy (v) < 220V ey Alle™ uo|lifld(u, v) <

for 6; < 23/ m Finally, taking 6 < min(dp, d;) concludes that &, is a

contraction.

d(u,v)

N —

s. = 1. Applying the triangle inequality and Lemma 2.4.7 to (3.13), we obtain
1@y ()1 = |®u (W) | oy < €™ uollzory + car VN ()|l p2ry,  (3:45)

where (00, 2) and (2, o 2) satisfy conditions (2.4) and (2.5). The triangle inequal-

ity along with Lemma 2.4.6 yields
V@ (u)l[s0 = [[VPus (u)l 122, < crlltoll g + al[VN(W)ll 2y (3.46)
Using (2.54) along with (2.55) and (2.56), we get
IVN @z < 2enspllull 122 [Vl
Therefore, (3.35) gives

(@ () lw1 < [l uollwr + 2ccrenpllullioh | Vel o,
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and (3.36) gives
[V @y ()lls0 < exllunll g + 2erew s pllullgh™ [ Vullso.
For contraction, we define the metric
d(u,v) = [[V(u = v)|[s0 + [Ju = [y,

and use Sobolev embedding and Strichartz estimates along with triangle inequality,

to obtain

Ay (1), Bup(0)) < 261 [ V[N (1) — N (@)l 31
< 26| V[(Jal =N 5 [ul?) (Jul”u — [oP20)| 2y (B4T)

+ 261 [V [(J2]7 N (Jul” = o)) [0 20l . (3.48)

Using (2.18), Holder’s inequality and Lemma 2.3.1, we obtain

~(N=) Py — [P :
GAD < e ful?ll g IV (a0 = ol 20)] oy

t Lax

+ ([l V()| : o [luf ™~ u = v~

x

_r _
reent=!
< enapllulliery (Il + 101520 ) IV (= o)l 222,

o enlul s IVl (el 2, + ol 2, ) e = vl
Similarly, using (2.19), Holder’s inequality and Lemma 2.3.1, we also obtain

w0l IVl 2y

(3.48) < |||x|”N ) « (|u|p — |v|p)HL o P25

+ "V (Jul” — o) |

LfL;V ||U||L°°Lr
< Cva(HuHLer + [[v] L°°LT) [w = vy |[v] Lt;?LgHVUHL?LQ

o+ ewap (Il + 101 IV (0 = 0) L ol

Rest of the details are similar to the inter-critical case (0 < s. < 1).
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3. 5. > 1.

Case p = 2. Using triangle inequality and Lemma 2.4.7, we get

[P, (U)||L§L§;1 + ||(I)uo(u)||L;>°L;2

'V

< HeitAUOHLgL;l +c

t
Sc/ ei(tft’)AN(u(t/»dt/
0

LiLy

t
4 ”eitA |V‘SC/ ei(tft/)AN(u@/))dt/
0

L°L2

< ||€itAUO||L§L;'1 + ||€itAu0||L;>°L;2 + 2cc1|||V

SN, oy, (3.49)

e

where the pairs (3, o 4>, (00, 2) satisfy the conditions (2.4) and (2.5) with (g, 7)

= (3, T 4>. Using the fractional product rule, we have

IV < (|27 x|V

N (u)

sc<

+ ([ (27N )V

ul)ull gy, (3.50)

/
H q !
LY Ly,

(3.51)

Seq,

/
| a rrl
Ly LY,

where (3.50) is estimated using Lemma 2.3.1 and Holder’s inequality along with

the formula for s,
(3:50) < (x|~ (VP g oo ol e
t x

S
< el VPully gy Il

< CN,vHUHLgL;l H’V|SCUHL§L§HUHL§°L?' (3.52)

Here, we again require 3N — 3y — 2 > 0 (as in (2.62)) and since s, > 1 we have
thaty < N -4 < N — % For (3.51), we again use Holder’s inequality and Lemma

2.3.1 to obtain

tngTN’HV\SCUHLf%g

(3.51) < [l Jul?|

< engllull o IVl ez (3.53)
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Putting (3.49) together with (3.52) and (3.53), we get

Seu ‘S’O'

%

1@ug () e < €S uollwse + 2ccren syl
Similarly, we obtain

1Y

Dy, (u)][s0 < erf|ug]

free 20105 [[ulliyec [V s0.

For contraction, we again define same metric

d(u,v) = |||V

(u—=v)llso + [Ju = vljws,
and use Lemmas 2.4.6 and 2.4.7 along with triangle inequality, to obtain

A( Py (1) = Py (v) < 261[[|VI*[N(u) — N(v)]

!
|| q Ly
ri'rr

where
V>[N (u) = NIl e

< VP (7N s Jul?) (u = v)]

(3.54)

!
o e
'Ly

VPl (fuf? = [o]*)) ] (3.55)

!
o -
LYrLy

Using (2.18), Holder’s inequality and Lemma 2.3.1, we obtain

(3.54) < Nal ™7 ] oo s 191 (0 = 0) s

3/2
t/L

+ [l " v

sc(

2
ul )HL?/QL;?NE% llu— UHL;X’L;Q

< engllullZopp IV (w = v)ll ez

+ongllull o IIVIPull oy lu = vl o2

|| go||u — vl|wse.

%

A%

< enpllulliysc IV (w = v) |50 + enqylluflwse
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Similarly, using (2.19), Holder’s inequality and Lemma 2.3.1, we also obtain
(3.55) < [l =7 (Jul® = [o]?) ] a3 IV vllerz

< eve (allwee + llollwe ) e = vl

+ [l " v

2 2
uft = o >HL3/2L31V%HUHMZ

VI*vllso

o en (Jlullwee + [ollwse ) IIV1( = o) ol

The rest of details are similar to the inter-critical case (0 < s, < 1).

Case p > 2. Again, using triangle inequality and Lemma 2.4.7, we have

9w )llwe = (i)
t
Vi [ e OAN e ar

0

< ||@itAU0||L;>OL;’.1 +c

LFLg

< HeitAuOHLt‘X’LQ + cal||[V

s N (u) (3.56)

!
H q /9
Li LY,

where (00, 2) and <2, f,—g) satisfy the conditions (2.4) and (2.5). Using the frac-

tional product rule, we get

VN (W)l o | [ () [Pl

oy < T (3.57)

+ {7 s [ufP) [V (P | (3.58)

!
q 7l
Lt Lac

where (3.57) is estimated using Holder’s inequality and Lemma 2.3.1 along with

the formula for s,

GB.57) < [(Ja|" N (V)| e HuHLW
iy
—1 c
S CN?’va |u|p |V B U |LtLIN ||u||L00L71
< CNp ullLooLmIIIVISCullm- (3.59)
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For (3.58), we again use Holder’s inequality and Lemma 2.3.1 to obtain

(3.58) < el w Pl vy Tl NIV eulliga,
LeLP™
< CN'ypHUHLerlH|V|SCUHL<1LT_ (3.60)

Here, we again require 2p — v(p — 2) > 0 as in (2.74), and therefore, 0 < v <

min (N, 1%), see the statement of the Theorem 2.6.2 (4)(b) or Theorem 2.6.4

(4)(b). Combining (3.56) with (3.59) and (3.60), we get
i 2(p—1 Se
| fuo(@llwee < Nl uollw=e + 2eccrenqpllullie 1V I<ullo.
Similarly, we obtain

[V Puy ()l 0 < er]uo]

iree 20104 |[ull 55 VNl V[ so.
For contraction, we again define the same metric as before,

d(u,v) = |[|V

*(u—v)llso + [Ju = vl[ws,
and use Lemmas 2.4.6 and 2.4.7 along with triangle inequality

11V

" Pug (1) = Pug (V)] [|s(22)
< H]V\SC[(]:E\_(N_V) * [ul?) (\u]p_Qu — \v|p_2v)]HL21L;, (3.61)

+IvV

=5 (ul? = o)) o0 - (3.62)
Using (2.18), Holder’s inequality and Lemma 2.3.1, we obtain

@61 < [lal ™ wul? | s (Il

Ltooprf’y
+umLmUJMVP%u—vmwu

Hllz 7N x|V

sc(

g (el + Nl 20 )l = ol e

s@mmmmﬁmwm%+mmemvww—vmy

V|%u

(Il + ol ) e = wllwee.

+ Cva||U| WSc
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Similarly, using (2.19), Holder’s inequality and Lemma 2.3.1, we also obtain

Sc

IV

vllLers

.62 < [« (ul? ~ )| vy ol
L2~
= [l )] ol
t
< excmp (el + ol Yl = wlhwec [l 119 ol

. p—1
T (1 o i A O P
Rest of the details are similar to the inter-critical case (0 < s. < 1).

This concludes the proof of Proposition 3.2.2. [0

We also have the local well-posedness in H (for s > s.) (Proposition 2.7.1), as a
result one can pose a question: whether it is possible to obtain the global existence for
small data in H* for s > s,? The answer is yes, which we investigate next. The following
Proposition is proved using Besov spaces (it is also possible to prove it without Besov

spaces, for this work we show one possible approach). We define

def

def
= Hu”L‘“BQC )

= llullzepse, and flull 5

el .., -

where (go,71) and (qq,71) are defined in (3.9) and (3.6), respectively. We recall that with

these pairs we can consider the whole range defined by (2.10).

Proposition 3.2.3 (Small data theory in H Y Letp > 2, N > 1and 0 < v < N so

that 0 < s. < 1. Suppose s > s. and assume that ug € HS(RN ). Also, assume that

ol 7+ < A. There exists § = 6(A) > 0 such that if ||e®®ugllz0 < 0, then the
S

(Frse)
solution u of (1.1) exists globally in H*(RN) such that

< itA X )
fullsg .., < 2ol , (363
and
s, < 2¢luolle (3.64)

85



Proof. Denote

fe t

. it A
o ={u : lullgy, <20l Il

o¥] < 2
% sy B oy = ¢ ||uol

and consider ®,,, as defined in (3.13). Combining triangle inequality and Lemma 2.4.9

along with (2.15), we obtain

[ ()] 0

S(HSc)

<le™uollgo .+ eIV F(w)s22),
S(Hsc)

(3.65)

where F'(u) is defined in (2.24). We use the estimates (2.46) and (2.47) from Proposition

2.6.3 along with (2.13) to rewrite (3.65) as

Bs

) < tA . 2.(]9—1)
IPun0)lsg,,. < e w0l + 20l s,

S(Hsc)

where ¢; := cc,,n. Thus, for u € X4, (3.66) gives

[@u(@llgs . < Nl (1+2%erc]e™ % 4).
Sc

. 0
S(HSc BS(HSc)

thus, we require

22pclc||eimuo||g’o_?f A<
S(HSc)

Using Lemma 2.4.9 along with (2.14), we have

[P (w)]

B§<L2> < c|luol is T C|HV|SF(“)”S’(L2)'

Again, using (2.46) and (2.47) along with (2.13), we write (3.69) for u € X4 as

[ ()]

e (1 2% [ 2ugl 20 ),

o5 < cl|lu
By S [|uol e

thus, we require

22pC1||6itAu0||j29(§_‘1) <1
S(HSc)

Recalling that ||e?*®ug|| ;0 < §, then from (3.68) and (3.70), choosing
S(frse)

. 1 1
0 < 0p < min ( 2p7\3/m’ 2(p1\y22T101>
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implies that ®,,, € X,4. Now we show that ¢, (u) is a contraction on X, with the metric

d(u,0) = Ju=vllgg, +lu—v

S(HSC B¢

S(LQ)‘

For u, v € X4, by Lemma 2.4.9 together with (2.15), we obtain

[Pug (1) = Pug (V) o < ellF () = F(0)l[gr(gr-sc)- (3.71)

S(Hse)

Similarly, from Lemma 2.4.9 and (2.14), we get

[Pug (1) = P ()] = < e[|V (F(u) = F(v))l[ 522 (3.72)

S(L2)

Using the estimate (3.26) for (3.71) along with (2.13), we have

Doy () = Pug (W)l < 22 erefle™upl 28 Ju—vllgo (3.73)
S(HSe) S(Hse) S(HSe)

and for (3.72), we use the estimates (2.46) and (2.47) (to perform similar calculations as

in (2.51) and (2.52)) along with (2.13) to get

1 2(p—1
1Py (1) — Doy (V)| < 227 cref| €™ up| >)||u—v\

S(L2) S(Hrse

By’ (3.74)
Combining (3.73) and (3.74), we obtain

Aoy (1), By (v) < 22 ey || g5 d(u,v) <

S(HSc)

for 6, < *"7Y/ (22p+3ccl)_1. Taking 6 < min(dy, ;) implies that ®,, is a contraction.

O

d(u,v)

N —

Next we establish the scattering in H*(RY).

Theorem 3.2.4 (H' scattering) Let u(t) be a global solution to (1.1) with initial data

ug € HY(RYN). Ifuis globally finite in the H#-admissible Strichartz norm, i.e.,

+o00 and uniformly bounded in H'(R™) norm, i.e., sup,cp+ ||u(t)||zn < B, then u(t)

scatters in HY(RY) as t — +o0, i.e., there exists u™ € HY(RY) such that

lim ||u(t) — e@ut |z = 0.
t——+o00
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Proof. The assumption ||u|| s(frse) < oo implies that there exists M such that

M = HUH 2p  2Np < +00.
LtlfsCLN+

Recall that ( 2’; , ]%,]ip ) is an H*-admissible pair. Let M = M7 . Given § > 0 we can

decompose [0, +00) = UJ 1;, where I; = [t;, ;1) such that for each j, we have

| o < .
Ll sCLNJr

Hence, by the triangle inequality and Lemma (2.4.6) applied to the integral equation

(2.16) on I;, we have
lullsesy) < ellult)llez + ell (]~ s ) ul*ullgi ey, (B75)
From (3.19), we have
H(|$|_( # [ul?)[ulP” ZUHS’ L20) < CpryHUH Hsc 1) llulls(z2;r;)- (3.76)
Thus, (3.75) combined with (3.76) and the assumption sup,cp+ ||u(t)|| 1 < B implies
[ullszziy) < eB 4 16V ul|sz,)- (3.77)
Similarly, using Lemma 2.4.7 for s = 1 along with (3.21) yields
IVullsezzay < el Va1 +ell V(2= « [ul?)|uP~2u) |2,

S eB+2alullyly, IVullsee,

< eB + 20627V ||Vu| s, (3.78)
Combining (3.77) and (3.78), we get
lull sz + I Vullsezgy) < 2¢ B+ 260627 ([lull sz + | Vullsz)) -
Performing the summation over /;, we obtain

_2r _
lullsze) + IVl sy < 2e BM™=s + 26082070 (Jlullsezz) + [ Vullseza))
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which implies that
(1= 2162 (ullsz2) + | Vulls)) S 2¢ BMT5.
Thus, for small 6, we require that 1 — 262*~1) < 150 that
lullswn + IVullsaz < 4e BMTE. (3.79)
Now, we define the wave operator
+oo
ut = uy+ i/o e A ()N s JulP) |ulP2u(t) dt. (3.80)
By the same arguments as before, we have
lut a2 < elluollzz + exllull 372 lull sy,
and
[Vt 112 < ell Vol 2 + 26 [ul2% 2 [ Vullsqea).
Finally, by initial assumptions, we get

[ut 2 + VUt 2 < B+ 2, MY (Jlul|sz2) + | Vullsiz2)) -

Using (3.79), we obtain that ||u™|| ;1 < constant. This implies that u™ € H*(R"). From

(3.80) and the integral equation (2.16), we have
. +OO . /
u(t) — e"ut = —i/ A (|| =N s P [P~ 2u(t) dt.
t

Again using the similar computation, we obtain

I 2(p—1
lut) — a2 < eallal2%0 sz oo
and
itA 2(p-1)
IV (u(®) = €™ 2u) llz2 < erllullg i ooy I VUl sz 400
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While obtaining (3.79), we have observed that the Strichartz norm on [0, +-00) for the
above expression is bounded, therefore, the tail has to vanish as ¢ — +o0, and thus,

[l| g grse 1, 00)) — 0 as t = +oo. Hence,

- AL L
i [u(t) = ¢"2u | = 0.

O

We note that Theorem 3.2.4 with initial data uy € H'(R") also holds in the L?-critical
case (s, =0orp =1+ VTJ’Q > 2). One can also obtain a similar result for the energy-
critical case (s, = 1) but with a different selection of Strichartz pairs.

We now prove the long time perturbation result in the spirit of [HRO8], which is one of

the necessary ingredients in the subsequent analysis, specifically, used in Theorem 3.4.3.

Theorem 3.2.5 (Long time perturbation) For each A >> 1, there exists ¢y = ¢y(A) <
1 and ¢ = c(A) > 1 such that the following holds. Let u = u(z,t) € HY(RY) for all

time t and solve (1.1). Let u = u(x,t) € H'(RY) for all t and define e to be

e ity + AT+ (|J2|~N « (@) ap-2a.

Suppose that

[llgizeey < A llellg-se) < €0 (3.81)
and
=2 (u(to) — To(to))l| (e < €o- (3.82)
Then
[ull gersey < ¢ = c(A) < +o0. (3.83)
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Proof. Denote by w the perturbation of u: w = u — u. Set W(u,w) = F(u) — F(u) =

F(u+w) — F(u), for F(u) = (|o|~™ =7 % [u|?)|u[’~2u. Then, w solves
iwg + Aw + W(u,w) —e =0.

Since ||u| g sy < A, we can partition the interval [to, +-00) into K = K (A) intervals [; =
[t;, ;1] such that for each j, ||ul|g¢ys.,;,) < 0. Note that the number of intervals depends
only on A, however, the intervals themselves depend upon u. The integral equation of w

at time ¢; is given by

¢
w(t) = ez‘(t—t]-)Aw(tj) +i/ ei(t—t’)A(W _ e)(t’)dt'. (3.84)
t

Applying Lemma 2.4.6 to (3.84) for each [;, we obtain

HwHS(HSc;IJ-) < ||ei(t7tj)Aw(tj)||S(H5c;1j) + c||[W (a, w)||s'(H75c;1j) + CH€HS'(HfSc;1j)

< () s sy + AW @ )5 + 0. (385)
Next we estimate

W (@, w)l[gr(s1-se.1y S 1 (@ +w) = F(u)

/! !/
H d3 ;71 °
Ly'Ls

Adding and subtracting (|z|~™=") % |& 4 w|?)|u|P~%u, we obtain

W (@ )l (sg-sei1y S Nl "N @+ wlP) (12 + w2 (@ + w) = [P *@)| o
;5

(27N (@ + wl — [a)?)) [l ~*a

! !
[—
LyLs

Using the calculations similar to (3.36), we get

IW G051y S o T+l T+ w2+ w) = @2, o,
J Ij x
~ ~ ~p—1
el +wlf — il s o

1
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Using (2.18) and (2.19) yields

HW(:&:’ w)HS’(H—Sc;Ij) S CN,'y u

U+ wHL‘”LTl HwHL”LT1 (Hu + wHquLrl + HUHL‘DLH)

(3.86)

+CN,’YHwHL§JQ_L;1 <”a+w’ quLrl + H |L‘12LT1> H |L¢Z2LT1

(3.87)
We use the fact that (a + b)P <, a? + bP for the ||u + w|| a2 ;1 terms in (3.86) and (3.87)
to obtain

I vy S i (W + Wl ) Nl (ol + 2 )
]
rexallwlgin (181 + ol ) 1

Since (go,71) is a H® admissible pair by our assumption ||| g zse.;.y < 0, We obtain

I 0w v (4 Dl ) Rl (g +2)
J

+ CNWHU)HL??LQ (5;; "+ Hw||Lq2LT1> §P L.

Substituting the above estimate in (3.85)

ol sqzzeesr,y S NP2 wt) s iee.ryy + 10 Wl ) + 200827Vl sz

2p—1
+ 107" 2Hpr S(Hse;1;) + 10" 1HwH5(Hsc 1) + CleH e ) + ceo.
Let [|wllggse,s,) < €0. If c1c6%P=1 < L by choosing § < min (1,4;), where ¢; =
2= 1,)/—together with (3.82), we can make sure that at time ¢, ||e?(* 1) 2w (¢ Mlsse

<
€1, where €; depends on €, thus, we take
i(t— t)A . (51
et () s(prse;;) + c€o < min | 1, : (3.88)
Therefore, (3.88) ensures that,
HwHS(Hsc 1) = 2”6 (-ts)A w(t ')HS(H% 1) T 2¢cco (3.89)
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Taking ¢t = t;4; in (3.84), applying ¢'*=ti+1)A to both sides and repeating the similar
argument used for (3.89) (since the Duhamel integral is confined to I; = [t;,¢;11]), we
obtain

e 403w (85 1) || g s7ee) < 2016772 w ()| g 0ey + 2c0-
Iterating down to j = 0 and using (3.82), we get
3w () | g sy < 2O w (t0) | g oy + (27 — 1)2ce0 < 2 2cep. (3.90)
Now to satisfy the assumption (3.88) for all intervals 1, 0 < j < n — 1, we require that
n+2 : 51
2" cenp < min 1,5 ) (3.91)

This quantifies ¢y in terms of n (number of time subintervals), which is determined by
A (given). Hence, substituting w = u — u on the left-hand side of (3.84) and applying

Lemma 2.4.6, we obtain
ullgizoe) < €53 w () g oy + W (@ W)l gr(r—se.r,) + C€0 + [l gzroc)-

Thus, by repeating the argument used to deduce (3.89) and using (3.90) (3.81) and (3.91),

we can conclude that

[l srrsey < e(A).

3.3 Dichotomy: Global vs blow up solutions

In Section 3.3 we obtain the proof of Theorem 3.1.1 part (1)(a) and part (2). We show

that the condition in Theorem 3.1.1 is sharp.
Theorem 3.3.1 Consider (1.1) with uy € H* (RN) and 0 < s, < 1. Assume that

ME[ug] < 1. (3.92)
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If
Glug] < 1, (3.93)

then the solution u(t) exists for all t € R (i.e., I = R), and

Glu(t)] < 1. (3.94)
If

Gluo) > 1, (3.95)
then fort € I = (=T,T)

Glu(t)] > 1. (3.96)

Moreover, if either x|uo| € L*(RY) or ug is radial, then I is finite, and thus, the solution

blows up in finite time.

The proof of this theorem goes along the established convexity arguments and the
relevant Gagliardo-Nirenberg inequality with its sharp constant, the constants and coef-
ficients are specific for the generalized Hartree case. The localized virial part deals with

the convolution term, and thus, is new.

Proof. Using the energy conservation and (2.126), we have

1 1 1
Elul = [ ZIIVull? 20 R 20 - -
MEl] = ( G190l e, = 5 Zl0len ) 570777
1 CGN 2sc(p—1)+2 1
> = || Vull? 26 ——(|V 0 _—
z (2H u||L2(RN)||u0HL2(RN) 2 (|| UHL2Hu0||L2) MI[QE[Q]

(3.97)
Using (2.135) and (2.136) and the value of C'qy, we get

1

Se(p—1)+1
Sc(p - 1)

u 2sc(p—1)+2 '
L (G1ult)

ME[u] > Glu(®)]” -
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For z > 0 define f(z) = SCS(C”(;)Sle - SC(;_I)ﬁsc(p*l)H_ Since s, > 0 and p > 2,

deg(f) > 2. Therefore,

;o 25.(p—1)+2
f (.I') - Sc(p o 1)

which implies that f’(z) = 0 when zp = 0 and z; = 1. Observe that f(z,) = 0 and

(1 - xzs‘l(p’l)) x,

f(z1) = 1. Since f(x) > 0 for 0 < z < 1, we conclude that the graph of f(z) has a local
minimum at the left end point xy and a local maximum at x;. Furthermore, this along
with the assumption (3.92) implies that there exists a 6; > 0 such that MEJu] < 1 — d;.

Combining this with (3.97), we obtain
flo)<1—6 < 1= f(zy). (3.98)

If initially we have (3.93), i.e., G[ug] < z; = 1, then by (3.98) and the continuity of
|Vu(t)|| r2ry in t, we conclude that G[u(t)] < 1 for all time ¢ € I, which yields (3.94).
This implies that H' norm is bounded for all ¢ and we have global existence. Similarly,
if initially we have (3.95), i.e., Glug] > z; = 1, then by (3.98) and the continuity of
|Vu(t)|| 2y in ¢, we conclude that Glu(t)] > 1 for all time ¢ € I, which yields (3.96).
From (3.98) we have that y = MEJu] intersects the graph of f(x) at two points. Then
from the assumptions MEu] < 1 and G[ug] > 1, we deduce that there exists J; > 0 and
8y = 85(d;1) such that for all t € T ME[u] < 1 — §; and G[u(t)]* > 1 + &, respectively.

Next if, zug € L?(RY), we write the virial identity as
Vie = 16(sc(p — 1) + 1) Efuo] — 8sc(p — 1)[[Vul|72 @y (3.99)
Multiplying the virial identity by M [ug)? and proceeding as in [HRO8], [Guel4], we get
M(uo]’Viy < =8s¢(p — IM[Q)’VQ|1Z < 0,

which by the convexity argument implies that the time interval I must be finite, thus,

having blow-up in finite time.
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If uy is radial, define ¢ € C*°(R),

such that ¢ is smooth for 2 < r < 3 and 9?¢(r) < 1 for all r > 0. Now, for R > 0 large,

let o = R?¢ <%> Define the localized variance

Vieo(t) — / o) (o, D) d

and compute the second derivative to obtain

OViaelt) =4 | S| Vul*dx — / A%gpluf* do (100
RN RN
2 _2 p p
2(p—-2) / A%ded,@ (3.101)
p RN \x—y\ 7
. _ p p
AN =v) / G y”“(”fv)' |“§y)| dzdy. (3.102)
P RN JRN jz =y

We bound the two terms in (3.100) using A¢r = N and A?¢p = 0 for |z| < 2R as

follows
4/¢;g|vu|2dx §4/ |Vul? dx, (3.103)
RN
—/A2¢R\u|2dx <= lul? da. (3.104)
R 2R<|z|<3R

Estimate (3.101) using again the fact that A¢g(r) = N

2(p — 2
_ M/ A¢R(|x|_(N_7) % |u|p)|u|p dr
p RN

2l — 2
- )(N [ el sl e [ <|x|—<N-W>*|u|p>|u|pdx)
p || <2R 2R<|z|<3R
2N (p — 2
< W2 [ el s+ [ (el ¢ P
p RN |z|>2R

(3.105)
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Next we turn our attention to the term in (3.102), which can be rewritten as

(3.102) = _w /[ % 5 (u> 2(x ]$y1’2f§1'5’+2<y)’p dndy
i) [ [ e ‘N”f‘fé( D gy
; g [ (- () ettt
S e u_'y'ﬁw i
+ % [ (- o)) oot

Combining the above expression with (3.103), (3.104) and (3.105), we write

O Viee(t) < 4/ |Vul? + %/ |ul? + 01/ (||~ W=7 x juP)|ulPdz
RN R? Jor<|z|<sr lz|>2R

- (B2 20 e s

[ o B )

Writing the above inequality in terms of energy and gradient, we get

0/ Viee(t) < 4(N(p = 1) = 7) Eluo] — (2(N(p — 1) = 7) — 4) /RN [Vul*dz (3.106)

+ﬁ |u|2dx+cl/ (25 s juP)ufP de (3.107)
R<|z\<3R |z\>2R

/RN /RN (1 " al (%)) e Txyzh;ﬁ)_'jﬁ(y)'p ddy.

(3.108)

The second term in the expression (3.107) can be estimated as

v |ull? by,  (Holder’s)

N+~
|z|>2R

/| o (O el S 1O
x|>2

|z\>2R L

N ||U||2psz (Lemma 2.3.1)

L N
|lz|>2R
1 N( 71) v N(pJ]rvl)H .
S oo IVulle ¥ lull. (radial Sobolev).

(3.109)
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We rewrite the integral in (3.108), using symmetry, as follows

/RN /RN (( o (%)) . (1 4 (I?A)) y) (« —|j)_|uy(ﬁv)|_pv|32(y)lpdxdy’

(3.110)

which can be broken down into the following regions (observe that the integral vanishes

in the region |z| < 2R);
e Region I: |z| =~ |y|. In this region we have
|z| > 2R, |y| > 2R.
Observe that

(o () e () v

We estimate (3.110) in a similar fashion as (3.109) to obtain

X] |>2R’U 1 N(p—1)—v N(p+D+~
/] |NvW»R'“@)"’dxdyﬁwaulipN lull2
N

(3.111)

e Region II: max{|z|, |y|} > min{|z|, |y|} and max{|z|, |y|} > 2R. We consider

two cases:

— Case (a): |z| < |yl = |z —y|, |y| > 2R and |z| < 2R. In this case (3.110)

becomes

1
| | = el o) s,

since using the triangle inequality and the definition of ¢, we have

(- () (e ()
(v (5) - o (1)

Syl =z -yl
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since 1 — %(b’ (%) < land 1 — ﬁ(b’ (%) > 2. Again using Holder’s

inequality, Lemma 2.3.1 and radial Sobolev as in (3.109), we bound the above
integral by

—-1)— N(p+1)+y

1 ol
N ||u||L2 N (3.112)

(N=1)(N(p=1)=~)
N

N
[Vaul|

— Case (b): |y| < |z|] = |[x —y|, |z| > 2R and |y| < 2R. This case is

symmetric and treated with a similar argument as in Case (a).

Combining (3.109), (3.111) and (3.112), we get

02 Vioe(t) <8(se(p — 1) + 1) Elug) — 4s.(p — 1)/ |Vul? + %/ |u)?
2R<|z|<3R

RN
C N(Pyvl)*“/ N(pEIH"/
+ —wwen 1Vull: ™ llullz
N

Using Young’s inequality to separate the L? norm and gradient term in the last term, we

obtain

afwoc(t) <8(se(p—1) 4+ 1)Efug) — 4s.(p — 1)/ |Vu|2 + %/ |u|2
2R<|z|<3R

RN
C(G N) 2(N(p_+l)+“/)
+ e[| Vullfz + —mnmpmy el 7
R NG-pt+

Multiplying the above expression by M [u,]’ and using the similar argument as in the case

of finite variance, we get

M)’ 0} Vige(t) <8(se(p — 1) + 1) MTuo)’ Elug] — (4se(p — 1) — ) [Ju]| 72 [ Vul[72

c c(e, N) 2EEED1T) 4 og
+ 2l + e el 27
R N@B-p)+v

which can be re-written as

C
M[u0]983WOc<t> S 4sc<p - 1)(1 - 51)M[Q]6||VQ||%2 + ﬁ”“”?’;%

~ (5.~ 1) — 1L+ B)MIQLIVQIE: + —cit Ll
cp ? L2 2= DN (p-D-y 11112 :
R N(3—p)+v
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Choose
4s.(p — 1)(61 + 92)

O<e< 150,

and R = R(e, 01, N, p,~, M[uyp]) large enough to obtain
[U‘O] a ‘/lOC( ) _C(E N Py Y )7
where c(e, N, p,v) > 0, implying that the maximum interval of existence [ is finite. [

The following lemmas provide some additional estimates that will be needed for the com-

pactness and rigidity results in Section 3.4-3.5.

Lemma 3.3.2 (Comparison of Energy and Gradient) Let ug € H'(RY) satisfy (3.92)
and (3.93). Then

30<p - 1)

1
2 2
ooy 3l Ve < Bl < IVl (3.113)

Proof. The second inequality immediately follows from the definition of energy. The first

inequality is obtained by using Lemma 2.8.1, (3.94) and (2.136)

1 Con s 2(p—1)
Bl 2 190l (1= 2 (19l ) )
1 Can 2(p—1)
2||Vu||L2 RN) (1 - <||VQ||L2 RN) ||Q||L2(RN)> )
_ s(p—1) 2
— 2(8(]9 _ 1) + 1) ||vu||L2(RN)7

as desired. [

Lemma 3.3.3 (Lower bound on the convexity of variance) Let uy € H'(RY) satisfy

(3.92) and (3.93). Then for allt € R

16E[u] (1 — (ME[u])*P~V) < (||Vu\|%2 - w Z(u)) . (3.114)
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Proof. Multiplying the first inequality in (3.113) with M[u]?, where § = lg—jc, dividing it
by ||VQHL2 RN Q1% 2(rwy and using (2.135), we get

IO | V0O gy M1 B
Q12 [VQ oy~ MIQPEQ)]

which implies that G[u(t)] < vV ME. Applying (2.126) to the virial identity and using

Glu(t)]]* =

= MEu],

(2.136), we obtain

dp—1)+1
8 (190w, ~ =252 20 ) 2 81Vulagen, (1 - G1uto)]

2sc(p—1)>
p

= 8||vu||2L2(]RN) (1 - (MS)SC(P—l))

> 16E[u] (1 — (ME[u])**~Y),
where the last inequality follows from the second inequality in (3.113). O

Lemma 3.3.4 (Existence of wave operators) Suppose " € H'(RY) and

25.(p—1)+2
+ 292 \V/ + 22 < 2 (

1
for some 0 < 1 < (%) * < 1. Then there exists vy € HY(RY) such that v(t),

) MIQI’E[Q)] (3.115)

solving (1.1) with initial data vy, is global in H'(RY) with

1
ol Z2IVo®ll2 < QU IVQNL2,  Mlv] = 1471172, Elv] = SIVeT 7

and

|v(t) — T — 0 as t — oo.

Moreover, if || | g g0y < 0, then
lvoll e < 217" Mg and Nvllgieey < 2™ g(gee)-
Proof. We consider the integral equation

u(t) = "Byt —i / A (|2] W=7 s ulP) JulP~2u) (') dt, (3.116)
t
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which we would like to solve for all ¢. Note that for 7' > 0 by Theorem 3.2.1 (small
data theory) there exists & > 0 such that [|e"2¢™ || g fruc.(,00)) < 0. Thus, we solve the
equation (3.116) in H' for ¢ > T with T large. Estimating (3.116) in S(L?) for t > T,
we obtain
IVollszaqroon S 1€ Ve lswarooy + IVIQ - 7Y% o) [0l 0]l 2 oo
2(p—1
< s + 0125 190 lsw oo
. : 2(p—1
Taking T sufficiently large so that ||UHS((pHSc);[T,oo)) < L we get | Vollgrzmoo)n S 2[00 || g

Using the above inequality, we obtain in a similar fashion,

v (U — eimlﬁ) | se2m00) < [IVI(] - |~ [0P) |0 |P~20] || 512, T 00)

2(p—1
< ol oo | VOl (22 7,000
<l i,

hence, ||V (v — €™ ¢T) ||lsz2m00) — 0as T — oo. Since, by Theorem 3.2.4 (H'
scattering), we have v — e®®1)* — 0in H' as t — oo and the decay estimate together
with the embedding H'(RY) < LY(R") with ¢ < 2% for N > 3, ¢ < oo for N = 2

and ¢ < oo for N = 1 implies

Z(eB) S (| Byt oy < |7 0T,
LN+y
thus, Z (e™¢*) — 0in L3 as t — oo. Since limy_, o0 [0(8)][ 1 = | VO* ||, we
have
El] = 21VolZ — = [ ("N« o) o da
2 L= op
1 . 1 ) )
_ tlirgj <§||V€ZtA¢+H%2 _ 2_p / (|:L.|—(N—7) * |eztA¢+|p) |€ztA¢+|p)
1
= SIVerI
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and M[v] = Jim |e"24T[|2, = ||¢rT||2,. Note that by (3.115) we now have

MIPED] = 3ot AIveE < (22022

and by our choice of ;1 we conclude that M [v]? E[v] < M[Q]? E[Q]. Moreover,

) yiarea

lim [[u() 22 Vo@)[7: = W T2 1Ve Tz

o [25.(p—1)+2
SM( se(p—1)

= 12| QIIZIVQI:,

) wiarei

where the inequality is due to (3.115) and last equality is from (2.136). We can take
T > 0 sufficiently large so that ||v(T)||%.||Vu(T)||r2 < u||Q[1%2:(|VQ|| 2. Since p < 1,
by Theorem 3.3.1 (global existence of solutions), we evolve v(7") from time 7" back to
time 0 and obtain v with initial data vy € H' for all time ¢ € [0, 00) with the desired

properties. [

3.4 Compactness

3.4.1 Roadmap

To characterize the behavior of global solutions to (1.1), we must show that if MEJu] < 1
and G[ug] < 1, then the global-in-time H* Strichartz norm is finite, i.e., ||ul| S(irse) <
oo. This would imply that ||Vu(t)||zz < C, and thus, I = (—o00,00). For complete-
ness we provide the blueprint below, which is derived from the works of Holmer and
Roudenko [HRO8], Duyckaerts, Holmer and Roudenko [DHRO08] for the 3d cubic nonlin-
ear Schrodinger equation and Kenig and Merle [KMO6] for the energy-critical nonlinear

Schrodinger equation.
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First Stage: Small data theory

Using Lemma 3.3.2, we have

se(p—1)
2p—1 25c(p—1) 2p se(p—1)
ol < (ol 1V 122) <<p—1) (M Blu]) "

2/sc
If Glug] < 1 and MEu] < (%) m, then from the above inequality, we obtain

itA

|luol| gse < 054, Which by Strichartz estimates gives ||e

wo| s(irse) < €0sq. Therefore,
Theorem 3.2.1 (small data theory) implies that there exists a § > 0 such that if G[ug] < 1

and ME[u] < 4, then T* = +o00 and ||ug|| 5. < 0o. This gives us the basis for induction.

Second stage: Construction of critical solution (via induction on scattering threshold)
Let (ME). be the supremum over all § > 0 for which the following is true:
“If ug € H*(RY) with G[ug] < 1 and ME[u] < & such that § = §(M[Q]'*E[Q]*),

then 7" = +o0 and ||

frse < 007

If (ME), = 1, then we are done, since () (soliton) does not scatter. So, we assume
that (ME). < 1. This implies (by definition of (ME),) that there exists a sequence
of solutions {u,} to (1.1) with initial data u, o € H'(R") that approach the threshold
(ME), from above but do not scatter, i.e., there exists a sequence u, o € H'(RY) such
that

Gluno] <1 and MEuy 0] \( (ME), as n — o0

for which [Juy || g5y = +00. Using the profile decomposition (Theorem 3.4.1) on the
sequence of initial data {u,, o}, we prove the existence of an H' solution u,. to (1.1) with

initial data u. o such that
Gluco) <1 and MEu.] = (ME),,

i.e., it lies exactly at the threshold (ME)., but u. does not scatter (Theorem 3.4.3).
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Third stage: Localization of critical solution (setting the premise for rigidity theorem)
The critical solution u.(t), constructed in the second stage, will have the property that
K = {u.(t) | t € [0,00)} is precompact in H*(RY) (Proposition 3.4.6). This will allow

us to show that for a given € > 0, there is an R > 0 such that

/ |Vu(z, t,)*dr < e
e+ ()| >R

uniformly in ¢ (Lemma 3.4.7). Together with the zero momentum hypothesis (Lemma

3.4.8), this controls the growth of path z(¢) (Lemma 3.4.9).

Final Stage: Rigidity theorem (Theorem 3.5.1)

Appealing to this uniform localization and control of x(t), we invoke the Rigidity
theorem, which leads to contradiction that such compact solution in H'! exists unless it
is a trivial solution, which scatters. Therefore, the assumption (ME). < 1 is not valid,
concluding the proof.

We now fill in the necessary details.

3.4.2 Profile decomposition

Theorem 3.4.1 (Linear Profile decomposition) Let ¢,,(x) be a uniformly bounded se-
quence in HY(RY). Then for each M € N there exists a subsequence of ¢,(x) (also
denoted ¢,,(x)), such that, for each 1 < 7 < M,

1. there exist, fixed in n, a profile v/ € H'(RY),

2. there exists a sequence (in n) tJ, of time shifts,

3. there exists a sequence (in n) xJ of space shifts,

4. there exists a sequence (in n) WM (z) of remainders in H'(R"), such that

M

bale) = Y APz — 2d) + W (x) (3.117)

=1
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with the properties:

o Pairwise divergence for the time and space sequences. For 1 < k # j < M,
lim [# — %] + |27 — 2%| = +oo0. (3.118)
n—oo

o Asymptotic smallness for the remainder sequence

lim (hm ||eitAW7]lV[||S(HSC)> —0. (3.119)

M—o00 \n—o00

o Asymptotic Pythagorean expansion. For fixed M € N and for any 0 < s < 1, we

have

2+ W

M
Il e = > 17] 2.+ 0,(1). (3.120)

j=1
Proof. Since ¢y, is assumed to be uniformly bounded in H', then ||, || g1 ryy < C4, for

some positive constant ;. Note the interpolation inequality

1-0

lollzgzs < ol?,

[
Lo L 7 2ee

Ark

Th(N—2s—an and

where (g,7) is any H* admissible pair. Let 7 = kr for k > 1, § =
0 = M&% so that (G, 7) is also an H* admissible pair for 0 < s, < 1 with

0 < 6 < 1. By this inequality and Strichartz estimates we get

1-6

[ WM gy < W52 gl

AWM 6 (3.121)
L

Lﬂ]j\’*ZSC

Our aim is to write the profile as ¢,(z) = Zj\il e~ (z — 23) + WM (z). Since

WM ey < C1, thus, by (3.121), it is sufficient to show that
lim (lim sup || AWM | o ) = 0. (3.122)
M—o00 n—o00 LfOLéV_QSC

We start with the construction of 1. Let

Ay = limsup ||, || o
n—+oo Lo LN —2se
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If A; = 0, taking ¢/ = 0 for all 1 < j < M completes the construction. Indeed, for an

arbitrary H* admissible pair (¢, ) we have

6 0ulizns < clonls? o lanl?
LN
since A; = limsup,, |, || 2y = 0, we have limsup,, [|¢"* ¢, | g5, = 0 and

?QL‘/;Nstc

we can take ¢/ = 0 for all j. Suppose now that A; > 0 and Cy = limsup,, ||én || @y <

co. Extracting a subsequence from ¢,,, we show that there exist sequences ¢}, z. and
P! € HY(RY) such that en2 ¢, (- + z}) — 1) weakly in H'(R") and
N—QS%
AQSCU*SC)
K[ e = (3.123)
01250(17—50)

where K > 0 is a constant independent of all parameters. Let x be a radially symmetric
and real-valued function such that 0 < y < 1, x(§) = 1 for |{| < 1 and x(§) = 0 for
€] > 2. Given r > 0, define x, by x;(£) = x(&£/r). From Lemma 2.3.2 and the fact that

e is an isometry in H*:, we have

HeitA¢n — Xr ¥ eitA¢nHiooLN2—1¥sc < CHeitA¢n - Xr ¥ eitA¢”“%foHﬂsﬂc
t x

SO/HMG—@@ﬂ@@F%

= 0/ €[22 1E 2 o (€) [Pl
€[>
C cc?

2
< r2(1—sc) ||¢nHH1 =< r2(1—sc)’

Taking

;e (4*/501> h (3.124)

A

and using the definition of A; along with the triangle inequality, for large n, we have

; A
¢ * €2, || = (3.125)
L

?OLZ{\/72S - 2
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Performing an interpolation gives

e % €™ 0allN oy < e € P pul VB e * €203
?OLIN*2SC t T t T
<O |xe % €00l T8 e (3.126)

where the second inequality follows from the fact that |y,.| < 1, L? isometry property of
the operator e~ and the fact that C; = lim sup,, || &, || 1@~y < 0o. Therefore, combining

(3.125) and (3.126), we get

N
‘ A 2s¢
[|xr * €ZtA¢nHLt°°Lg° > <—lesc ) :
20,

Let there exists sequences ¢!, z! such that for eachn € N

N
1 A, Ze
25 — s
20, ¥

Xo ¥ €2, ()

or, equivalently

2&
1 A e ,
5(—%g> SL/XM%—MW“%@W4 (3.127)
20, ™ R
Since e®2 is translation invariant, i.e.,
(2 7o+ 0| = |eh (e p@))"| = [ Fay
and an H' isometry, (i.e., || ¢n(z1)||g1 = ||¢nllmr < C1), we consider the sequence

e“}@Aqbn(- + z1), which is uniformly bounded in H' (with the same constant as ¢,) and
passing to a subsequence it follows that en® ¢, (42! ) — ¢! weakly in H' with¢)' € H'

and || || g1 < limsup,, |||z < Cy. Therefore, from (3.127), we have

N

1 A Zee

1\ = <
20,

By Plancherel formula applied to the right-hand side of the above inequality, we obtain

N

1 Ay

Z N—_2sc S
20, ~

[tk =0t

[ etk = -

€ Gk~ P
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and Cauchy-Schwarz to the rightmost term in the above inequality gives

_N_
1 Ay Ze
i\ === < x|l s
20,

< CJ; 2 p=2se p)N=1dy < Cr* 5%, here we have used the same radius

Since [[xr[3;-.. <

chosen in (3.124), which implies

QL
1{ 4 |
||77D1| H‘SC Z Z ( N255> N—2s¢ °
20, ™ Cr=

1

Therefore, injecting (3.124) into the above estimate yields (3.123).
Now, define W!(z) = ¢, () —e A4 (z—x!). Since en2p,, (- +z)) — 9! weakly
in H', it follows that ¢/= 2TV — 0 and (¢, e 21) . = (e, 1) s = |12

Tre = ol — [197]

Moreover, |V}

%+ asn — oo, which with s = 0 and s = 1 implies
HW$HH1 < (.

Next, we construct 1) for j > 2. We construct the functions ¢’ inductively by assum-
ing that 1)7~!"s are known. Let M > 2. Assuming that 1)/, 27, tJ and W/ are known for

1 <5< M —1, we consider

itAWT]LW—lH . Nz_gfs )
L; ¢

Ay = limsup ||e
If Ay, = 0, then we take 1/ = 0 for j > M as in previous step. Assume A,; >
0. Applying the previous step (construction for ¥!) to the sequence W~!, we obtain,

sequences =, t and a function ¢™ € H* such that efn' AWWM-1(. 4 g M) )M jn [

and
N—2s2
A256(1756> )
KoM oo > “2M, where Cy = limsup [|e®™ WM 1. (3.128)
01‘2450(1*56) n

We define WM (z) = WM-1(z) — e~ita'2pM (1 — 2M) We show (3.118) and (3.120)
holds by induction. Assume (3.120) holds for A/ — 1. Expanding

2

Fre = 1AW ) — M (@)1

Hs

P [ U G|
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and using the weak convergence, we obtain (3.120) at M/. Assume now that (3.118) holds
for j,k € {1,...,M — 1} with j # k. Let 1 < j < M — 1. We will show inductively

that [tM — tJ| + | — 29| — +o00 by assuming that
e A e 1 e e T e e B e ]

Suppose, passing to a subsequence that t» — tJ — tMi and 2M — 23 — 2™i finite. Note

that
eit%AW%A(x + M) = IR T <€it%Aijl<:L, tad) =iz + x%))

— Z e' Aw (z + 2 —2™).

k=j+1

By (3.118), the above summation term converges to 0 weakly in H' as n tends to infinity
and by the definition of 7=, we have e W31 (.42 ) — 1 in H', which implies that
the other term on the right-hand side of the previous expression goes to 0 weakly in H! as
well as n — +o0, while the left side converges weakly to a nonzero ¢ by the definition
of WM=1 which leads to a contradiction. Thus, we deduce that [t} —#J | + |2} — 27 | —
~+oo for k = M, which shows that (3.118) must hold for all M. Finally, we show (3.119).
If for all M, Ay > 0, then for a fixed s, by (3.128)

N—QSE
AJ2\/;C(1_SC) M2 2
S M < S < i (9l < oo,
M>1 KOECU*SC) n>1

where the second inequality follows from (3.120). Therefore, Ay, — 0 as M — oo,
i.e., (3.122) holds. Combining (3.122) with (3.121) implies (3.119), thus, completing the

proof. [

Proposition 3.4.2 (Energy Pythagorean expansion) Under the assumptions of Theorem

3.4.1, we have

ZE [e—“"%]] + E[WM] + 0,(1). (3.129)

7j=1
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Proof. By the definition of energy, E[u], and (3.120) for s = 1, it is sufficient to establish
forall M > 1,

M

Z) =32 (e—imwﬂ') +Z (WM +0,(1), (3.130)

Jj=1

where Z(u) = [on (|2]7V =7 % [ulP) [ul.

Step 1. Pythagorean expansion of a sum of orthogonal profiles. We show that for M > 1

fixed, the orthogonality condition (3.118) implies

M M
Z (Z e d (. — a;zl)> =3z (e—iﬂ%%ﬂ‘) +0,(1). (3.131)
j=1

j=1

By rearranging and reindexing, we can find M, < M such that

e For 1 < j < Mj, we have that #/ is bounded in n.

e For My + 1 < j < M, we have that |t/ | — oo as n — oc.
Passing to a subsequence, we may assume that for each 1 < j < M, #/ converges (in n),
and by adjusting the profiles ¢’’s we can take ¢/ = (. Note that either for 1 < k < M,

we have tf — 0 or for My + 1 < k < M we have [tf| — coasn — oco. Soif tF — 0,

then from (3.120) we have |2/ — 2| — oo as n — oo, which implies

Z (i (- — le)> = ZO:Z (¥7) + 0 (1). (3.132)

Np-—1)—y

Now if |t#| — co as n — oo, for a functiont) € H~ 2 QL%I, by Hardy-Littlewood-

Sobolev, Sobolev embedding and L? space-time decay estimate, we obtain

o » y _Ne-n
7 (6 ztnAwk> 5 ”6 Zt"AwkHQpM 5 HW“ . ¢|‘ N1y + ‘tm 2(p+1) ||¢H prl .
LN+y H L

2p

~ : N(p—1)—vy
Approximating 1/* by ¢ € C5° in H 5 and sending n — 0o, we obtain

lim Z (e*“ﬁ%’v) < lim [e AR,y = 0. (3.133)
n—-+o0o n—-+0o L NTy
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Thus, combining (3.132) and (3.133) together yields,

M _ Mo M .
Z(ze—itmw> _ Z(ZW I Z e—itiij)
j=1 i=1

Mo M j".JZOH M R
— J —ith A, g — —ith A, )]
Z(jzlw ) +j:;o+lz (e Y ) + 0,(1) ]le (e Y ) + 0,(1),

which is the right-hand side of the expansion (3.131).

Step 2. Ending the proof. Note that

g e g e e e ol

Loyt Lo LY ~2se oo NF1-20=50)

2
W
LN

Np
v

<EBWMP oy [EBWME L < JESWHMP oy sup 6l
o'} —<Sc ooLIN*QSC n

t x t

Since % — L7 ,1.e., < , N > is an H* admissible pair, by (3.119), we get

lim (hm WM QNP) 0. (3.134)
M—+o0o0 \ n—+o00 +v

Let M > 1 and € > 0. Note that {¢,, },, is uniformly bounded in L%, as it is uniformly
bounded in H'! by the hypothesis. Hence, by (3.134) {WM}, is also uniformly bounded

. . 2Np
in L~+v. Hence, we can choose M; > M and n, such that for n > n;, we have

1 Z(6n) = Z(¢n — W) + [Z(WRT = W) — Z(W,1)] (3.135)

Nty

CHIWLE 2vw (Supllaﬁnll%mvlp +sup||WMH2”zNIP>
LN+~

+ CHWrJL\/hHQpM <e,
LN+y
where we have used the triangle inequality to estimate
W, = WMle” I\WM!|2p2Np | < HWMlH%sz’
and by observing that a®” > a(a—0b)?~! together with the triangle inequality, we estimate

lfn — WM1||2p ||¢n||2p

2p—1
< (N = W20 ze = N6l g )16 — W75,

< WM o (sup||¢nu2%;p +sup||wM||2%;p) .
LN+~ N+

Nty
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Choose ny > ny such that for n > ny, by (3.131), we get
M _
Z(a —WM) =Sz (e*imwﬂ) ’ <e. (3.136)
j=1

Using the definition of W7, we expand W — WM to obtain

My ‘
W — Wit = Y e A (- — 1)

j=M+1

By (3.131) there exists n3 > ny such that for n > ng,

)Z(W,{” _ My i Z (e*imw) ’ <e. (3.137)

j=M-+1

Thus, for n > ng, by (3.135), (3.136) and (3.137), we obtain
M .
=3z (e Ay) — Zw))
j=1
=‘Z<¢n> = 20— W) + Z{n = W) Z Z (e7™207) + 2w - W)

M
Ny S 7 (e haw) — 2w — Wit

j=M+1

which implies (3.130). O

< 3¢,

3.4.3 Critical solution

In subsection 3.4.3, we study a critical solution of (1.1), denoted by u.(t). The main
ingredients are Theorem 3.4.1 and Proposition 3.4.2 (proved in previous subsection) along

with Theorem 3.2.5 (long time perturbation theory).

Theorem 3.4.3 (Existence of critical solution) Let 0 < s. < 1. There exists a global
solution u.(t) € H'(R™) of (1.1) with initial data u.n € H*(RY) such that ||ucol/2 = 1,

(ME). < 1, where (ME), = % Gluc(t)] <1 forall 0<t<+oo,and

el g frse) = 400 (3.138)
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Proof. We consider a sequence of solutions u,(t) with corresponding initial data w,, o
such that G, (0) < 1 and ME[u,] \, (ME). as n — +oo. Each u, is global and non-
scattering i.. ||un g5 = +00. Without lost of generality, rescale the solutions so that
[unollze = 1, thus, [|Vugollz: < [Q7:VQ] L2 and ME[uy] N\ (ME).. Applying the
linear profile expansion Theorem 3.4.1 to u, o (which is now uniformly bounded in H*),

we have

M .
Uno(z) = Z e AW (1 — 20) + WM (). (3.139)

j=1
By the energy Pythagorean expansion (Proposition 3.4.2), we have
EW,"]
<o MIQIB[QP  noroe MIQI BIQJ
E[un,O]

= (M&).,

and since by Lemma 3.113 (comparison of gradient and energy) each energy is > 0,
E[e 7] > ¢(N,p,7)[ V|12 > 0, (3.140)

we have that

. E[e—it%ij} .
nl_lgloo MQI" ~B[Q] < (ME). V5. (3.141)

Also, for s = 0 in (3.120), we have

M
Do+ i W <t funalf: =1 (3.142)
]:

This implies that

M
D )z <1 (3.143)
j=1

Again, Pythagorean expansion (3.120) for s = 1 yields

M
SO IV e+ lim VW < lim [ Vunlfe < [QIBIVQIE: (G144
j=1
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thus, we have

IV 2 < (1Q%2]|V Q|2 (3.145)

Similarly, for all M € N we get

i (W2 <1 and lim [Vl < QUL IV,
and for large n
EW,"] > 0. (3.146)

Consider the sequence {t/ } given by Theorem 3.4.1. Combining (3.143) and (3.145), we

get
e 80 || 2| Ve 247 || 2 < (|Q)1 52 VQl| - (3.147)

Now for each ¢/ € H' by applying Lemma 3.3.4 (existence of wave operator), we ob-
tain a function {bvj € H', which we say is the nonlinear profile (corresponding to the
linear profile ¢7). Set ¢/ = NLF(#)(e~"247) such that NLF(—# )¢/ = e~hAy. We
consider two cases:

Case I: |t}| — +oo. If |t]| — +00, we have ||e_“ﬁAz/1kH2p]2vNTp — 0 as discussed in
Proposition 3.4.2, and thus, using (3.141) o

L[ N7Vl

> MOPED] < (ME).. (3.148)

se(p—1)+1

Sc/2 )
< 1, there exists
Sc (P_ 1)

By Lemma 3.3.4 (existence of wave operator) with w = (

¢! € H'(RY) such that

MG = M) and Bl = VeI, (3.149)

[ VNLE(t) 9|5, S 1QL5%, (3.150)

S
L2

Pl < Ive
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and
INLE(—#7 )97 — e 897 || ;1 — 0. (3.151)

Since M[17] < 1, using (3.148) and (3.149), we obtain ME[1)7] < (ME).. Therefore,
the definition of (ME).. together with (3.150) implies that

INLE(—t)3 | g e < +00. (3.152)
Similarly, if |/ | — —oo, Lemma 3.3.4 (existence of wave operator) yields
INLE(t])i — "4 — 0 and  [NLE(O)$ ][5, < +o0c.

Case 2: tJ is bounded (as n — oc). Adjusting the profiles ¢/ we restrict it to the case
7 = 0. Thus, (3.118) reduces to |27 — z¥| — +00 as n — oo and continuity of linear
flow in H? leads to e =297 — 1 strongly in H' as n — oc. In this scenario, we can
simply let
§7 = NLF(0)e 297 = 4.
Therefore, in both the cases, we have a new nonlinear profile Jj associated to each origi-
nal linear profile v’ satisfying (3.151) and (3.152). The idea now is to apply a nonlinear
flow to ¢, (z) and approximate it by a combination of “nonlinear bumps”, i.e.,
NLF(¢)¢ ZNLFt—tﬂ)W(a;—aﬂ)
j=1
To carry out the argument, we introduce the nonlinear evolution of each separate initial
condition u,, o = @y:

Un(t) = NLE(t)é () = NLE(t)t 0,

the nonlinear evolution of each separate nonlinear profile (“bump”):

v/(t) = NLF(1)¢”,
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and a linear sum of nonlinear evolutions of those “bumps’:

M
Un(t, ) = Zvj(t —t x—al).
j=1
We now think of u,, o = ¢, as a sum of nonlinear bumps Jj and wu,(t) is a nonlinear
evolution of their entire sum. On the other hand, w,(¢) is a sum of nonlinear evolutions

of each bump and we want to compare wu,,(t) with w, (¢). Also, note that if we just had the

linear evolutions, then both w,,(¢) and w,,(t) would be the same. Thus, w,,(t) satisfies
i(un)e + Aup, + (‘x’_(N_V) * ’un|p)’un’p_2un =0,
and w, (t) satisfies

i(Un)e + Al + (Ja| "N 5 @) [P ~?0, = €

where
M
et = ([~ s [ ) [ P20 — > (Ja TN s o (= 8, — 2 P) o7
j=1
We also define
WM =wM 3 (e—“%%j (z — 27) — NLE(—# )¢/ (z — xg;)) , (3.153)
j=1
and using (3.117) we write
M o~ —_—
tno = > NLF(=6)0 (x — z}) + W, S
=1

such that u,, o—u(0) = Wé” . Applying triangle inequality together with (2.3), we estimate

M
Hez’tAWT]L\/[HS(HSC) < HeitAW/r]LW“S(HSC) + Z ”e*it%Ad}J’ — NLF(—tzL)ijHl.

j=1
By (3.151) and (3.119) we have that
: : HATTZM | _
]\/llgnoo (Jg&”e w ||S(HSC)> 0. (3.155)
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We now approximate u,, by u,. Then from the Theorem 3.2.5 (long time perturbation
theory) and (3.152) it follows that for n large enough, [|u,||lg(ge.) < +o00, which is a
contradiction, since u,, is non-scattering. We assume the following two claims, which we

prove later.

Claim 3.4.4 There exists a constant A independent of M, and for every M, there exists

ng = no(M) such that if n > nq, then HﬂnHS(HSc) < A

Claim 3.4.5 For each M and € > 0, there exists ny = ny(M;€) such that if n > ny, then

||gnM||S’(H*SC) <e

By (3.155), for any € > 0 there exists M; = M;(e) sufficiently large such that for each

M > M, there exists ny = ny (M) such that n > ny implies

€2 (1 (0) = un(0)) | g(700) < €

Thus, if the Claim 3.4.4 and Claim 3.4.5 hold true, using Theorem 3.2.5 for sufficiently
large M and n = max(ng, n1,n2), we obtain [|un || gps) < 00, a contradiction, since
U, 1s non-scattering. Now there are two possible scenarios in the profile decomposition
(3.154):

Scenario 1: More that one 97 # 0. By (3.142), we must have M [e‘it“@j] < 1 for

each j, which by energy decomposition, for large enough n yields

MINLF(t)7])' = EINLE(t)¢9]*c M)\ B[] ~
M[Q]'*E[Q]* - M[QIE[Q] MEW] < (ME)..

Now, since ||[NLF()¢? (- — 23|l s(rsey < 400, the right-hand side of (3.154) is bounded

in S(H*). By (3.155), we conclude that INLE(¢)tn0l grse) < +00, which is a contra-
diction.

Scenario 2: Suppose ¢! # 0 and ¢ = 0 for all j > 2. Hence, we have

Upo = NLE(—t)))" (z — z1) + W}
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with

M <1, ME['] < (ME)., and lim [[**(O)W, 5., = 0.
n—-+00

Let u,. be the global solution to (1.1) with initial data u.o = Vlie., u(t) = NLF(t)Jl.

Assume by contradiction that [|ue||g(ss) < +00. Let u,(t) = NLF(t — t1y¢!, then

[T ()| 575y = INLE(E = £2)8 (| g1se) = lltellgzzoe) < +00.
Therefore, using the long time perturbation theory with e = 0, we deduce that ||w, || g ey <

00, which is a contradiction, since by construction u,, is non-scattering. It only remains

to establish Claims 3.4.4 and 3.4.5.
Proof of Claim 3.4.4: Let )M be large enough so that

e AW g s7se) < Osa-

Then by (3.151), (3.153) and (3.119) for each j > M,, we have ||e“A¢J||S(HSC < Osds

and by Lemma 3.3.4 (existence of wave operator), we obtain

10 | sgreey < 201207 (300) for 5 > M.

Note that the pair (%f,]i;’i), %{;ﬁg) is H*e admissible. Hence, we have

2(N+2) 2(N+2) 2(N+2)
~ N—2sc N—2s¢ N—2s¢
||un|| 2(N+2) 2(N+2) E ||U “ 2(N+2) 2(N42) + g ||U || 2(N+2) 2(N+2) -+ Ccross terms
LtN—QsC LN—QSC LN 2s¢ LN 2sc¢ M0+1 LN 2sc¢ LN 2sc
2(N+2) 2(N+ ) A 2(N+2)
§ J|| N-2s S § 7 j N 2sc
< ”U ‘ 2(N-QL—2) 2(N+2) + ~2se ||6 77Z) 2(N+2) 2(N+2) + Cross terms.
—SFL N—2sc Mo+1 —scL—sp
(3.156)
On the other hand, by (3.117) we have
2(N+2)
itA N—2s¢
"= ¢n| 2(N+2) 2(N42)
L N—2s¢ L N—2s¢
A 2(N+2) A 2(N+2)
_ it ] N—2s¢ it j N —2s¢
2 :He ¢ 2<N+2 2AN+2) + E He ¢ o(N+2) a(n42) T Cross terms.
N—2s¢ L N—2s¢ M()-‘rl LN 2s¢ LN 2sc¢
(3.157)
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By (3.118) and taking ny = ng(M) sufficiently large, we make the “cross terms” < 1.

Since || ¢, || 2xvv2 2vi2 < ¢||@ullgee < 1, (3.157) implies that the second term
LtN72sc LIN72SC

on the right-hand side of the above expression is bounded independent of M provided

n > ng. And, thus (3.156) gives that ||un|| 242 2N42) is also bounded independent of

t N—2s L N—
M provided n > ny.
Similar argument proves that |[u,|| 2y is bounded independent of M provided
t
n > ny. Interpolation between these exponents gives that Hun|| 173 is bounded

,Sc LN
independent of M provided n > ny. Finally, by applying Lemma 2.4.6 to the integral

equation of i (ty, )+ Aty + (||~ = %2, |P)|@, [P, = € and using ||€%||S,(H,Sc) <e
(see Claim 3.4.5), we obtain that ||ty | (g is bounded independent of M for n > n.

Proof of Claim 3.4.5: Recall that (W e ) is an FI =% admissible pair. Then

2p

M
H 2Np
(1 ?()(217 D 2Np=N=v

1€ vy < IIen

Observe that expansion of ¢/ consists of cross terms of the form
M M M
Do D (TN I (= )P) [0 = )P — 1),

where all of j, k£ and [ are not same. Assume, without loss of generality, that k£ # [, and

thus, [tF — ¢! | — oo as n — +00. So, we estimate

([~ [ (= E)P) [0 (2 — ) [P0 (8 — )] 2p

(1 8c)(2p 1)L2Np N—v

J kiy  pkN|p—2, L+ 4
< ||U ||L£E%CL5]L+Z ”|U (t tn)| v (t tn)HLt(l,Sf)p(prLI(N+2WJ¥(Z;*1) .
2p 2Np

Since both v* and v* belong to L;~* LY, then

et = (8 = )P O] = avp = 0.

Lt(l_SC)(p_l) L£N+w)(p—1)

This gives Claim 3.4.5, which completes the proof of Theorem 3.4.3. [
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We now prove the precompactness of the flow associated to the critical solution ..

Proposition 3.4.6 (Precompactness of the flow of the critical solution) Assume u. asin

Theorem 3.4.3. Then there exists a continuous path x(t) in RY such that
K = {uc(- —x(t),1) | t € [0,00)}
is precompact in H" (i.e., K is compact in H").

Proof. Take a sequence t,, — +00; we want to show that u.(t,) has a converging subse-
quence in H'(RY). Note that if {t,} is bounded, we may assume ¢, converges to some
finite ¢* and by the continuity of the solution in H'(RY), we get the desired result. Let
¢n = u.(t,) be a uniformly bounded sequence in H!(R") in linear profile decomposi-
tion (Theorem 3.4.1). Thus, by Theorem 3.4.3, there exists profiles {va , time sequences

t7, space sequences 27 and an error W such that
M ~ —_~
ue(tn) =Y NLF(=t))¢? (x — i) + W (x) (3.158)
7j=1

with |tJ — tk| + |27 — 2%| — 400 as n — +oo for fixed j # k. By energy Pythagorean
expansion (Proposition 3.4.2)
M o~ —~
> B+ lim EW)] = Elu] = (ME).M[Q)'E[Q), (3.159)
n—-+0oo
j=1

since each energy is > 0 by Lemma 3.3.2 (comparison of gradient and energy), we have

lim E[NLF(~t)) (z — 2})] < (ME).MIQI“E[Q]" V.

n—-+0o

Also, for s = 0 in (3.120), we get

M
S MW (@ —ad)]+ lim MWM] = lim Mu]=1. (3.160)
j=1

n—-+o0o n—-+o0o
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We follow a similar argument as in Theorem 3.4.3 to show that only Scenario 2 holds,

i.e.,only ¢! £ 0and ¢’ = 0 forall 2 < j < M, so that
Ue(ty) = NLF(—t))g (z — 1) + WM (3.161)
such that

M) = Mu] =1 lim MENLF(—t) (@ —al)] = (ME)..  (3.162)

n—-+00

Using (3.159) and (3.160) along with (3.162), we get

lim MWM =0 and lim E[WM] =0.

n—-4o0o n—-4o0o

Therefore, Lemma 3.3.2 (comparison of energy and gradient) gives

lim |[WM|| ;0 = 0. (3.163)

n——+o0o
Now, we show that . converges to some finite #*. Since then e nAgl — ¢=i"AyL,
combining this with (3.163) and (3.161) implies that u.(t, ) converges in H'(R"). Thus,
for each n, select x(tL) =: z1 € RY such that u.(- — z(t%),tL) € K. Define x(t) be the
continuous function that connects x(¢}) to z(t} ) by a straight line in R". Suppose the
opposite happens, i.e., |t711| — 400, we have two cases. First, consider t}L — —o0. Then

applying nonlinear flow to (3.161), we obtain

INLE@)te(t)ll s o, 400 < INLE(t = 1,00 (2 = 23)Lgs15e:)0,400)

HINLEOW g5 0,400

Since ¢} — —o0, we get

INLE(t —t,)' (z — x711)HS(HSC;[O,+oo)) = |[NLF(t)¢' (z - mrlz)”S(HSC;[—t,}N—}-oo)) <

| Sa

Y

and by (2.3) along with (3.163), we get

INLE@W s gee) <

N S
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for 6 > 0 (given) for sufficiently large n, M. Thus,

INLE @)ue(tn) sgrse;i0,400)) < -

Choosing § > 0 sufficiently small, we obtain [u.[|g ..y < 26 (by the small data scat-
tering theory Theorem 3.2.1), which is in contradiction with (3.138). With the similar

argument, for n large, assuming ¢, — +o00, we obtain
INLE @)ue(tn) sgrse;(—o00)) < 0

and thus, Theorem 3.2.1 implies that [|uc(t,) | g7, < 26. Sending n — 400 in the

—00,tn])

above expression, we have ¢, — +00, thus, [Juc(t,)|g(ssc) < 20, again a contradiction.

Hence, ¢} must converge to some finite t*.  [J

Lemma 3.4.7 (Precompactness of the flow implies uniform localization) Let u be a so-

lution to (1.1) such that
K ={u(- —x(t),t) [ t €[0,00)}
is precompact in H'. Then for each € > 0, there exists R > 0 so that
/ |Vu(x, t)]> + |u(x, t)*dz < e (3.164)
|lz+z(t)|>R
forall0 <t < oc.
Proof. Suppose not, then there exists € > 0 and a sequence of times ¢,, such that

/ |Vu(;z,tn)|2 + |u(x,tn)\2d:v > €.
|z4x(tn)|>Rn

By a change of variables, we get

/ (Vu(z — 2(t,), to)|* + |u(z — z(t,), t,) Pdr > e. (3.165)
|z|>Rn
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Since K is precompact, there exists ¢ € H' such that, passing to a subsequence of ¢,,, we

have u(- — z(t,),t,) — ¢ in H'. Taking R = max,, R,, (3.165) implies
[ o+ o(w)de =
|z|>R
which is a contradiction to the fact € H'. Thus, (3.164) holds. [J

Lemma 3.4.8 (Zero momentum) Let u, be the critical solution constructed in Theorem

3.4.3 and assume (ME). < 1. Then Plu.) = Im [ 4.Vu.dz = 0.
Proof. Assume Plu,] # 0, then for some &, € R" consider the transformed solution
Uz, t) = ™10y (2 — &t t).

We compute

IVell7> = [6ol* M [uc] + 280 - Pluc] + || Vue]|7--

Observe that M [u.] = M|u.|, Plu.] = {&Mue] + Plu.] and
Bl = 56 Mlud +& - Plud + Efuc].

Choose & = — <l then P[ti,] = 0 and

M[UC] ?

P[“CF

IVl = 9l — s, Bl = Blud - s, M = M
Thus,
Oei ] — GU_M w5
MEG] = MBlu] = Lo 25 (Plud) > <1

and

Gliical*/* = Glucal™ — (Pl < 1.

By Theorem 3.4.3, ||uc|| g5y = +00, and hence, ||t.||g sy = +o0, which contradicts

the definition of u.. Hence, P[u.| must be zero. [
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Since now Plu.] = 0 (see Lemma 3.4.8), this implies that [ z|u.(x,t)|* dz = constant,

provided it is finite. Also, note that

0 2 .
a/x|u(m,t)| dx = 2N Plu).

We will adapt this with a localized version for a suitably large radius 12 > 0. To envelope
the entire path x(t) over [T, 1] the localization R should be taken large enough over the
same interval [T, 77]. We can use the precompactness of the translated flow u.(- — (), t)
and the zero momentum to prove that the localized center of mass is nearly conserved.
By the localization of u. in H! around () and the near conservation of localized center

of mass we constrain parameter z(¢) from going too quickly to +o0.

Lemma 3.4.9 (Control over z(t)) Let u be a solution of (1.1) defined on [0, +00) such
that Plu] = 0 and K = {u(- — z(t),t) | t € [0,00)} is precompact in H*, for some
continuous function x(-). Then

@ —0 as t— +oo. (3.166)

Proof. We argue by contradiction, i.e., suppose (3.166) does not hold. Then there exists a
sequence t,, — +oo such that |z(t,,)|/t, > € for some ¢, > 0. Without loss of generality

we may assume x(0) = 0. For R > 0, let
to(R) = inf{t > 0: |z(t)| > R},

i.e., to(R) is the first time when x(¢) reaches the boundary of the ball of radius R. By
continuity of z(t), the value to(R) is well-defined. Moreover, the following properties
hold: (1) to(R) > 0; (2) |x(t)| < Rfor 0 <t < to(R); and (3) |z(to(R))| = R.

Define R, = |z(t,)| and t,, = to(R,). Note that t,, > t,, which combined with
|z(tn)|/tn > € gives R,/t, > €. Since t,, — +oo and |z(t,)|/t, > €, we have

R, = |z(t,)| — +oo. Thus, t,, = to(R,) — +oo. This allows us to forget about #,, and

work on the time interval [0, 7,,] with following properties:
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L |z(t)| < R, for0 <t < t,;
2. |o(ta)| = Ras
3. % > ¢y and £, — +o0.

By the precompactness of K and Lemma 3.4.7, it follows that for any € > 0 there exists

Ry(€) > 0 such that for any ¢ > 0,

/ |Vul? + |u|?dx < e (3.167)
|z+x(t)|>Ro(€)

For x € R, let 0(z) € Cg,,,(R) be such that 6(x) = z, for -1 < x < 1, 0(z) = 0 for
2| > 2%, 10(2)| < |al, 0"~ < 4, and [|6]] 2 < 2.

Set ¢(x) = (0(x1),0(z2),...,0(xy)), where & = (21,29,...,2y) € RY. Then
¢(x) = z for |z| < 1and |||~ < 2. For R > 0, let ¢g(z) = Ro(z/R). Assume

zr : R — R¥ to be the truncated center of mass given by

aalt) = [ on(o)lul, ) s
Then
2 (1)]; = 2Im / 0'(x;/R) O;u adz
with (1) = ([ (0], [ )]s, - . . [£4 ()] ). Since & (z;/R) = 1 for |z;] < 1, the zero

momentum condition implies

Im Oju udr = —Im Oju udz,
lzj|<R |zj|>R

and therefore,
[2R(t)]; = —2Im dju udr +2Im ' (x;/R) Oju udx,
i[> R lz;|>R

from which we obtain

|2p(t)] < 5/ |Vul® + |ul*dz. (3.168)
>R
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Set R, = R, + Ro(€). Note that for 0 < t < t, and |z| > R,,, we have |z + x(t)| >

R, — R, = Ry(¢), and thus, by (3.167) and (3.168), we obtain
|25 ()] < 5e. (3.169)
Now we obtain an upper bound for z; (0) and a lower bound for zj ().

zﬁn<0>=:/Lkd%&)¢gncrﬂuocrn dx-+g/“ b5, (2)|uo(x) Pdz.

|z+2(0)|=Ro(e)

and thus, by (3.167), we have

25, (0)] < Ro(e)M[u] + 2Re. (3.170)
For 0 < t < t,, we write

(0= | op, @lute 0o + [ oa, (@)ue.t)ds,
lz+a(t)|<Ro(e) |z-+a(t)|>Ro(€)

To estimate the second term, we observe that |¢5 (z)| < 2R,,, combining it with (3.167),

we obtain

< 2fine.

/ 65, @)lulz O do
|z+a(t)|=Ro(€)

To estimate the first term, we first note that || < |z +z(t)| + |z(t)| < Ro(€) + Ry = Ry,

and thus, ¢ (7) = x. So, we rewrite the first term as

/ (w0 (e, O — a(0) [ e, )P

|z+a(t)|<Ro(e) |2+ (t)|<Ro(e)

:/ (x +z(t)|u(z, t)|*dx — 2(t) M[u] + x(t) / lu(x,t)Pdx
lz+2(t)|<Ro(€) |z+z(t)|>Ro(€)

=1, — 2(t)M[u] + L.

Observe that || < Ro(€)M[u] and by (3.167), |I| < |z(t)|e < Rye. Thus,

2, (O] 2 |o(t) [ M[u] — Ro(€)M[u] — 3Rye.
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Taking t = £,,, we get
2, (£2)| > Ra(M[u] — 3€) — Ro(e) M|u]. (3.171)

Combining (3.169), (3.170) and (3.171), we have

in
Set, > /0 |25 ()] dt >

in
/ 2y (1) dt
0

> R, (M[u] — 5¢) — 2Ro(€) M [u].

> |2z, (tn) — 25, (0)]

Dividing by ,, and using that R, > R, (assume € < %M [u]), we obtain

R, 2Ry(e)M
Be > —(M[u] — 5e) — 2Ro(e) Mu]
tn tn
Since R, /t, > ¢, we have
2 M
5e > eg(Mu] — 5¢) — M.

Take € = Mu]eo/16 (assume €y < 1), and then send n — +oo. Since ¢, — +00, we

obtain a contradiction. [

3.5 Rigidity Theorem

Theorem 3.5.1 (Rigidity) Let u be the global solution of (1.1) with initial data uy €
HY(RY) satisfying Pluo] = 0, ME[ug] < 1 and Gluy] < 1. Suppose

K= {u(- —x(t),1) [ t € ]0,00)}
is precompact in H'. Then uy = 0.

Proof. Let ¢ € C§° be radial, with ¢(x) = |x|? for |x| < 1 and 0 for |z| > 2. For R > 0,
let pr(x) = R?*¢(x/R). Define

Vielt) = [ énla)lule, 0 de — Vi) = 2RI [ a(t)- Vu(t) (Vo) () do.

(3.172)
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Using Holder’s inequality, we get

|ZWUISCR/‘ [u(®)] [Vu(t) dz < CRIu()| 72~ Vu(®)|Fs.  (3.173)

2| <2R

The second derivative, using the definition of ¢ and symmetrization, yields

AN(p-1)—7) ~(N-
() =8 / IVl — / (|2~ s Jul?) Juf?
lz|[<R p lz|<R

_% R<|x<2R|U|2+4/1:2<|z|<2R¢ (Z') [Vuf
s }}}W%/jyﬁ”fff .
L ; = ﬁjﬁé D gedy
_%//x x (\y!)) y(x my)g(]xv):;(y)p ey

We re-write the above estimate as follows

v = (s [ |§R’V“’2‘4(N LU (e e ) ) @7

2
—q ( / Vu + % (O ) o)
R<|x\<2R

//( 2 (!x|)>x(l’ |—xyz|1;|(£>_lj|+t;(y)|p dody

(3.175)

A (- () Y

(3.176)

where
Q={(z,y) e RY xRN : || > R} U {(z,y) € RY xRY : |y| > R}.

Since {u(-—z(t),t) | t € [0,00)} is precompact in H'(R"), by Lemma 3.4.7 there exists

Ry > 0 such that taking R > R + sup;eir.ry) [7(¢)], we obtain for all ¢ € [T',T}]

/ \Vu(z, t)|? + |u(x, t)]Pdr < é (3.177)
|z|>Ro
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Using Holder’s inequality, Hardy-Littlewood-Sobolev inequality, and radial Sobolev in-

equality yields the existence of R; > 0 such that

/}ROM*““*MﬂWPM
x|> Ry

<l - TN s ulf| ov |Jull? oy, — (Holder’s inequality)
|1;r\7>’;% LNt
1 Jel>Ry

< csl|ul|*,y,  (HLS inequality; Lemma 2.3.1)

N+~
lz|>Rq
Cy ) 04 N(p+1)+y €
< % HUH HUHL2 N < gy (3.178)

1
where the second to last inequality follows from the radial Sobolev inequality and the last

' (N=D(N(p=1)—7) Np-1)=y N+l
one follows from taking R, N >8cylull y ¥ Mulle ¥

Let € = 16E[u] (1 — (ME[u])*®~V) ¢ and take R = max{Ry, R1}, combine
(3.177) and (3.178) to obtain

2 |u|2 —(N—v P P se(p—1
en ([ 190+ G 1 ) b ) < 40 (1 (M0 ).

(3.179)

Now we invoke Lemma 3.3.3 by splitting the integrals on the right side of the expression
(3.114) into the regions {|z| > R} and {|z| < R} and use (3.179) to obtain the following
bound, (3.174) > 12E[u](1 — (ME[u])*P~Y). Next, putting together the terms (3.175)
and (3.176)

JLCC 2o (7))« (e (7)) o) et v

(3.180)

we upper bound (3.180), by following a similar argument from Theorem 3.3.1, to obtain

N(p— 1)—

Cs € s
(3.180) < Rw IXiapsrtll g ™ < 5 < 4B[u] (1~ (ME[u])*#)

N(p 1)— (P -y

with B > 4 s xjepsrull 4 . Putting everything together, we obtain

loc(t) = 8E[u] (1 = (ME[u])**W™V) — |Ig| > 4B[u] (1 — (ME[u])*"7V) . (3.181)
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By Lemma 3.4.9, there exists 7' > 0 such that for all ¢ > T , we have |z(t)| < 0t,
with § > 0 to be chosen later. Taking R = Ry + 677, we have that (3.175) holds for all

€ [T, Ty, then integrating from 7" to 7, we obtain
Vioe(T) = Vioe(T)| = 4E[u] (1 = (ME[u])* @ V) (T, = T). (3.182)
On the other hand, from (3.173) and (3.93), we have that

Vieo ()] < CRlJu(®)]| 75~ VQI%r. (3.183)

Vu()|25 < C(Ro+ 0T ) QIS

Combining (3.182) and (3.183), we get

2S¢

vl

4B[u] (1~ (ME[u])* V) (T, = T) < C(Ro + 013 ) QI3

Efu] (1-(ME[u])*P-1))
Let§ —
© claPs I Ivars

, then the above expression can be re-written as

3E[u] (1 — (MEM))**V) Ty <CR| QI IV QI3

+4B[u] (1 = (ME[u])**) T,

taking 77 — +oo implies that the left-hand side of the above expression goes to oo and
we derive a contradiction (right-hand side is bounded), which can be resolved only if

E[u] = 0, implying thatu = 0. O

3.6 Divergence to infinity (Theorem 3.1.1 (2) part (b))

The argument for part (2)b follows [HR10] and [Guel4] proof verbatim. We give a brief
overview here for completeness.

Assume that there is no finite time blowup for a nonradial and infinite variance solu-
tion (from Theorem 3.1.1 part (2)b), thus, the solutions exist for all time (i.e., 7" = +00).

Under the assumption of global existence, we study the behavior of Glu(t)] as t — +o0,

131



and use a concentration compactness type argument to establish the divergence of G|[u(¢)]
in H'! as it was developed in [HR10], note that the concentration compactness and the
rigidity arguments are used to prove a blowup property.

We first restate (in the spirit of [HR10]) the characterization of () from Lions [Lio84a],

Theorem II.1, which can be considered for any minimizer ().

Proposition 3.6.1 There exists a function €(p), defined for small p > 0 with hH(l) e(p) =0,
p—

such that for all u € H*(RY) with

Z(w) = Q)| + |llullzz = 1@l 2| + [IFullze = VQUse| <, B184)
there is 0y € R and x, € RY such that
|u — e Q(- — xo)|| i1 < €(p). (3.185)

This is equivalent to

Proposition 3.6.2 There exists a function €(p) such that €(p) — 0 as p — 0 satisfying

the following: Suppose there exists A > 0 such that

_ QSC(P*U
ME[u] — M (1 — S>‘—> 22

< pAZeelp=l)F2 3.186
se(p—1) p-1+1)" |77 (3150

and

A2se(p—1)+1 ifA<1
Glu®)] = Al <p : (3.187)

A if > 1

Then there exists 0y € R and xy € RY such that

lu — %NV~ QA(BT TN & — @) |12 < BT e(p) (3.188)

and

Sc

FEQABT TN T — )] S AT We(p),  (3.189)

HV[U o 62‘9@)\N/2B—

0
where 3 = (%) .
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Suppose that 0 < ME[u] < 1 and let G[u(t)] = A > 0 be given. The “mass-energy” hor-

izontal line for this )\ intersects the graph of parabola, y = SCS(i;)Sl (1 - Si?pc_ﬁ;ﬁ) A2
at two places, i.e., there exists two solutions 0 < \; < 1 < Ay. The first case produces a
solution that is global and scattering (Theorem 3.1.1 (1)) and the second case produces a
solution, which either blows up in finite time (Theorem 3.1.1 (2)(a)) or diverges in infinite
time (Theorem 3.1.1 (2)(b)) as shown in Section 3.6.

It is possible that G[u(t)] is much larger than 1 or \y. The following Proposition shows

that it can not.

Proposition 3.6.3 Let Glug) = Ao > 1. Then there exists py = po(Ao) > 0 (with the
property that pg — 0 as Ao \( 1) such that for any X > X, the following holds: There

does NOT exist a solution u(t) of (1.1) with P[u] = 0 satisfying ||u||z2 = ||Q|| 2 and

£l sl A2 )
- B — 3.190
ElQ] se(p—1) se(p—1)+1 ( )
with
A< ————— < X1 Int>0. 3.191
S Qle =N Sorallt= (3.191)

Proof. The proof relies on Proposition 3.6.2 and is easy to adapt as done in [HR10] and
[Guel4] following the same argument as in Theorem 3.5.1 (Section 3.5) in the present

Chapter. O

This proves that there is NO solution at the “mass-energy” line for A satisfying (3.191).
We want to show that G[u(t)] on any “mass-energy” line with ME[ug] < 1 and Glu(t)] >
1 will diverge to infinity. By contradiction, we assume that such solutions have bounded
renormalized gradient G[u(t)] for all ¢ > 0.

We say the solution has a globally bounded gradient if there exists a solution at the

“mass-energy” line for A such that A < Gu(t)] < o for all t > 0. Observe that if the
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solution does not have a globally bounded gradient for some A and o, then for any ¢’ < o
the solution still does not have globally bounded gradient. We are now in a position to

define the threshold.

Definition 3.6.4 Fix \g > 1. Let 0. = 0.(\g) be the supremum of all 0 > X\¢ such
that the solution of (1.1) does NOT have a globally bounded gradient for all )\ such that

)\Og)\SU.

By Proposition 3.6.3, we have that A < G[u(t)] < A(1 4 po) does not hold for all
A > Ao. We want to prove that o.()\g) = +o00. By contradiction, assume that o.()\¢) is
finite. Let u(t) be a solution to (1.1) with initial data u, o at the “mass-energy” line for
A > )\, satisfying the hypothesis of Proposition 3.6.3. Moreover, we want to prove that
Glu(t)] — oo over a sequence of times {t,,} — oco. Assume that such a sequence of times
does not exist. This implies that there is a finite o satisfying A < G[u(t)] < o forall ¢ > 0.
Invoking the nonlinear profile decomposition on the sequence {u, o} as done in Theorem
3.4.3 enables us to construct a “critical threshold solution” u(t) = w.(t) at the “mass-
energy” line for A\, with \g < A. < 0.(A\o) and A\, < Glu.(t)] < o.(Ao) for all ¢ > 0.
At this point we note that the nonlinear profile decomposition gives the H! asymptotic
orthogonality at ¢ = 0, but we would need to extend this for 0 < ¢ < 7T'. This can be
done following the argument described in [HR10] (Lemma 6.3) and [Guel4] (Lemma
3.9). This critical threshold solution u.(t) will satisfy Proposition 3.4.6 (precompactness
of the flow) and Lemma 3.4.7 (uniform localization). This localization property of u.(t)
implies that u.(t) blows-up in finite time. The arguments from [HR10] (Proposition 3.2)
and [Guel4] (Lemma 4.10) prove exactly that, which contradicts the boundedness of
u.(t) in H', and hence, u.(t) can not exist, which means that our initial assumption that

0.(Ao) < oo is false. The proof of Theorem 3.1.1 is now complete.
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CHAPTER 4
SCATTERING IN THE NLS AND GHARTREE EQUATIONS: AN
ALTERNATIVE APPROACH

To know the road ahead, ask those coming back. (attributed to Confucius)

4.1 Setting up the problem

Consider the two Cauchy problems: the focusing nonlinear Schrodinger (NLS) equation

iug + Au+ julPlu=0, p>1teR, xeRY,
(NLS) @.1)
u(z,0) = ug(z) € H'(RY)

and the focusing generalized Hartree equation

vy + Av+ (Jo| V) % [uP)p|P20 =0, tER, z€RY,
(sH) (4.2)
v(z,0) = vo(x) € HY(RY)

forp > 2and 0 < v < N. Recall u = u(z,t) and v = v(x,t) are complex-valued
functions in the equations (4.1) and (4.2), respectively.
We remind that solutions to the equations (4.1) and (4.2), during their lifespan, con-

serve several quantities, including the mass, given (respectively, for NLS and gH) by

Myrslu(t)] < /R i u(z, t)|2 de = Myrs[uol,

and
ef
Myo(®] [ Jota, ) do = Myl
R
The energy is also conserved, which is defined for (4.1) and (4.2), respectively, by

ot 1 1
Exuslu(t)] € 5 /R JVu@ ) de = ——= | u(e, )P de = Byislul
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and with Z(v) & [ (J|"N 5 jo( -, )[P)|o(x, 8)|P do

def 1

Eulo0] 2 5 [ 1900 dr = 5-2(0) = Byl

Recall that the scaling in the equations (4.1) and (4.2) is as follows: if u(x,t) solves
(4.1), then u*(z,t) = )\%u(/\x, M?t) is also a solution to (4.1), and similarly, if v(x, t)
solves (4.2), then v*(xz,t) = A2(Wpt21>v()\a:, M?t) is also a solution to (4.2). The scale-

invariant Sobolev norm is H*¢ with

N 2 N v+ 2
o= —— —— for(4.1 d c=———— for4.2). 4.3
S 5 po1 or (4.1) an S 2 " ap—1) or (4.2) 4.3)
Using Duhamel’s formula, we can write (4.1) in the integral form
t
u(t) = e*Pug + i / e =98y |P~Ly(s) ds, (4.4)
0

and the corresponding Duhamel formulation for (4.2) is given by (2.16).
To characterize the global behavior of solutions in the NLS equation, Holmer and

Roudenko in [HRO7] observed that the quantities M [u]'~* E[u]* and |Ju|}5%||Vu

L2
are scale-invariant and scale as H* norm with 5. as in (4.3). In [HROS] they proved the
following result, using the concentration - compactness and rigidity road map of Kenig
and Merle [KMO6], in the case of the focusing 3d cubic NLS equation (in the radial

setting)

i+ Au+ ulfu=0; teR, ze€R3
4.5)

u(x,0) = ug(x) € HY(R?).
Theorem 4.1.1 Let uy € H'(R?) be radial and u(t) be the corresponding solution to
(4.5) in H'(R®). Suppose Muo)Elug] < M[QIE[Q]. If |Juollr2®s)|Vuollrzms) <

Q1| 2(r3)|| VQ|| L2(r3), then the solution to (4.5) is global and scatters in H'.

Remark 4.1.2 This result is similar to part 1 of Theorem 3.1.1 in Chapter 3. Their result
also contains the finite time blow-up conclusion in the case when ||ug||rz||Vuol|r2 >

Q|| 22|| V Q|| 2, however, we omit that part as it is not needed for the present Chapter.
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Remark 4.1.3 Later Duyckaerts, Holmer and Roudenko in [DHROS] extended their re-
sult to the general, non-radial setting. Since we consider only the radial case, we omit

the general case.

Recently, Dodson and Murphy in [DM17] presented a simplified proof of Theorem
4.1.1 that avoids concentration-compactness route. They used a scattering criterion in-
troduced by Tao in [Tao04], which together with the radial Sobolev embedding and
virial/Morawetz estimate was sufficient to prove (in the radial setting) Theorem 4.1.1.

The purpose of this work is to generalize the method of Dodson & Murphy [DM17]
to the inter-critical range of the nonlinear Schrodinger equation (4.1) and also show that
it can be applied in the case of the nonlocal potential such as in the generalized Hartree

equation (4.2). Our result is a new (or an alternative) proof of the following two theorems.

Theorem 4.1.4 (Scattering in NLS, [Aro19]) Consider the NLS equation (4.1) with N

>2,and1+ 4+ <p <1+ 55 (0<s.<1). Let ug € H'(R") be radial and assume
M [uo]' ™ Eluo]*™ < M[Q]'~*E[Q]*
If
||UOHL2 RN HVUOHLQ(RN < HQHIL2S]§N ||VQHL2 (RN)”

then the solution u(t) to (4.1) is global and scatters in H*(RY).

Theorem 4.1.5 (Scattering in gH, [Aro19]) Consider the gHartree equation (4.2) with
N>20<y<N,p>2andl+22 <p<1+ 22 (0<s.<1). Letvyg € H'(RY)

be radial and assume
M vo]' ™ Evo]* < M[Q]'~* E[Q]*

If
HUOHL2 RN) | ;UOHLQ RN) < HQHIL?SHCW | ;QHLZ RN)
) (

then the solution v(t) to (4.2) is global and scatters in H'(RY).
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Remark 4.1.6 We only consider N > 2 as we use the dispersive estimate (2.2) in (4.18),

which gives the logarithmic divergence of the integral when N = 2.

Remark 4.1.7 We do not cover the case s = 1 (energy-critical) as this approach takes
into account an a priori uniform bound on H' norm of a solution in terms of the energy,
and having the gap between the critical index s as defined in (4.3) and s, = 1 is an
essential part of the proof. (However, it would be possible to cover this case given an a

priori uniform H® bound and consider s. < s.)

To prove the theorems we establish Morawetz estimates for both equations in the inter-
critical regime by employing the radial Sobolev inequality. This implies that the potential
energy escapes as t — oo, which in turn yields spreading of the mass. To obtain the
scattering and conclude the proofs of Theorems 3.2 and 3.3, we generalize the scattering
criterion of Tao from [Tao04] (for the 3d cubic NLS) to all inter-critical cases of NLS and

also obtain the scattering criterion for the gHartree equation.

Remark 4.1.8 Theorem 4.1.5 was also proved in Theorem 3.1.1 (1) via the concentration-
compactness method in Chapter 3. Nevertheless, we show that in the radial case this new
approach can also be applied in the case of the nonlocal convolution nonlinearity, i.e.,

for the gHartree equation.

We also note that the treatment of the gHartree case is different from the NLS case, in

particular,

o the estimate of inhomogeneous term in the Duhamel formula via Strichartz estimate

in Lemma 4.2.2 (using Lemma 2.3.1 to handle the convolution term), and

e most importantly, in the Morawetz estimate for gHartree, one expects (as in the NLS

case) to obtain the upper bound on the potential term, Z(v), which is of convolution
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type given by Z(v) = [on (|z|~ V7 % |u( -, t)|P)|v(z, t)[P dx. It is not straightfor-
ward to rule out the concentration of mass from the potential (convolution) term in

the gHartree case. Thus, when deriving the Morawetz estimate (Proposition 4.5.2),
2Np.
we rely on the L;*” norm. This is possible since in Lemma 4.3.4, we bound the

virial from below using Sobolev inequality (thanks to the assumption s, < 1, i.e.,
2Np
)by L2 norm

Nty

P< 7 =

se(p—1)+1
p

IVoll 2@y — Z(v) 2 0l[Vollfa@ny = ollell.

2Np
N+~
T

instead of using the Z(v), convolution type potential term. Observing that 20p 9

N+
allows us to obtain the mass evacuation to conclude scattering.
4.2 Scattering criterion
We recall the Strichartz estimate
itA
Hew fOHLgL;(RxRN) S HfOHHSC(RN)7 (4.6)

where (g, 7) is an Hec-admissible pair. We also recall the inhomogeneous version of the

above estimate

ol 2z por ) S Nulto) sy + IF @ g o moyemny: @D

where u is a solution to iu; + Au = F(u) and (¢, 7) is the Holder conjugate for (g, 7)
which is an % admissible pair with s. given by (4.3).

We now obtain a scattering criterion for the NLS for all s, € (0, 1), which general-
izes Tao’s scattering criterion for the 3d cubic NLS for radial solutions ( Theorem 1.1 in

[Tao04]).
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Lemma 4.2.1 (Scattering criterion for NLS) Consider 0 < s. < 1. Suppose u is a

radial solution to (4.1) satisfying

sup [|u(t)|| gy < E - with E > 0. (4.8)

t€[0,00)

If there exist ¢ > 0 and R > 0 depending only on E such that

lim inf/ lu(z,t)]*dr < e, 4.9)
lo|<R

t—o00

then u(t) scatters forward in time in H'.
Proof. Let 0 < £ < 1 be a small constant and R(¢) > 1 be a large number, both to be
chosen later. From (4.6), we have

it A
€™ uol| _20+n-1) S L
Lt2<p+1>7N(p71> L§+1(RXRN)

By monotone convergence we may find a (large enough) time 7;, > et > 1 depending

on u such that

it A
Helt uOH 2(p+1) (p—1) <e. (4.10)
LE(P‘FI)*N(IJ*U Lg+1(RXRN)

By the hypothesis, we may choose 7 > i so that

/ (e, TP dz < .
|z|<R

We denote by y a smooth, radially symmetric function on RY with supp x C B(0, 1),
which equals 1 on B(0,1/2). For any R > 0, we define xg(z) = x(z/R), noting that
xr = 1on B(0, R/2). Then

/XR(x)|u(x,T1)|2dx <e. 4.11)
Multiplying (4.1) by % and adding the conjugate expression, we simply get

O(|u|?) = =2V - Im(aVu).
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Multiplying by x r and integrating by parts, yields
8t/XR(:E)|u($,t)|2 dr =2 / Vxr - Im(aVu).
Since ||Vxgl||z~® = O(1/R), we deduce from (4.8)

S

)

9, / wn (@), )2 d

Set 0 < o < p — 1 and note that 77 — e~ > 0. Then for large enough R = R(¢) > 0 by

(4.11) we observe that

sup /XR(m)\u(x, )| dx = IXRU[ Lo L2 (1 ——e 1y xRY) S € (4.12)
te[T1—e—,Th]

We estimate the solution w at time 7). Using Duhamel’s representation, we write
. Tl .
u(Ty) = TPy + 2/ e =92 |y P~ () ds, (4.13)
0
and for t € [0, T1]
ei(t—Tl)Au(Tl) _ ez‘tAuO JrFl(t) +Fg(t), (4.14)

with

T
Fi(t) =i / 9D (V) (s) ds,

Ty —e— @
Tlfs @ .
Fy(t) =i / =98 ([ 7=1y) (5) dis.
0

From (4.10) we note that the contribution from the linear component in (4.14) is small.
For the second term, using Minkowski’s inequality, dispersive estimate (2.2), then con-
sidering characteristic function x/, (¢') and Lemma 2.3.1, we obtain
Ty
I e IR (Jul” ) (s) dSHL 2401
¢

Ty—e—o 2 )=NE=1) 1p+1 (1) 50)xRN)

< p—1 _
Sl g o
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fort € I, where I} = [T} — e, T1]. We upper bound the last term to obtain

T
[ e A (lulP~tu) (s )dSH . (EUICS
Ti—e—a (p+1)—N(p—1) LP+1([T1 oo)X]RN)

p
N HU“ 2(p+1(p—1))
LtQ(P+1)_N(p_1) Lg+1(11XRN)

Using Holder’s inequality in time, we get

T
| IR (JulP ) (s) sl atping-)
Ty —e—c 2(P+1) N(p—1) LP+1([TI OO)XRN)
(p+1)p—Np(p—
< |[1| 2(p+1) (p— 1) ||u||LooLp+1(thN)
Using Holder’s inequality, (4.12), and Lemma 2.3.3, we have
||U||L§<>L§;“(leRN) = ||U||LgoL§“(11xB(0,R/2 )) + ||u||LooLP“(11xRN\B(o,R/z))
2(p+;g—+1\§gp—1) 1;’((1:11)) +1 2
S HXRUHL?oLglzthN)HUH 8 2N +1(1 = XR)UHzooLoo leRN)HqugoLg(thN)
L@ LN=2 (I xRN)
< a4 R
. _p=1 2(p+1)—N(p—1)
Choosing R > O such that R »+1 < ¢ 2tD) | we get
2(p+1) =N (p=1)
||u||Lg°Lg+1(11X]RN) Se D (4.15)
Therefore, we obtain
T 4
| B (Juf ) (s )dSH S
Ti—e—o (p+1)—N(p— 1)LP+1([T1 00) xRN)
2(p+1)p—Np(p—1) 2(p+1)p—Np(p—1)
< e 20D || 2G+De-D
@(p+1)=N(p—1)) o
< e 2 (1-72) (4.16)
(2(+1)—=NE-1)p
Take 0 < 31 < 511 <1 — ﬁ) then
T ‘
| D2 (uPu)(s) ds||  2wrnw-n < (4.17)
T —e— LN ETD P17y 00) xRN)
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Recalling the definition of F5(u(t)) from (4.14), we split it via interpolation for 1 < s; <

N

5 as
1) ||L (i(pf)l)ﬁ(p”l) LETN(IT1,00) xRN
L 200 A
where, g2 > = and (q1,71)isan L?-admissible pair, since 2 < r; < N 2, which follows

from the fact that N > 3 and s; > 1. By the dispersive estimate (2.2) for ¢ € [T}, c0), we

bound

Ty —e— ¢ N
| Ea () | gy < / (t = 5 F uls) 1 @.18)

Observe that for N > 2 and p > 2, we have H(RY) — LP(RY), see also our Remark
4.1.6 about the restriction N > 2, and the same is valid for 1 < p < 2 from Gagliardo-

Nirenberg interpolation inequality, and thus, by (4.8) we obtain

N-2_ 1
B () oy < 7). (4.19)
choose ¢y = N:l231 > N‘i2 > 5 and use 2s; < N, which gives
| Fo(u)|| 2n < (4.20)

LN 72 Lge([T1,00) xRN)

Rewriting F; via Duhamel’s formula applied on [0, 7} — 7)), we get
Fy(t) = T4 D8 (T — e7) — e24(0),
and using the homogeneous Strichartz estimate (4.6) and (4.8), yields
HFz(U)||L§1L;1([T1,oo),RN) S Ty — 5_a)\|L2(RN) + HU(O)HLZ(RN) S L
Take 0 < 35 < O‘(A;T_f)s“ then from (4.20), we estimate F} as

[ Fo(u)| e <efe, 4.21)

Lt p+1)—N(p—1) L§+1([Tl,oo) XRN)
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Putting together (4.10), (4.17), and (4.21) gives
1€ TI2 (T 2penm-n N (4.22)
LZPHI=NG=D 1o+ (14 00) xRN)
where ¢ < min{f, f2} > 0.
Consider, Duhamel’s formula for the solution u(t) on the interval [77,¢] so as to pass
the bound (4.22) from linear solution to the corresponding bound on non-linear solution

t
u(t) = e T2y(Ty) — z/ e )Ry P~y (s) ds. (4.23)
T
From (4.22) and Strichartz estimate, we observe that
lull eoenen S+ IV>IulP )l s :

LEPFDNED 24 (7 o0)xRN) LN L7 (13 roo) xRY)

Applying the product rule and Holder’s inequality, we

IVQP 0l s
L, (p+1*N(p*1))LIp ([T ,+00) xRN)
—1
SHul spangen IVl e A ’
LZPDTNED 1o (1 )Ny LT ([T 4oo) xRY)

Thus, from (4.6), (4.8), (4.21) and using a standard continuity argument on the nonlinear
flow, we observe that
lull  2mene-1 < et (4.24)
Lf(?+1)*N(P*1) Lg+l([T1,OO)XRN)
Now, we define

—+00
up e Ay (1) — / e AP (uls)) ds, (4.25)

T
4(p+1)
and since we have shown that F'(u) lies in L, *"" YV IWLPH([T) 400) x RY), this
implies that u, € H'(R"). Then from (4.23) and (4.25), we have

+o0
u(t) — ePuy = z/ =92 P (u(s)) ds
¢

144



for all ¢ > T. Therefore, estimating the H' norm

lut) = e*uyllm <

o0
/t (=92 (1 4 |V F(u(s)) ds

S(L2)
S A+ VD F () sz2ijt,400))
< ||u||p_12(p+1>(p,1) ||VU|| 4(p+1) .
LZPHD-NG=D 1ol (173 o)X RN) LN ®Y L (1, 400) xRY)

By (4.8) and (4.24) we observe that the Strichartz norm on [T, +00) for the above ex-

pression is bounded, therefore, the tail has to vanish as ¢ — 4-00. Hence,

: itA _
i ffu(t) = e || ey = 0.

This completes the proof. [

We now prove a scattering criterion for the radial solutions to the gHartree equation

4.2).

Lemma 4.2.2 (Scattering criterion for gHartree) Consider 0 < s. < 1. Suppose u is

a radial solution to (4.2) satisfying

sup |[v(t)||mmyy < E.
te[0,00)
If there exist constants € > 0 and R > 0, depending only on E, such that
lim inf lo(z, ) de < ¢, (4.26)

then v(t) scatters forward in time.

Proof. The proof is similar to Lemma 4.2.1 except for the estimate for the following

terms:

T
Rl =i [ e (] Y oo ) () ds

Th—e—«

and

Ty —e™ @ )
Byt) =i / 9B ([~ s o] 0] 20) () ds,
0
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where ¢t € [0, T1]. To derive the estimate of F}(t), we proceed as follows (using the same

argument as in Lemma 4.2.1)

W ol [P

< —(N
[ T 3R ey

F v 2N
| Fi( )“L}E%CLJ\H}; ([T1,00) xRN)

fort € I} = [T} —e~*, T1]. Using the Holder’s inequality together with the Lemma 2.3.1,

we get
Il ool 2ol e o
p—1)(1— 9c)L?NP N ’Y(IlXRN)
Sl % o 2 10172 2, Sl e
ﬁL THNxRN) TR N (1 g LI LV (1, xRN)
Using Holder’s inequality in time, we have
(2p— 1)(1 sc) _
S 4 ol

[E ()] 20 2

L% Ly 7 ([T1,00) xRN) L LYY (1 xRN)

Using Holder’s inequality, (4.12), and Lemma 2.3.3, we have

T = llull o el 2w
L Ly ™7 (I xRN) L2 Ly ™7 (I x B(0,R/2)) L Ly T (I xRN\ B(0,R/2))
2p+772N(p*1) N(pgl)*v N(p—1)—v N+vy
P P
5 HXRuHLtOOL%(IlXRN)HUHL?OLI]\?J,VQ (xR + H(l — XR)UHL"OL“’(IMRN)HuHL‘”L?(leRN)
§ €2p+7*21;/(P*1) 1 R p* ) ol
N(p—1)—v 2pty—N(p—1)

Choosing R > O such that R~ < ¢ 2p , we get

2p+y—N(p—1)
||u|| 2Np € 2p . (4.27)
LS LN (I xRN )

Therefore, we obtain

2p+y—N(p—=1) (2p D(d—sc)
[FL ()] 20 2mv Se 2
Ly 7% Ly 7 ([T1,00) xRN)
So, for0) < o < ( ) , we have that
< gfs, (4.28)

[E2 ()] 2

L= éCLNﬂ([Tl 00) XRN)
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where 33 > 0 chosen in the same way as in the previous lemma. To derive the estimate

for Fy(t), we argue in a similar fashion as in Lemma 4.2.1. By interpolation,

[E2()] 2o 2

LI LYY ([T1,00) xRN)

N+~ 2scp
N+~+2scp N+~vy+2scp
S E0)757 oy, [F2(v)[| ™ 2, :
L% Lg T7F2P [Ty 00) xRN) L% Lg([T1,00) xRN)
2p 2 __2Np 2. — .
Note that =~ > 7= and < S Niotoss p) is an L“-admissible pair. We bound the

last term above for ¢ € [T, 00) using the dispersive estimate (2.2) followed by Holder’s

inequality and Lemma 2.3.1, that yields

T
_N
B0 e S / (= ) ol 015 e
0

where p; = 2N (p ;1) and py = . Observe that for N > 3and 2 < p < M one has

the embedding H*(RY) — LP: (RN ) with i = 1,2, and thus, by (4.8)

B - <R

L T—sc Loo(RN)

(4.29)

Next, note that

Fg(t) _ ez‘(t—Tl—i-s_a)Av(Tl . 5—(1) . eitAU(O)),

and using the homogeneous Strichartz estimate (4.6) and (4.8), we deduce

[E2 ()] 2o vy S (T = ™)z + [[0(0)]] 2y S 1.

L} 7% Ly T7H25eP ([ 00) RN

Similarly, to the step (4.21), we take 5, > 0 so that

[Fo()|| 20 2n0 <eh (4.30)

LE7%¢ LYY ([T1,00) RN

Putting together (4.10), (4.28), and (4.30) gives

(tE=T0)A (T, < g¥ 4.31
et (1)HL1 o L T € (4.31)
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for 0 < v < min{fs, 5,}. For the bound on the nonlinear solution we again consider

Duhamel’s formula

t
o(t) = e0-TAY () — / =8 P(y(s)) ds,

T

_2p  2Np
where F(v) = (|z|~™=") x |v|P)|v[P~2v. Taking L} * L, ([T}, 00), RN norms, we

observe from the linear evolution bound and inhomogeneous Strichartz estimate (4.7)
that

[0l 2 2ne S+ IVE]

2p 2Np .
Ltl—SC Lé\f*” ([T1,00), RN pr_l_sC(p_l) LEprwa ([T1,00) xRN)

By Holder’s inequality, product rule and Lemma 2.3.1, we obtain

—(N=) PY|p|P—2
HV((|$| * |U’ )‘U’ U)HLZ?P—I—QSIZ(P—I)LQC?N;N}\Q/7([T1’OO)XRN)
< ||v 2e-1) Vo 2 2N .
~ H HLtlzZ;c L%([TLOO)XRN) ” HLt1+sc(I;7—1) Lﬁ([Tl,oo)XRN)

The remaining proof follows similar reasoning as in Lemma 4.2.1 and we obtain the H*

scattering of v(t). O

4.3 Variational analysis

We consider both equations in the inter-critical regime such that 0 < s. < 1 with s defined
in (4.3), and provided p > 2 for the gHartree equation. In this case, both equations (4.1)
and (4.2) admit solutions of the form e”@Q(z), which are global but non-scattering, where

@ solves in the NLS case the following nonlinear elliptic equation

—Q+AQ +|QP'Q =0, (4.32)

and in the gHartree case () solves the Choquard equation (2.123) given by

—Q+ AQ + (|| " % Q) [Q[P*Q = 0. (4.33)
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The variational analysis for NLS is well known, see [HRO7], [HROS8], [Guel4], however,
for the completeness and comparison with gHartree case we include it here. (Note that
in NLS we can use the unique ground state (), however, in gHartree we use the sharp

constant Cy as () in general may not be unique. See Chapter 2, Section 2.8.)

4.3.1 The NLS equation

The equation (4.32) has countably many H* (real) solutions. Among those, there is ex-
actly one solution of minimal mass, called the ground state, which is positive, radial,
and exponentially decaying (e.g., see Berestycki and Lions [BL83a, BL83b], Kwong
[Kwo89]; for a review, for example, see Tao [Tao06, Appendix B]). The ground state

solution () of (4.32) optimizes the Gagliardo-Nirenberg inequality

1 N(p (N *2;@*1)
||U| Lp+1 S CGN”VU||L2 RN)HUHLQ RN) 5

with
—N(p-1)/4
Cov = gy— a1 (s =) sy,
2N — (N =2)(p+1) \2(p+1) = N(p—1) gt
The Pohozaev identities for () yield
s 2p+1 =
1015z IV Q) = (s ) @34)
and
1—sc Se Sc 1—sc 2
M@ EQ" = (3) " (1015w I VQl3es ) (435)

For the rest of this subsection, we suppose ug € H'(RY) and u(t) solves the NLS equa-

tion (4.1).

Lemma 4.3.1 If Muo] = Eluo] < (1 — 8)M[Q)] 1250E[Q] and

HUOHLQ(RN Vo]
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then there exists 1 = 91(6) > 0 so that

1-sc
Iw<mpmwvawmmww<<1—50MN§@MMVQme>

forallt € I, where u : I x RN — C is the maximal lifespan solution to (4.1). In

particular, I = R and u is uniformly bounded in H'(R™Y).

Proof. While this is a simple and well-known proof, it is the core of the dichotomy and we
include it for completeness. By the mass and energy conservation along with Gagliardo-

Nirenberg inequality

(1 - O)M[Q] =" E[Q] > Mlug) =" Efug]
1=se 2 1-sc sc(p—1)+2
z;@wﬂ (Nm)—p+J%N@mm (NW) _

Using (4.34) and (4.35), the above estimate becomes

1-sc 2 1-sc sc(p—1)+2
s X (0L IO\ 2 (0l 19l
N 230 Sel\p — 1
oI F =T\ joF
Define f(z) = zjgch - sc(;fl)xsc(pfl)ﬂ. Since s. > 0, we always have deg(f) > 2.
Therefore,
oy = Mg Z 2oelr =D+ i LN (g eoeny,
Se Se(p—1) Se ’

which implies that f’(x) = 0 when zy = 0 and z; = 1. Observe that
flx)<1—=90<1= f(z1). (4.36)
If initially we have
ol a0 2y < QI Somm IV @ 2ge.

then by (4.36) and the continuity of ||Vu(t)| 2~y in £, we conclude that

()22

RN)HVQHLQ RN), ie, v <1y
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for all time ¢ € I. Furthermore, since the L?-norm is conserved and invoking (4.34), we

have global existence and that the H'-norm is uniformly bounded. [J

Based on the result of Lemma 4.3.1, we have that « is global and uniformly bounded in

H', moreover, there exists & > 0 such that

1—sc

(1—9) V@I z2@y). (4.37)

To prove Theorem 3.2 we use a virial weight in a ball around the origin of sufficiently
large radius together with the coercivity to obtain a suitable lower bound. First, we need
(4.37) on balls of sufficiently large radii so that we can have a necessary coercivity. Define
Xr(z) = x (%) for R > 0, where x(z) € C°(RY) is a smooth cutoff function on

{|z| <1} with x(z) =1 for [z| < %

Lemma 4.3.2 There exists Ry = Ry(5, M (u), Q) > 0 sufficiently large so that

sup Ixru()|| 2> Ixru®)|5: < (1= 0)QIE* VRl (4.38)
In particular, there exists 9 = 61(0) > 0 so that
ru®l — 5 DO 2 Sl @39
uniformly fort € R.
Proof. Foru € H L we write
Iy — Pl oy = T B g — T Dy,

2Ap+)HE T 2
By the Gagliardo-Nirenberg inequality and (4.34),

1—sc

1 20
Elu] = §HVUH%2(RN) (1 _ 2MG6N (

o))
2CGN

> 1 2 1—sc p=1
> S IVellfan (1= (1-9) (HQHLQ o) V@55

Sc 20 9
= <N + m) ||VU||L2(RN).
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Therefore,

N(p—1)
HVUH%%RN)_ ( )” ’p;l-l (RN) 5HVUH%2(RN)7
which implies that
N(p—1) S No-1)
IVallza@n) = 3 e )|| ullFot gy > 2D 1 5 llu ull7 5t vy
N(p—1)

0
choosing 6; = 5 gives (4.39). To finish the proof, we need to verify (4.38).

2p+1) 1
Observe that

Ixru()rz < [lu(®)]|z2
uniformly for ¢ € R. Therefore, it is sufficient to consider the H' term. We compute
[V do = [xiVaP ot [ uPVxaxn+ [ 2Re@Puxavie

= [aIvuPde = [ Jufxntin
and use the following identity
[aivapas = [[wowPde+ [ xadtalul? s (4.40)
with the definition of y to write
19 Cerl < 9l + O (510l ) @an

Choosing Ry sufficiently large depending on §, M [u] and @), we get that (4.41) holds for

any R > Ry, and yields the desired estimate (4.38). [

4.3.2 The gHartree equation

The Gagliardo-Nirenberg inequality of convolution type

Z(v) < Concl|Voll 2 vl aan (4.42)
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has the sharp constant C; ¢ (see discussion in Chapter 2, Section 2.8 and recall that ()

in gHartree may not be unique) with

N(p;1)7’7 1
-2 1
QU2

2p <N+7—(N—2)p)
Cane = 5

N(p—-1)- Np—-1) -~
where ground states () solve the equation (4.33). From the value of the sharp constant

Cane (and Pohozaev identities), we get

-1\ 251
p(Conc) ) , (4.43)

1—sc Se __ - - -7
”QH[} (RN) ||VQ||L2 - <Sc(p _ 1) +1

and

dp—1 s 2
QP 5@ = () (10 Q) - @)

For the rest of this subsection, we assume vy € H'(RY) and v(t) solves the gHartree

equation (4.2).

Lemma 4.3.3 If M[vo] =~ E[vo] < (1 — 8)M[Q] =" E[Q] and

||voHL2(RN IVvoll 2y < ||Q||L2 IV QL2 @),

then there exists 1 = §1(0) > 0 so that

[[o( )IILQ(RN Vo)l 2@y < (1 51)||Q||L2(RN IVQIl 2 @)

forallt € I, where u : I x RN — C is the maximal lifespan solution to (4.2). In

particular, I = R and u is uniformly bounded in H*(RY).
Proof. See Chapter 3, Section 3.3, Theorem 3.3.1. [

Now we prove the coercivity estimate on balls of large radii for gHartree equation.
The following lemma differs from the standard approach as we lower bound the virial not

by the potential term but by the LA (RY) norm.
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Lemma 4.3.4 There exists Ry = Ro(6, M (v), Q) > 0 suffiiently large that for any R >

Ry

StlelﬂgHXRU( Mz Ixro@l < 1= 0)[Ql =™ (4.45)
In particular, there exists 6 = 6(0) > 0 so that

Se(p—1)+1 ~
@~ P 0] 2 Sy, @0
D LN+
uniformly fort € R.
Proof. We write
Se(p—1)+1

IVOllE @y = Z(v) = (2se(p — 1) + 2)E[] = se(p = D Vvl 2.

p

By Gagliardo-Nirenberg inequality and (4.43),

1 CGNC s 2(p—1)
Bl 51 Volien, (1- 2 mm@mwwwm)

1 CGNC’ s
> 5IVolen, (1“0 - 0) (1l

>2<p—1)>

_ (p—1) 5 2
a <236(p — ].) + 2 + QSC(p — 1) + 2 ||VUHL2(]RN)'

Therefore,
se(p—1)+1
HVUH%?(]RN) - TZ(U) > 5||VUH%2(]RN)'
The assumption p < {2 (since s, < 1) implies that % < 2% and thus, Sobolev

embedding gives that ||v|| e S < ||[Vv|| 2. Hence, we obtain

Sl D HL 0y > 5 ol ans

Vol —
| UHLZ(RN) D LN

To verify (4.45) we follow the similar argument as in Lemma 4.3.2 for (4.38) which

concludes the proof. [
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4.4 Proof of Theorem 4.1.4

Suppose u is a solution of (4.1) satisfying Theorem 4.1.4. Next, we recall the Morawetz

identity.

Lemma 4.4.1 (Morawetz identity, NLS) Leta : RY — R be a smooth weight. Define
M(t) = ZIm/uVu -Vadz.

Then

d 2(p—1
%M(t) = /—%WVH—IAG + [ul*(=AAa) + 4 Re a;xiijuy, dr,

where subscripts denote partial derivatives and repeated indices are summed.

We take a to be a radial function satisfying

2* el < F
a(x) =

Rlz| |z > R.

In the intermediate region g < |z| < R, we impose that

O,a>0, 0%a>0, [0%(z)| s Rlz|™" for|a| > 1.

Here, O, denotes the radial derivative, i.e., d,a = Va - i%. Under these conditions, the

|z

matrix (a;y,) is non-negative. Note that for [z| < £, we have
Ajr = 25]'197 Aa = 2N, AQCL = O,

while for || > R, we have

}, Aa:w, A?q = 0.
x

R Ti T
L ¥ SR Ml
k] [ 2] J]
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Proposition 4.4.2 (Morawetz estimate, NLS) Ler T' > 0. For R = R(6, M (u), Q) suf-

ficiently large,
R 1 . 1
1 /7 Tt e, ¥se <3
0 |z|<R R .
T + %a lfSc > %

Proof. Note that by Cauchy-Schwarz, the uniform H*! bound for u and the choice of the

weight a(z), we have that sup,cp |[M ()| S, R. We compute

d N(p—1)
—M(t) =8 PPt d
gMO=8 [ P o

2IN-1)(p—1) R 4R
+/ o ( )(p )—|u|p+1+—|vau|2dx
2p—1) R R
+/ 4 Re ajiuu, — M—M”l — —3|u|2 dx,
R ly<R p+1 |[z| ||

where v/, denotes the angular part of the derivative. In fact, since w is radial, this term is

zero. We define x i := x (}%) for R > 0 and write

/ RO /| LGl / rA )l

Then the Morawetz identity can be estimated as

d 4N(p—1 R
oy zs [ o= T o [ g
|| <& \

— U
ja|< B p+1 2> B I:L'I‘
2 R 2
w8 [ bl - [ Sl s @47)
|lz|<& Lolz|<R |z
> 8 / Sixrulz, )P de — ¢ / u(, )P+ — %M(u), (4.48)
|z|> &

where in the inequality (4.48) we have used Lemma 4.3.2 and the fact that for a fixed
radius R and mass M (u) the terms in (4.47) is a constant multiple of 7> and M (u).
Next we apply the fundamental theorem of calculus on the interval [0, T'] and rearrange

terms to obtain
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T
/ /8 61| xru(z, )Pt do dt
0

< sup |M(t) H—/ / xt\p“dxdt—l——M(u).
|z|>R

te[0,7)

By Lemma 2.3.3 (radial Sobolev embedding), we have

1 (N—1)(p—1) _
/ (e, )P dr € — / 1) i, ) e, ) da
|z|>R R 2
1
WH !LooHlM(U)
1

~J (N-1)(p—1) *
R—2—

Therefore, we deduce that

1 [T R 1 1
+1
T/O ASR |u(:L‘,t)|p dx dt Su,é T + W + ﬁ

Observe that
w <2 for s. < 3,
% > 2 for s, > %
Thus,
R . 1
1 T + m, if Se < 35
T/ / Ju(z, t) [P do dt <. R 2 ’
0o Jizl<r R 1 - 1
71w if 50> 3

as desired. [
Now we prove that the potential energy of u escapes to spatial infinity as ¢ — oo.

Proposition 4.4.3 (Energy evacuation, NLS) There exists a sequence of times t,, — o0

and a sequence of radii R,, — oo such that

lim |u(z, t,)|Pt dor = 0.
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Proof. For T > 0 sufficiently large with R = T'~ D59 for s, < Land R = T/ for

Se > % (note that R > R,) and Proposition 4.4.2, we obtain for s. < % that

I __W-1e=1)
= ) lu(z, )P dedt < T No-D-0-9)
r 0 || <t Nlp—D—(»—3)

and

I ,
7 / / lu(x, )P da dt < T3
0 || <t1/3

for s, > 1. Since  is global and ||u||z»+1 is bounded, by mean value theorem there exist
sequences t,, — oo and R,, — oo such that the energy evacuation happens on a sequence

of balls as desired, i.e.,

lim |u(z, t,) [P do = 0,

which completes the proof. O

Proof. (of Theorem 4.1.4) We have (by Section 4.3.1) that u is global and uniformly
bounded in H'. Choose ¢ and R as in Lemma 4.2.1 with ¢,, — oo and R,, — o0 as in
Proposition 4.4.3. Now taking n large so that R,, > R, Holder’s inequality gives

N(p—1)

2
p+1
/ lu(z,t,)|? de < R »+1 (/ lu(z, t,) [P da:) —0 as n— oo.
lz|<R |z|<Rn

Therefore, Lemma 4.2.1 implies that u scatters in H!(R”) forward in time. [

4.5 Proof of Theorem 4.1.5

We begin this section with the Morawetz identity in the gHartree case, which will be used

to obtain Morawetz estimate.

Lemma 4.5.1 (Morawetz identity, gH) Let a : RY — R be the same smooth weight as

described in Section 4.4. Define

Myu(t) = QIm/vVU -Vadz.
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Then

d 1 1
%Mg]{(t) :/—4 (5 — 5) (‘x’f(N*'Y) * ’U‘p) ’U‘pA& —+ ‘U‘Z(_AAG)

4(N — Ply
+/4Reajk17jvkdx UN =) // ]a:— 11\2|7|+2< i dxdy,

where subscripts denote partial derivatives and repeated indices are summed.

Proposition 4.5.2 (Morawetz estimate, gH) Ler T > 0. For R = R(0, M (v),Q) > 0

sufficiently large,

Nt R 1 .
1 [T 2Np. Ny T 1T~ D=0 if se <
— lv(x, t)| N+ dx dt Svs

T Jo l2|<R .

+ if sc >

N =

b=~
B~ =

N |—

Proof. Note that by Cauchy-Schwarz, the uniform H' bound for u and the choice of the

weight a(x), we have

sup [Myp ()| S R.

teR
We recall (from Lemma 4.5.1)
d
EMQH(t) :/ [v*(=AAa) + 4 Re ;005 dx (4.49)
1 1
/Aa (5 - -> (== s o]?) [op (4.50)
4N -9 (@)[lo(y)[?
// |x_ N2 dxdy. 4.51)
For |z| < £, the above expression reduces to
4(N(p—1) —
8/ IVol|? —/ (Vp—1) =) (2|~ s o ]P) [o]P da (4.52)
le|< £ je|< 2 p

In the region £ < |z| < R, (4.49) yields

R
/ 4Re a;ivjv, + O / 3\0\2 (4.53)
%<‘x|§R *<|IE|<R ‘x’
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and in |x| > R, it gives

4R
/ —| Vav?dz =0, (4.54)
jal>R ||
where 1/, denotes the angular part of the derivative, which we drop, since v is radial.

In the region £ < |z| < R, (4.50) yields

11
- (22 D) E (om0 o) ol da (4.55)
R 2 K]
Bljel<R g
and in |x| > R, it gives

AN-1R (1 1
_/ (N - DR (_ _ _) (j2] ¥ s [o]?) [o]? da. (4.56)

|z|>R |JZ| 2 p

We are left with the term in (4.51), which we write as

0 [ ) S

(4.57)

4(N —
— u/ (|$|—(N—v) % |U|p) lv|P da (4.58)
p |$‘>%

Here,

Q={(z,y) e RY xRY : |z| > R/2} U{(z,y) € RY x RY : |y| > R/2}.

We define x := x (%) for R > 0. Then we can write the first term in (4.52) as

[oave= [ WeaoP+ [ weabab? @)
lal<5 lo1< % jal<
and, thus, (4.52) can be written as
s V0P +s [ xadGalof (4.60)
lz|<Z lz|<Z
4(N(p—1) —
AN p) ) / (2~ « |y pol?) [xRol? da. (4.61)
o)< &
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Adding (4.55) and (4.56), we estimate

p R

(4.55) + (4.56) > _ANV=Dp=2) / (l2|= ™= 5 [u[P) |v]? da. (4.62)
ja] >

Now combining (4.58) with (4.62) and putting together this with (4.60), (4.61) and (4.57),

we obtain the following estimate

d

@MQH(t)
4(N(p—1) —
> 8 / xavop — 2P =1 ~7) / (oY=  [xaol?) |xaol
|z|< & p |z|< B
CLRN (1R (- n)l@Pl)
+‘”/ /Kl 2|x|>‘” (1 2|y|>y] N

1
e [ (N s ol) o = M,
o ( ) o2

where ¢q, co > 0 are some constants. Using Lemma 4.3.4, we obtain

d 2 —(N—=v) PY ||P 1
M0 2 8l gy e [ (w07« o) bl = il

o] -3)e (- ) 2

Now we estimate the term

/ / (( 2|x|) (1_%%) y) g Wﬂvﬁpﬁgy)'p dedy.  (463)

The key to estimate the above integral is the radial Sobolev inequaity (Lemma 2.3.3). We

divide the integral in (4.63) into two regions

e Region I: In this region, we consider

and observe that
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then

—(N—v) p p < —(N—7v) p P
o (12w o) o do 5 ] s [ol? ] o
y|>R/2

< ||U||2p2Np (Lemma 2.3.1)

LNF~
1 N(p+ —1)—v
R(N DIETPEE HUHLZ HVUHB
(4.64)

< e (for R large enough),

where in the first step we have used the Holder’s inequality and the last inequality

follows from Lemma 2.3.3 (radial Sobolev inequality).

e Region II: We consider two cases:

— Case (a): |z| < |y| = |z —yl, |y| > £ and |z| < £. In this case (4.63)

becomes

1
// |z —y|N Xjyi> 2 [0W) " [o(z)[P dzdy,

R1 R1
< ! (1 - m) Tl (1 - m)

R R

Again, using Holder’s inequality, radial Sobolev inequality (Lemma 2.3.3),

and Hardy-Littlewood-Sobolev inequality (Lemma 2.3.1) as in the estimate

for (4.64), we bound (4.63) by

1 N(p+ -
R(N BIETPEED ||U||L2 ||VU||L2 S e (for R large).
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— Case (b): |y| < |z| ~ [z —y|, |z|> Zand|y| < £. This case is symmetric

and treated with a similar argument as in Case (a).

Therefore, the contribution of (4.63) can be made small enough for large radius. Thus,

we obtain
DMy () = 86 vrolP e — [ (N 5 o) [o]? d — -~ Mo
dt gH = XR L% o> & J22 .
Tj>5

We rearrange the aboves inequality to write

d 1
5 2oy S t "D s o) JolP + 5 M[v]. (465
85 ol gy thMgH()nL/'xbg (2= w o) o + 5 MI. @69)

Applying the fundamental theorem of calculus to (4.65) on [0, 7], we obtain

Nty

T 2Np Np
85 / ( / |va<x,t>|N+v)
0

T
T
< sup Mg (t)] +/ / (mf(Nw) * [v[P) JolP + EMM' (4.66)
0 \:v|>§

te[0,7T
Applying the radial Sobolev inequality (Lemma 2.3.3) along with Holder’s and Hardy-
Littlewood-Sobolev inequality (Lemma 2.3.1), we have

1
"I s o) ol da S
/I:v|>’§ (l] % [v[P) v|P dz < PEED ==y

Therefore, we obtain

Nt~y

1 T 2Np Np R 1 1
T/o </|$§R|v(:1:,t)|N+w da:) dt < T+ POENE=y= +ﬁ'

Observe that

(N=-1D)(N(p—1)—)
N

< 2, for s. <

N[ =

(N—l)(N]\([p—l)—'y) > 2’ for S, > %
Thus,
R 1 : 1
e vy O\ 7T monp o, s <3
T oz, t)[¥+ d dt S R N ,
" =f % + %, if s, > %

as desired. O
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Now we prove that the energy escapes to spatial infinity as ¢ — oco.

Proposition 4.5.3 (Energy evacuation, gH) There exists a sequence of times t, — 00

and a sequence of radii R,, — oo such that

N4y
. 2Np Np
lim (/ lv(x, t,)|~+ da:) = 0.

Proof. For large T' > 0 and R > R, with R = TNHN—U(IYWP—U—W for s, < % and

1

R =T"3for s, > % and Proposition 4.5.2, we obtain that for s, < 5

T Ny

1 2Np Np __(N=D(N(p—1)—~)
— ~ ‘v(x’t)’N‘f"‘/ dx dt 5 T N+N-D®™(p-1—7)
T Jo |z|<t VT -D(N(p-1)-7)

and for s. > %

1T B0

2N p
—/ (/ \v(x,t)ymidx> dt < T3,
T 0 |Z“§tl/3

This implies that (following the similar argument as in Proposition 4.4.3) there exist se-

quences t,, — oo and R,, — oo such that the energy evacuation happens on a sequence

of balls as desired. O

Proof. (of Theorem 4.1.5) We have (by Section 4.3.2) that v is global and uniformly
bounded in H'. Choose ¢ and R as in Lemma 4.2.2 with ¢, — oo and R, — o0 as in

Proposition 4.5.3. Now taking n large so that R,, > R, Holder’s inequality gives

N+~

9 < 2s(p—1)42 12\771\“7 Np
lv(x,t,)|"de S R P lv(x, t,)|V+7 dx —0 as n—
lz|[<R [z|<Rn

Therefore, Lemma 4.2.2 implies that v scatters in H'(RY) forward in time. [
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CHAPTER 5
SINGULARITY FORMATION IN THE GHARTREE EQUATION

If something cannot go on forever, it will stop. (Herbert Stein)

In this chapter we investigate the formation of singularity, which is often referred to as
collapse or blow-up. It corresponds to a violent or sudden energy transfer from the larger
scales to smaller ones. In particular, we are interested in understanding the solutions with
finite-time existence for a variety of cases (s, > 0) in the gHartree equation (1.1). As
the small data global existence is available, one may ask if the global existence can be
extended for large solutions, or if there is a threshold for global existence. In Chapter
3 we showed a dichotomy for scattering vs. finite time blow-up solutions provided the
initial data is in H'; the threshold was given by a combination of the mass-energy and
the gradient comparison to that of the ground state (see Chapter 3, Section 3.3, Theorem
3.3.1). For the H® data, it is a more difficult question as the conserved quantities at
the H* level are not available (unless s, = 0 or s, = 1, note that if initial data is
in H% N H', then it stays in that regularity as the consequence of conservation laws).
Nevertheless, one can still ask for a finite time blow-up criterion for any size data, which
we investigate in Section 5.1 (see also [AR19]). We show that large data (although, it
does not have to be “large” in the intercritical case) may blow-up in finite time. For
that we give a sufficient condition for blow-up and show examples of Gaussian data with
thresholds in various (energy-subcritical, critical and supercritical) cases. Such examples
are important for studying the actual dynamics of finite time blow-up. For example, in
[YRZ20] the dynamics of stable blow-up is investigated (including rates and profiles) for
the gHartree in the mass-critical and supercritical regimes, and is compared with known

blow-up dynamics of the (local) nonlinear Schrodinger equation.
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First, we give a sufficient condition for a finite time blow-up (blow-up criterion, see
Theorem 5.1.1) in the gHartree equation (1.1), which follows the ideas in [HPR10, DR15,
Lus02, Lus10] except that now we have to control the convolution term.

Then we use examples of Gaussian initial data to show known thresholds for global
vs. finite existence and scattering in the following cases: energy-subcritical (see Figure
5.1), energy-critical (see Figure 5.2) and energy-supercritical case (Figure 5.3).

More importantly, we investigate blow-up solutions for the L>?-critical gHartree equa-
tion (1.1) with the negative energy and initial mass slightly above the ground state mass

(see Theorem 5.3.2).

5.1 Blow-up criterion

We first recall a simple convexity argument, which demonstrates that initial datum with
negative energy blows up in finite time. Define the variance, V' (t) o |zu(t)]|2. &N

Then, the solutions u(t) of (1.1) with finite variance satisfy the following virial identities

Vi(t) = 4Im uz - Vudz,

RN

8se(p—1)

Vi (t) = 16 Efu] — P

Z(u) = 16(s.(p — 1) + 1) Elu] - 8s.(p — 1)[Vu|[22.

Now for s. > 0, we have

Viu(t) < Cs, Elul,

where C, is a positive constant. Integrating with respect to time, we have

V(t) < %E[u]t2 + V;(0)t + V(0).

Now, there exist three possibilities under which blow-up occurs and they are as follows:

1. E[u] = —C? < 0. This implies that V;; < 0 and V(¢) is concave down. Then, the

Ve(0)£1/(Ve(0)?+2C+, C?V (0)
C,.C? .

blow-up occurs at some time 0 < T, < t,, where tg =
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2. Efu] = 0 and V;(0) < 0. This implies that V'(¢) is always decreasing and the

Vv (0)

blow-up occurs for some 0 < T}, < ty, where tg = Vi(0)"

3. Elu] = C* > 0and V;(0) < —2,/C(s.)E[u]V(0). Then, the blow-up occurs for

—Vi(0)£4/(V2(0))2—2Cs, E[u]V (0)
CscElul :

some 0 < T, < tg, where ty =

For positive energy we also have the following sufficient condition for blow-up in the
generalized Hartree equation (1.1), which follows the ideas in [HPR10, DR15, Lus02,

Lus10] except that now we find a bound for the convolution term

1
Z(u) = p Pdx.
w = [ (G =)o o

Theorem 5.1.1 Letug € H' if s. < 1 and ug € H* if s. > 1. Assume also V(0) < oo

and E[u] > 0. The following is a sufficient condition for the blow-up in finite time for
the solutions to the gHartree equation (1.1) with initial data ug in the mass-supercritical

case (s, > 0):

9,V (0) Eluo]V (0)
] <21 (Ciitge) oD
2 _ _
where w* = N (Np-2)+b-2) and the function f is defined as (here, k = s.(p—1))

8(N(p—2)+0)
flz) = (5.2)

Proof. Recalling the decomposition (4.1) from [DR15]

2

N2
< V(O)[IVull7e,

Vi(t
2 e + |V

we obtain

Vit(t> S 16<Sc(p - 1) + 1)E[u] - 2Sc(p - 1)
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We rewrite the above by making a substitution V() = B a%l(t), where a = @1 —
W > 0, to remove the last term and re-write (5.3) as
By < 16(a + 1)(2a + 1) E[u] B5%1 — da(a + 1)N2(M[u])2B57.
Elu] 5 N2« N?(N(p—2)+b-—2) ,
Set v = 4vV2 ———, wh = = d introd
ety \/_wM[u] where w 2o+ 1) SN —2) + 1) and introduce
the rescaled variables v and the time s as follows: s = ~y¢ and
M 2\ o+l
B(t) = Bmax v(s), where Bpax = <%> )
Then, with these new variables, we obtain
2 _o a—1
Vgs S wotl —peti g€ [0,T"/7), (5.4)

(a+1)2a+1)
and the equation (5.4) can be written as

ou
VUss < —c a

- ov

(a+1)(2a+1)

where ¢ = 5

and the potential

~ o+ 1 2a o+ 1 2a+1
U = a+l — a+1 .
(W) == 20+ 1"

In fact, for some function ¢*(s) > 0, we have

Vss = _Ca_U - 92(5)7

ov

and using the same analogy from mechanics as in [Lus10], [HPR10], [DR15], let v(¢) be

the coordinate of the particle with the unit mass moving under two forces: F; = —c %—g
and an unknown external force F, = —g?(t) < 0 (because of the sign, it pulls the particle

towards the origin). The collapse occurs if the particle reaches the origin in finite time,
i.e., when v(t*) = 0 for some 0 < t* < oo. If it reaches the origin without the force
Fy = —g?(t), then it would also reach the origin when this force is applied, thus, leading
to the following equation

—Vgs + =— = 0. (5.5
c
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The energy of this particle, defined as

E(s) = 21605 + T (u(s)), (5.6)

is conserved. Note that the curve for U is increasing from the origin (for positive v) and

a+1

then decreasing with the local maximum ﬁmax = Sa(atl)

attained at v = 1. Using the
energy from (5.6), we obtain the blow-up conditions for (5.5) similar to Proposition 4.1
in [DR15], see also [HPR10]:

(M) £(0) < Upax and v(0) < 1,

(D) £(0) > Upax and v,(0) < 0,

(D) E(0) = Upax v5(0) < 0 and v(0) < 1.

Define v = Vo and rewrite the energy as

a-+1 ~ 2a+1
20+ 1 '

£ = V2 (‘Z?—VJr
2a

Observe that

~ ~ 1 ~ 2 1
E<Up — Vi< — 4V — ot (5.7)
° 200 V2 2

Let k = 2a = s.(p — 1) and set the function

1 1+k

flz)=\—+2

=\ o (5.8)

then the blow-up conditions (I)-(III) with (5.7) and (5.8) are given as

_ +F(V(0))  if V(0)<1

—f(V(0)) if V(0)> 1'

Substituting for v, By in V (£) = (Buaxv) =7 yields

V(t) = %\7 (4\/5 Blu] t) ,
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and therefore, we obtain

Vi(0) <42 f (L@l) (5.9)

as claimed. 0O

Remark. For the real-valued initial data, the expression (5.9) can be simplified to

(w M [u])?

V(0) < Elul

(5.10)

Thus, knowing how big the initial variance of the real-valued data is, yields a blow-up

solution from such data. We use this in examples in the next section.

5.2 Examples

In this section we show examples of known thresholds in the energy-subcritical, critical
and supercritical cases for the Gaussian initial data.

We note that the proof of global existence in Theorem 3.1.1 part 1 and blow-up in part
2(a) will work for s, = 0 and s. = 1. In the case s, = 1 (energy-critical gHartree), or

equivalently p = % for N > 3, the inequality (2.126) becomes

2(N+~)
Z( ) < C(GN HVUHL2(RN) (511)
and the sharp constant C; for (5.11) is given by (for instance, see [DY19])
3 (
1 ['(N) Y\ YT 2(N+7)
Crn = 7N=7)/2 Cy) ¥ 2 C(N
(5.12)
1 rov) \ V. . .
where Cy = NI (r 5y /2)> is the best constant for Sobolev inequality
el 42 g, < O V0l 2
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5 a2
and C(N,v) = 7(N-7/2 r(Ff(ViZ) (FFU(VAZ)> " is the sharp constant in Hardy-Littlewood-
2

Sobolev inequality (see [LLO1] ,[Lie83])

h(y)
/RN /RN i — g LU dwdy| < C(N, DI ey 1P 2 vy

In our examples, we use v = 2, in which case one can verify that

N(N —2) N\ 5 1
Q(z) = <—2 r (1 + —>) — (5.13)
(z) i/ 2 1+ |z)2)° =

is one of the solutions for
AQ + (|2l ™2« [QIF) [QIFF Q@ =, (5.14)

where (—A) 7 f = Iy o f = FiﬂN_/? II\N 5 * f. In other words, the sharp constant C

from (5.12) can be attained at (), i.e., for 7 = 2, we have an equality in (5.11)

2(N+2)

Z(Q) = Can [VQI 2z (5.15)

Furthermore, for the function () in (5.13), multiplying the equation (5.14) by () and per-
forming integration by parts, we have ||VQ||3, &) = Z(Q). Thus, using this along with

(5.15) we deduce that

1
2 —
IVQl72@ry = W, (5.16)

and
2 2 1
FE = )

We next modify the definition of M& and G in (2.8.3) and write

Elu] IVu(t)|| 2@y
E[Q] VOl r2@yy

where the value of ||VQ|| 2~ is determined from (5.16) via the sharp constant defined

(5.17)

Elu] = and Glu(t)] =

in (5.12). Now, as a consequence of the proof of Theorem 3.1.1 in Chapter 3, global
existence holds in s, = 1 case along with the blow-up in finite time for finite variance.

We state the following analogous result for the energy-critical case.

171



Theorem 5.2.1 Let s, = 1 and u(t) be the solution of (1.1) with ug € H'(RN). Assume

that E[ug) < 1.

1. If Glug] < 1, then the solutions exists globally in time for all t € R.

2. If Glug] > 1 and either vy is radial or |x|ug € L*(RY), then u(t) blows-up in finite

time.

5.2.1 Gaussian initial data

We are now ready to consider examples, for which we take the Gaussian initial data of
the form

ug(z,0) = Be 217w e RN, B,y € (0,00). (5.18)

Then, the mass and initial variance of Gaussian data (5.18) are
N/2 2 N/2
s B6° N
M= (Z) v =2
Y 2y2 7t
For the convenience of the energy calculation we also record

N 7.(.N/2 BQ
9 -2

“vugH%?(RN) =

In what follows we consider mostly examples in 3d, with the convolution term Iw\% x f

as it is the fundamental solution of the Laplacian.

Example 1 : Energy-subcritical case
Consider p = 3 in dimension N = 3. In this case s, = % then (1.1) takes the form
iug + Au + (|x|_1 * |u|3> lulu = 0. (5.19)

The energy for (5.19) is

Elu,y] =

7.(.3/2 /62 5 1677'54
4 A2 - 372 ? :
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The Pohozhaev identities are

“VQH%?(RB) = QHQH%Q(R?’) and Z(Q) = 3”@”%2(1@3),

which yields F[Q] = 5 M][Q)], where we computed (numerically) M[Q] ~ 5.2339 (for

1
2
example, see [ YRZ20]).

We obtain the following thresholds, which are schematically represented in Figure

5.1:
Glupl =1
. Me 1 i
ME[up] <1 | [“‘;]]fd E [uo] <0
and i Glugl > 1
Glupl <1
0 Buk

Figure 5.1: Thresholds for the Gaussian data uy(z) = e~ in the energy-subcritical
case, see (5.20)-(5.23).

e blow-up with negative energy: Eu,] < 0 if

39/8
D= s, (5.20)

VY 2t/
e blow-up criteria Theorem 5.1.1 for positive energy: condition (5.10) gives

6 39/8
ﬁ > [y = S5 1A ~ 1.08689, (5.21)
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e the mass-energy condition M&[u,] < 1 in Theorem 3.1.1 yields

3 g 16 B4 1 4
(3= g ) < 31l

which implies

5 - B
—— < Byr~0958 and — > B} .~ 1.1812. (5.22)
ME \/,7 ME

VY

e the mass-gradient condition G[u,| = 1 from Theorem 3.1.1 (useful for the separa-

tion of the mass-energy conditions above in (5.22)) gives

ﬁ 21/2

From (5.20), (5.21), (5.22) and (5.23) we conclude that (analytically proved) thresholds
are: for scattering is below 3,,, ~ 0.9586 and for blow-up is above 3, ~ 1.08689 (see
Figure 1).

Example 2 : Energy-critical case

Consider p = 5 in the dimension N = 3 and write the equation
iug + Au+ <|x|’1 * |u\5) lul*u = 0, (5.24)

which is energy-critical. The corresponding energy for (5.24) is

7.‘,3/2 52 5 167Tﬁ8
4 ~1/2 CR7/2 ? :

Elu,y] =

From (5.13) and (5.14) we have that

which solves

AQ+<—*Q5> Q' =0,

]
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where ﬁ * f =47 (—A)~1 f in 3d. From (5.16), (5.17) and (5.12), we obtain

33/2 7T7/4 9 33/2 7T7/4
IVQIZ2rsy = —o5z ~ and ElQ] = R IVQIIZ2ms) = “oaaE
Then
e the negative energy condition, Efu,] < 0 yields
ﬁ B 57/16 31/8
m > g = S 1.42161, (5.25)
e blow-up condition (5.10) (Theorem 5.1.1) gives
5 B 55/16 31/8 B
m > [y = S 1.16254, (5.26)
e the energy condition £[uy| < 1 in Theorem 5.2.1 yields
71_3/2 52 167 /68 33/2 71.7/4
4 A2 (3_ 57/2 ?) S g
which implies
b g ~ 0.812225 d b 1~ 1.34423 5.27
and the gradient condition for global existence G[u,] < 1 gives
b ~ 0.902925 5.28
Ui < B =0. : (5.28)

From (5.25), (5.26), (5.27) and (5.28) we conclude that (analytically proved) thresholds
are: for global existence is below 5, ~ 0.812225 and for blow-up is above 3, ~ 1.16254
(see Figure 2).

Example 3 :

For convenience, we provide one more energy-critical example in 4d,

iy + Au + (|x!72 * ]u|3) lulu = 0. (5.29)
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Eluo) < 1 L Efugl <0

Elupl <1
and Glul =1

Glugl <1 \‘

Figure 5.2: Thresholds for Gaussian data uy = [ e~ 11" in the energy-critical case,see
(5.25)-(5.28) and (5.30)-(5.33).

The energy for (5.29) is given by

which solves
1
AQ+ (—+Q° ) Q*=0,
FE

where # x f = 47?(—A)~! f in 4d. We compute from (5.16),(5.17) and (5.12)

167 1 167
IVQI|72 @y = = and E[Q] = gHVQH%%Rﬂ =5
Then
e the negative energy condition corresponds to
B ~
— > fBp ~ 1.69257, (5.30)

\/,7

e blow-up occurs (according to Theorem 5.1.1 condition (5.10)) when

N By ~ 1.28607, (5.31)

V7
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e the energy condition £[uy| < 1 in Theorem 5.2.1 gives

SB[ T8 _16r
v 81 7?2 9

which implies

p - B
— < B, ~0.768792 and — > B ~ 1.58845, (5.32)
E ﬁ E

val

and the gradient condition for global existence G[u,] < 1 gives

B B, =~ 0.921318. (5.33)

Vi
From (5.30), (5.31), (5.32) and (5.33) we conclude that (analytically proved) thresholds
are: for global existence is below 5, ~ 0.768792 and for blow-up is above 3, ~ 1.28607
(see Figure 2).

Example 4 : Energy-supercritical case

Finally, we consider p = 7 in the dimension N = 3
iug + Au + <|[E|_1 * |u|7> lul®u = 0. (5.34)

In this case s, = % > 1, thus, the energy-supercritical regime. The energy for (5.34) is

given by

Blug) = o (3 16”5_12)

4 A1/2 772 72
Then, in the energy-supercritical case we have
o Elu,] <0if

3 31/12 77/24

5 > P = S~ 1394679, (5.35)

e condition (5.10) (Theorem 5.1.1) gives

3 31/12 77/24
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Note that except for the two conditions above no other information about scattering or
blow up thresholds is known in the energy-supercritical case (except for the small data

shown earlier in this paper).

i Elug] <0
small data :
I
0

jociN )
©v

By B

Figure 5.3: Thresholds for Gaussian data uy = (8 e~17I” in the energy-supercritical case,
see (5.35)-(5.36).

5.3 Blow-up analysis

Numerical simulations and asymptotic analysis in [YRZ20] show that stable blow-up
dynamics in the L?-critical gHartree equation (for v = 2 and dimensions 3 < N < 7)
follows the log-log regime, similar to the known results in the L2-critical NLS equation,
which had an interesting history. We mention some of it.

In the L*-critical NLS equation, the study of stable blow-up solutions goes back
to 1970’s and gained an enormous amount of attention (see [YRZ18] for a review).
The search of the correct blow-up rate was especially involved, since the blow-up rate
(T — t)_l/ 2 see Remark 5.3.3 below, also has a logarithmic correction term, and it was
a challenging task to understand what the correction should be (it is a double logarithm,
but numerically it is not possible to track double logarithm correction term). The first rig-
orous analytical description was done by Galina Perelman in 2001, see [Per01], in which
a rigorous construction of the “log-log” blow-up solutions was shown for the 1d quintic
NLS equation. This was followed by a systematic study in a series of papers by Merle

and Raphaél [MR03, MR04, MR05a, MR0O5b, MRO06], obtaining a detailed description
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of the stable blow-up dynamics for solutions of the L?-critical NLS equation with mass
slightly above the mass of the ground state solution (it is still an open problem for larger
masses). The proof requires certain coercivity properties on some bilinear forms, often
referred to as the Spectral Property, see [MROS5a, Section 4.4(D)] or [YRZ18]. In the
1d case, the spectral property is proved analytically, since the ground state in the NLS
equation is explicit, for example, see [MRO5a, Appendix A]. In higher dimensions the
available proofs are numerically-assisted (see [FMRO06] for N = 2,..., 5 and [YRZ18]
for 2 < N < 12) due to the fact that () is not explicit as well as certain signs of the inner
products are also computed numerically (and since the signs are robust to perturbations,
the numerical verification is sufficient for the validity of the Spectral Property, see below
Section 5.3.9).

There is very little known about the blow-up dynamics (how it happens, with what
rates, profiles and other characterizations) for other dispersive equations, especially with
nonlocal nonlinearity of convolution-type. We mention that understanding the blow-up
dynamics for the convolution nonlinearity, as it is in the Hartree, or gHartree equation,
is relevant for the development of theories for gravitational collapse of, for example,
boson stars (as mentioned in Section 1.2 of Chapter 1) modeled by the equation (1.3).
Frohlich and Lenzmann [FJLO7] proved the existence of finite time blow-up solutions
in the pseudo-relativistic Hartree equation (1.3) in regards to the theory of gravitational
collapse. Krieger, Lenzmann and Raphaél in [KLR09] studied the 4d L?-critical Hartree
equation (1.2) with a perturbed convolution kernel (destroying the pseudo-conformal in-
variance), obtaining the existence of minimal mass finite time blow-up solutions.

As mentioned at the beginning of this Section 5.3 we take v = 2, then the L>-critical

exponent for (1.1)isp =1+ %, and the equation (1.1) becomes

iug + Au + s [u"V ) Jul v u = 0. (5.37)
V-2
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The corresponding ground state equation is

1 4 4
—Q +AQ + (|$\N‘2 * Q1+N> Qv = 0. (5.38)

We point out that most of the results in the present Section 5.3 hold for the general
L?-critical gHartree equation (with v = 2), however, the Spectral Property (see, The-
orem 5.3.21 and Remark 5.3.22 followed by Theorem 5.3.23) is only available in R?,
see [ARY20]. It is an open question to prove analytically the log-log blow-up dynamics
in other dimensions in the L?-critical setting of the gHartree equation, for instance, see

[YRZ20, Figures 3, 4 and 6]. The following conjecture was stated in [YRZ20].

Conjecture 5.3.1 ((YRZ20]) A stable blow-up solution to the L?-critical gHartree equa-

tion has a self-similar structure and comes with the rate

In |In(T —t)]

1
t—T
2m(T — 1) ) @ ’

fm a0z = (

known as the log-log rate. The solution blows up in a self-similar regime with profile

converging to a rescaled profile (), which is a ground state solution of (5.38), namely,

() o z—a(t) i
w0~ 5010 ()

with time depending parameters L(t), x(t) and y(t), converging whent — T as follows:
1
x(t) — x. (the blow-up center), y(t) — o (for some vy € R) and L(t) ~ (ﬂ—;_%) .

Thus, the stable blow-up dynamics in the L*-critical gHartree equation is similar to

the stable blow-up dynamics in the L*-critical NLS equation.

The authors in [YRZ20] verified the Conjecture 5.3.1 (numerically) in dimensions 3 <
N < 7. They showed that in the radial setting, the stable blow-up dynamics does not
depend on the type of nonlinearity (i.e., local or nonlocal) in the NLS-type equations and

the blow-up happens with the “log-log” rate. Moreover, the blow-up profile converges to
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the ground state solution found numerically, which is one of ground states of the equation
(5.38).

We will give the proof of the above conjecture in the 3d case with the one log cor-
rection rate, which is the culmination of this thesis (see also [AR20b]). The double log

correction is much more involved and will be proved elsewhere. The result is as follows

Theorem 5.3.2 Let N = 3 and consider the L*-critical gHartree equation (5.37) with
p=1

1 1
iy + Au+ (W x |u\§) lul5u = 0. (5.39)
X

Consider ug € H*(R?) such that
M[Q] < M[ug) < M[Q] + «, for some « >0,
and

E[UO] < O, Im (/ ﬂoVUO d$> = 0.
R3

Let u(t) be the corresponding solution to (5.39). Then there exist ag > 0 such that for all

a < Op
1. there exist time depending parameters (\(t),x(t),7(t)) € R x R x R such that
1 r—x(t)\ ;
= —— I S iy(t)
0= s @+9) ()

and ||e(t)|| m r3) S /0

2. u(t) blows up in finite time, i.e., there exists 0 < T < +oo such that
li t =
lim [[Vu(t)[| 2 (es) = +o0,

3. fort close to the blow-up time T', we have

In(T — )|\ ?
Ivudlee < o (=) (5.40)

for some universal constant C' > 0.
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Remark 5.3.3 As mentioned at the start of Section 5.3, the main term in the blow-up rate
found numerically is (T —t)~'/2. In Theorem 5.3.2, we show that the blow-up rate (5.40)
is upper bounded by (T — t)~'/? (with a correction). The lower bound by (T — t)~'/% is
a consequence of the scaling invariance (see Section 2.2 of Chapter 2). More precisely,
if the solution to the L>-critical gHartree equation (5.37) with initial data uy € H'(RY)

satisfies limy_, 7 ||Vu(t) || p2ery = 400 for 0 < T < 400, then

C
IVu(t)|| 2 vy > (T_—(;)W forall 0 <t<T. (5.41)

Indeed, suppose u(x,t) is a solution to (5.37), then

_ 1 y

O (HW@)HLW)’” P )
is also a solution to (5.37) by scaling and time translation invariance for a fixed t €
[0,T). One can verify that ||(0)|| g1 @yy < C, since ||a(0)||2@yy = ||uo|| 2@y and
|Va(t)|| 2y = 1. Thus, by the Proposition 2.6.2 (H" local existence), there exists
a time 1o = 7(||Go||) > O such that u(y, ) is defined on the interval [0, 7). As a

consequence, we have
To

+
Valt) 2,
which immediately yields the lower bound (5.41).

<T,

5.3.1 Linearized equation around ()

To start with the proof of Theorem 5.3.2, we decompose the solution u(x,t) to (5.37)

around () as follows

e(y,t) = "IN PuAt)y + x(1),1) — Qy). (5.42)

Note A(t) > 0, z(t) and (t) are C' functions to be chosen later. We rescale the time

variable by % and write € = £(y, s), observe that in this time rescaling we have

- )\(t)Q ’

€ [0, 00). We next study the remainder term ¢, which we shall prove is small.
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5.3.2 Equation for ¢

The following lemma gives the ¢ equation, where

det dQx N
o T = . 543
Qs S Q+7-V0. (543)
A=1
is the scaling generator and here, we have used s, = 0 <= % = 2&—%. Similarly,

define

N
Q2 = §Q1+$'VQ1-
Lemma 5.3.4 Forall s > 0, we have

)\S :'US >\S ‘/‘US ~
(61)s — L_egy = TQl + N V@ + X(gl)l + N Vel + Jse2 — Ra(e), (5.44)

. As T .
(e9)s + Lier = —7,Q + 7(62)1 + 3 Vey — qse1 + Ri(e), (5.45)

where s = —s — s, the operators L. are defined by

Liei:=—Aei+¢e; — % <|y|’(N*2) * QH%) Q%*lgl
4 —(N— 4
B <1+N> (Il 2+ (Q¥e1)) @

Ly = —Aey+ 2y — (\yﬁN*?) " QH%) OF ey, (5.47)

z|w

(5.46)

and the remainder terms Ry, Ry are given by

Ri(e) = ("2 ¢ Q@+ #) [Q +2# (@ + )

(@) Qo - 4 (WP L) @ ey )

(i Y (s @)t

Ba(e) = Iy~ 2 1Q + £ T H) [Q + ¢ ey — (Jy VP < Q1) @R e,
(5.49)

Proof. This is a direct computation; substituting (5.42) into (5.37) and writing the equa-

tions for real and imaginary parts of € gives the desired result. [J
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5.3.3 Useful properties of ()

For the equation (1.1), we recall the convolution-type Gagliardo-Nirenberg inequality
(2.126) (discussed previously in Section 2.8 of Chapter 2)
/ / ’p |u | d.’lj dy < CGN HquQSQP pN1)+2 H H 21 ?\,{»)(p—l)
RN JRN |$_y|b LA®R™) LA®T)
where the sharp constant C; (see Section 2.8 of present thesis or Section 4 in [AR20a]

for details) is given by

N(p-—1)—vy
> —1

2p 7(]\H—'y—(N—Q)p)

QI 2xY -
N(p—-1)— Np—-1)—~

Can =

In the L?-critical case, s, = 0 with b = N — 2, the inequality (2.126) becomes

DI fufy)] L
/]RN /RN |z — y|N—2 drdy < Con [Vl L2 @) ||u||L2(RN)~ (5.50)

We recall (again from Section 2.8 of the present thesis) that the sharp constant C; y from
(5.50) is attained at (any ground state) (), which solve (5.38). The existence, decay
asymptotics (exponential decay for p > 2) and other properties of ground state solu-
tions () are investigated by Moroz and Van Schaftingen in [MVS13]. Also recall that the
uniqueness is only known in the standard Hartree case p = 2, vy = 2and 2 < N < 6,
see Section 2.8 of the present thesis (also for p = 2 4+ ¢, v = 2 in dimension N = 3, see
[Xial6]). Therefore, for the purpose of proving the Theorem 5.3.2, we take a ground state

solution (). We mention that solving (2.123) withy =2, N > 2and p < < 1),or

N+2 3 (s
(5.38) when s. = 0 numerically suggests that there exists a unique ground state solution
to (2.123), or the L>-critical ground state equation (5.37) (iterations always converge to

the same (), see [YRZ20, Appendix]).

The following algebraic identities hold from the symmetries of (5.37):

e phase symmetry relates to ._() = 0,
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e translation invariance gives L, (VQ) = 0,
e scaling symmetry generates L ((Q);) = —20),
e Galilean invariance produces L_(zQ) = —2VQ,

e pseudo-conformal symmetry is associated with L_ (|z]*Q) = —4Q);.

An immediate adaptation of an argument in [Wei85, Appendix B] (since all the above al-
gebraic identities are similar to the NLS case) leads to an additional relation correspond-
ing to an extra direction in the generalized null-space associated with the last relation

above, L, p = —|z|*Q.

5.3.4 Spectral propertiesof L. and L_in N =3

While most of the analysis works in any dimension, it is the spectral properties, which
make things challenging to consider in a general setting. Thus, the results of the present

subsection are proved for the dimension N = 3. We start with the following statement.
Lemma 5.3.5 The operator L. has exactly one negative eigenvalue.

Proof. First we observe that

(@.1:Q) = 2 2(Q) <0,

where Z is defined in (2.125). Recalling the min-max principle [RS78, Theorem XIII.1],
we have that the operator L, has at least one negative eigenvalue. From Section 2.8 of
Chapter 2 (see also [AR20a], or [MVS13]), we also know that () is a minimizer of the

Gagliardo-Nirenberg functional given by

8
HV“”%%R?»)“UHE?(R%
= S1
J(u) 0 (5.51)
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for u € H'(R?) with u # 0 (note that this holds for other dimensions). Therefore,

d2

3 J(Q+eh) >0, VheC®(R?).

e=0

By a direct (and tedious) computation the previous statement is equivalent to
]_6 -1 T 4
(LJrhl,hl >— Qh ? th (‘LE| *Q3)Q3h1

(L_ha, hy) > 0. (5.52)

and

Therefore,

(Lyhy,hy) >0 if by L (J2] 7' % Q3)Q5 (5.53)

(implying that by L (—AQ + @Q)). Let y; is the jth eigenvalue of L. Then again
using the min-max principle, one can deduce that there is exactly one function ¢, in the

orthogonal space (one dimensional subspace of L?) such that

L) =su inf hi,Lih >0,
p2(Ly) ¢1p{ hy Loy, Hh1IIL2=1( 1, Lot 1)}

since L, is nonnegative for ¢; = (|x| ™! * Qg)Q%. Thus, 0 is the second eigenvalue, since
we know from a direct computation that L, V() = 0. Therefore, there can be at most one
negative eigenvalue. Combining this with the starting observation, we conclude that L,

has exactly one negative eigenvalue. [

We follow the approach of Weinstein [Wei85, Proposition 2.8] and introduce some
essential ingredients, which will be required to prove the main result of this section re-
garding the null-spaces of L, and L_. We first write the Laplacian in 3d in spherical

coordinates as

where

1 of of 1 0*f
Ref =505 sin 6 90 (Slnef)@) * sin® 0 9¢2"
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It is well-known that the (homogeneous) harmonic functions on R?, i.e., solutions of the
Laplace equation can be found by separation of variables. Thus, we write f(r, 6, ¢) =

r'g(0, ¢) and obtain that
Af =721 +1) g + Aszg).

Hence,

Af =0 ifandonlyif Agg=—-I(l+1)g,

i.e., g is an eigenfunction of Ag: for the eigenvalue —[({ + 1). Hence, Laplacian in

spherical coordinates can be expressed as

92 29 Il+1)
Bo=gnt e T T

(5.54)

Therefore, decomposing any solution € L*(R?) of L, n = 0 via spherical harmonics,

we have
00 l
n=_ D Manlr)Yim(®), (5.55)
=0 m=-1
where * = rw with r = |z| and w € S?. Here, Y}, denotes the spherical harmonics,

which is the eigenfunction corresponding to the eigenvalue —[(I + 1) of the spherical
Laplacian Ag2. We now recall the multipole expansion (following the representation in

[Len09])

0o l
Z Z l+1 l ( ) }Gfm(w/)a (556)
=0 m=

where 7,,,;, = min(|z|, |2']) and 7,4, = max(|x|, |2’|). Then with 1 given by (5.55), we

have
Lin=0<«= L,pymm=0, forl=0,1,2,... and m = —1[,...,+I, (5.57)

where

(L f)(r) = (=Aq + 1) f(r) + Vo) (r) (5.58)
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with —A(; given by (5.54) and

Vo)) = =5 VI 10) = 555 W ) (5.59)
af 4, 4 Az 1 281 * Thin A 2 4
=—§(|x| *Q3)(7”)Q3(7“)f(7”)—m(/0 %Q?’(s)f(s)s ds) Q@3 (r),

here, 7,5, = min(r, s) and 7,4, = max(r, s). Now we show that each L ;) for [ > 1
satisfies Perron-Frobenius property. This result was proved by Lenzmann for pseudo-
relativistic Hartree equations (see [Len09, Lemma 7]). We next prove this for our 3d

gHartree case.

Lemma 5.3.6 Foreachl > 1, the operator L.  is essentially self-adjoint on C§°(R*) C
L*(Ry) in spherical coordinates and bounded below. Moreover, each L,  satisfies the
Perron-Frobenius property, i.e., if ey ) denotes the lowest eigenvalue of L. (), then e

is simple and the corresponding eigenfunction ¢y ;(r) is strictly positive.

Proof. Observe that from (5.53), we have that L+7(l)| oL > 0. Thus, L () is bounded
below. We also have from [RS72] (Appendix to X.1, Theorem X.10 and Example 4) that
—A(;) (defined in (5.54)) is essentially self-adjoint on C5°(R™) provided I(l + 1)/r* >
3/4r* (which is true since [ > 1). We now show that the Coulomb potential |z|~! can
be written as |z|™! = ¢;(z) + g2(z) with g; € L? and go € L>. We split the Coulomb
potential into two pieces, the part living inside the unit ball and the part outside. Observe
that ||ga|| L r3) < C(e) for some arbitrary 0 < € < 1, since -  is bounded by 1 outside
the unit ball and
/ —dr =47 / —r?dr = 4, inside the unit ball.
lz|<1 |z ]2
Thus, using Young’s inequality in the first inequality below and Gagliardo-Nirenberg in-

terpolation inequality, i.e., ||f|| ~m@s) < Cyif|[(—=A)f Hi/24R3 Il f HlL/;th in the second in-
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equality along with the fact that ||gs|| = < C(€), we have

IV Flle = [ (2] %+ Q3) Q5 fllze = || (g1 % Q3) Q5 flluz + || (92 % Q3) Q5 fl|12
< gl QU NQUE N Fll e + Nlgall o QU SNQN S 1] 22
< Co (4nCLII(= D) FILIAIE + C(@)1£1lz2)

< Cq (37CL[(=A) fllz2 + (7Cs + C(€)) | fll22) ,

where in the last inequality we have used that

1 3 1
I=A)V I IS < ZI=2) il + Il

Thus, V f is —A bounded for 0 < CpC, < % Now, we prove a similar fact for the

second potential in (5.46),

(12l Q3 ) Q3|2 = 1 (91 % (Q3 ) Q3112 + || (g2 % (Q3 f)) Q3 || 12
<l 2 QNN Flloe + Ngall o |QUEE 11 £11.22
< Co (4mC. | = AFITIFIE + CONFN22)

< Co (37C.]| — Afllze + (xC. + C) 1 fl122) -

Hence, invoking the Kato-Rellich theorem, see [RS72, Theorem X.12 and Theorem X.15],
proves that L, (defined in (5.46)) is essentially self-adjoint on C§°(R™). This implies
from the equivalence of L and L, ) (see (5.57)) that L, () (defined in (5.58)) is also
essentially self-adjoint on C3°(R™).

To prove the Perron-Frobenius property of L. ), we first recall that an operator T’
is called positivity improving if 7'f is strictly positive whenever f is positive. We also
recall (see expression (7-15) in [Len09]) that (—A() + p)~' is positivity improving on
L*(R*, r?dr) for all 11 > 0. Next, since () is positive, we also have that —V/{;, (defined in

(5.59)) is positivity improving on L?(R*, r?dr). Therefore, we have

(Lo +1)  =(=Ap+1+u) 1+ Vy(—Ap+1+p) )"
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Next, recall the generalization of geometric series given by

(ld-T)" ZT'“

where 7' is a bounded linear operator and Id is the identity operator. Using this general-

ization, we write

oo

(Liw+m) = (=Dp+1+p) > (- Ap+1+p) )" (5.60)

k=0
Since V/{;) is bounded, we deduce that the convergence of above series is guaranteed pro-
vided 4 > 1. Using (5.60) along with positivity improving property of (—Ag)+1+pu) -
and —V/;), we conclude that (L+,(l) + u) ! must also be positivity improving.

Now let eq ;) be the lowest eigenvalue of Ly ). Observe that (L ) + p) s
bounded, self-adjoint and positivity improving with (e, )+ t) ! being the largest eigen-
value. Hence, by [RS78, Theorem XII1.43 part (a)], (60 o+ u) is simple and the cor-

responding eigenfunction ¢y is strictly positive. This completes the proof of Lemma

536. O

We may now prove the following proposition. We mention that the statement below

is conditional on the uniqueness of ground state ().

Proposition 5.3.7 Suppose N = 3, then

1. The null-space of self-adjoint operator L is spanned by the vectors 0,,Q, where
1<j<3
2. L_ is a nonnegative self-adjoint operator and the null-space of L_ is spanned by

0.

Proof. 1. Observe that L, (Q,,) = 0and Q,, = Q'(r)=, which shows that L, (1)Q" =
0. Thus, from the monotonic properties of (), we deduce that ' < 0 is an eigen-

function of self-adjoint operator L ;) that does not change its sign. In fact, Lemma
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5.3.6 implies that Q" = —¢y (1), Where ¢y ;) is strictly positive with the correspond-
ing eigenvalue e (1) = 0. Suppose e ;) be the lowest eigenvalue with the associated
eigenfunction ¢ ;) for L ). Here, [ > 2 is fixed. Now we notice (using (5.54),
(5.58) and (5.59)) that

1(1+1) -2
Ly ay®o,1) = Ly 1)®o,0) + T—cho,(z)

n 28T /oo (1 T'rmin. 1 rfmn>Q
3 0 312, 2041 rHl
(l+1)—2
> %%,(z) (5.61)
r

28_7T * 1 T'min . i Tin \ 1 2 4/3
3 (/0 312, (1 20+ 1 (rmm) )Q (s) o,y (s) s dS>Q (r),
(5.62)

ol

(5) do.0(5) 5° ds) Q3 (r)

ol

where we have used the fact that L ;) > 0. Using the strict positivity of () along
with the strict positivity of ¢q () (from Lemma 5.3.6), we have that (5.62) > 0 for
[ > 2 and 7’:::—; < 1. Using the strict positivity of ¢g ;) along with the fact that
[ > 2, we also have that (5.61) > 0. Hence, L ;) > 0 for [ > 2. Now we are left
with the case [ = 0, for which we need to prove that L, () f = 0 implies f = 0.
This can be deduced by a similar argument as in [LMROS8, Lemma 2.1] (also see,
[Mar02]), since the potential terms in L (o) still decay exponentially (in our case
unlike the standard Hartree there are Q'/% and Q*/3 outside the convolution, where
Q(z) = O(|z|~*2e7Il) as || — oc). This completes the proof of part (1).

2. We know from (5.52) that L_ is nonnegative. Observe that L_() = 0 is equivalent
to the ground state equation (5.38) in R?. As mentioned in Section 5.3.3 (also
see Section 2.8 of Chapter 2) that we do not have analytic uniqueness of (), thus,
assuming a conditional uniqueness of () (since numerically solving (5.38) produces
a unique ground state solution, see [YRZ20, Appendix]), completes the proof of
part (2).

The proof of Proposition 5.3.7 is now complete. [
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Next, before proceeding further we show the following
Lemma 5.3.8 (0,,Q, (Q1 + @Q2)) =0.
Proof. We fix k = 1. Now observe that Q(z1,xs, ..., 2x) = Q(—x1,22,...,2yN) and
Op, Q(x1, 29, ..., xN) = =04, Q(—21, T2, ..., TN). (5.63)

Therefore, we compute

Joa@i+an= (5 +1) fon@a+ fo.00 va

N

N (g s 1) Jor@a+ v+ fo,0-vQ+ f0.Q) V- va).

Note that the first integral on the right in the above expression is equal to 0 by (5.63). The
second integral on the right in the above expression is also equal to 0 by the following

computation

/am@)x VQ = [00,Q(0100.Q + 1200,Q + ... + 23D, Q)
:/amcx—xl,xg,...,xN><—xlax1Q<—xl,x2,...,m)
4 /&mQ(—xl,xz, W) (@200, Q s TN ))
...—i—/&ng(—Il,xg,...,IN)(xN&KNQ(—xl,xQ,...,xN))
__ /&le(%,xg,...,:L‘N)(:Ulale(:vl,x%...,:UN))
- /amQ(xl,xz, 1) (205, Q(21, Ty . TN)) —
...—/ale(atl,xg,...,IN>($N31NQ<x1,m2,...,xN))
—~ fo.Qu-va

which implies that [(9,,Q)z - VQ = 0. Now we treat the third and last integral

J0rQu- 9 VQ) = [0,Q) 3 (001 (2)8,Q + 712,0...,).

1,J
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Using the fact that 0, (x;) = 0 for 7 # j, first integral on the right reduces to

/am@

where the last equality follows for the previous calculation. Lastly,

NE

(£:0,,Q) = /(axlcz)(x vQ) =0,

ﬁaﬁpl@) Z (mZxJaxﬂJQ) = ﬁa‘rl Q) 282 /a:mQ QZ xjaxlx]Q> .
i oy

First integral on the right is equal to zero, since (0., ) is negative after the change of

variable but 2702 @ is positive. Thus, we are left to evaluate

/ 0.Q) Y

=2

(42501.,Q) /am@ (@510,0Q) + [0, (012,0.,0)

i#£j =2 j=2
J i#]

1=

Z

|I‘1~L|

<.
—_

1 N
+ ﬁamQ) Z (lejaxﬂyQ) :
i,j=2

All the terms on the right are odd terms, which implies that [(0,,Q) >_,_., (2:7;04,0,Q) =
0, and thus, [(9,,Q)z - V(z - VQ) = 0. This completes the proof of lemma. [

Now we prove that under specific set of orthogonality conditions, the quadratic form

generated by L, and L_ is positive-definite.

Proposition 5.3.9 (1) There exists a constant c¢; > 0 such that for any radial function
hy € H*, we have

(L+h17 h’l) Z (&1 ”th%Z(RN), (564)
where H- = {hy € H' : (h1,Q) = (h1,2;Q) = (h1,|z]*?Q) =0,j=1,...,N}

(Il) There exists a constant co > 0 such that for any radial function hy € H,, we have
(L-ha,ha) > ¢ ||h2||%2(RN), (5.65)

where H| = {hQ e H' . (hQ,Q) = 0}
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Proof. Recall that the unique minimizer of (5.51) is attained at a ground state (), and

therefore,
d2

de?

J(Q +e€h) >0, Vhe CO=®RY),

e=0

is equivalent to (for some constants A, B > 0)

2
(Lihi,hy) > A (/@hl) - B/Qm /(lxl‘“v‘?’ *QUN)QN Ay (5.66)

and

(L_h2, hg) > 0.
(I) By (5.66), we have that (L, hy,hy) > 0if hy L Q.
Letn = {(Lihi ) o [[hallre = 1, (l,Q) = (n,2;Q) = (h, [2[*Q) = 0};
g =1,...,N, thus, n > 0. We argue by contradiction and assume that n = 0.
Consider hj satisfying
(i) (Lyhi ) =0
(ii) (Ly —Dhi = Bo@Q + B2;Q + By |zlPQsj=1,...,N

(111) ||h1||L2 = 1 with (hl,Q) = (hl,l’jQ) = O,] = ]_, .. .,N.

Taking the scalar product of (ii) with 4}, we deduce from (iii) and (i) that (L k], h7)
= [ = 0. Next, taking the scalar product of (ii) with (), integrating by parts, and
using (@, Q1) = 0 and (z;Q, Q1) = 0 (see Lemma 5.3.8) along with the fact that
L.Q, = —2Q, we have

0= 21t Q) = Byss /rx\%f,

since [|x|°Q* # 0, we find that Sy, = 0. Now taking the scalar product with Q,,

and using (Q, Q),;) = 0 along with the fact that ., € kerL, we have

0= (hivL-&-Qﬂﬁj) = B]' /ijQa:j’
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since [ 2;QQ,, = 3 [2;(Q%)., = —3 [ Q* # 0, we deduce that 3; = 0 for j =
1,..., N. Finally, taking the inner product with p and recalling that L, p = —|z|?Q,
we get

0= ~(hi.[°Q) = (b, Len) = 1 [ 9.
since [pQ = _%pr-‘rQl = —% (Lyp)@1 = %f|x|2QQ1 = —% [lzPQ* # 0,
yielding 5y = 0. This implies that h; = 0, which provides a contradiction, since

IIhillz2 = 1. Hence, 7 > 0 and this completes the proof of (I).

(IT) The proof is similar to the previous argument and follows easily by taking the inner

product of L_hj = v() with (). We omit the details.
This concludes the proof of Proposition 5.3.9. [

Although Proposition 5.3.9 shows that eliminating certain directions would make the
bilinear form (Lh, h) positive, the directions for L, are not suitable for our analysis.
An alternative is to consider the direction corresponding to the negative eigenvalue of
L, along with the kernel of L. We use the positivity of L, under these (alternative)

directions to prove the smallness of € in H! norm (see Lemma 5.3.15).

Lemma 5.3.10 Let xq be the positive radially symmetric eigenfunction associated to the
only negative eigenvalue —e_ (with e_ > 0). Then, there exists c3 > 0 such that for any
h € H! satisfying

(h,x0) = (h,Qz;) =0, j=1,...,N, (5.67)
we have

(Lyh,h) > c3||hl|32mny.- (5.68)
(RN)

Proof. The result follows from Claim 5.3.5, which says that L, has only one negative
eigenvalue and Proposition 5.3.7, which gives us the kernel. Eliminating the negative di-
rection (corresponding to negative eigenvalue) and kernel (corresponding to 0 eigenvalue)

yields the desired result. [
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5.3.5 Conservation laws for ¢

Here, we return to a general setting in dimension N and start with proving the mass and

energy conservation for €. Define

=2 Qwaw.od+ [ w0k (z /. ’“0'2‘/RNQ2>' (5.69)

Lemma 5.3.11 For any s > 0, we have

1. Mass fore: Me(s)] = ay.
2. Energy conservation for €: E[Q + &(s)] = N\*(s) E|uy).
3. Energy linearization:
ElQ+¢el+ / Qe+ - / ER 1(Les)—L/ F(e), (5.70)
! T2 N+ Jeu o T
where (Le,e) = (Lie,e) + (L_e,¢) and F () is given by
F(e) = (-2 e @+ ) @+ e 4 — (ly] -2 w @) @
4
o (1 + N) (Isl=¥=2 QI %) QI ey
4\ —(N—-2) S 4
—(1+ %) (Y2« Qe Qe (5.71)
1) (2 s e h ) it (e + &
N N 1 2>

which is cubic in ¢.

Proof. Letv(y,s) = Q(y) +&(y, s).

1. We have by the scaling invariance of L? norm and by conservation of mass

ﬁv<y,s>|2dy - /AN<t>|u<A<t>y+x<t>,t>|2dy - ﬁu(x,m?das

— Mu(t)] = M[u(0)]
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On the other hand, we obtain

ﬁ@@) ey )Py = /|v<y, S dy

Jeway+2 fowetw s v+ flew o) dy = fluo) iz

= [w vz fow a0+ fiew o,

thus,

—2/Q y)eily, s dy+ﬁ€ s)[* dy
/Q( y)ei(y,0 dy+ﬁ€ 0)]> dy = a.

2. We have

E[Q +e(s)] = Elv(s)]
>\N+2

_ ﬁw(A( )y + x(t),t)|* dy
)\N+4 //, ty + (), )] [y + 2(t), )| dy dyf

2(N +4) ly — /|2
)\N+2 ) N)\N+4 )\N 2 ‘ Y, t ’1+N ’u T t)‘1+N
= O /Vu(x,tﬂ dx — SN T4 A // PR dx dy

= N E[u(t)] = N2 E[uy).

3. We have

ElQ+¢ = /VQ+V6]2dy

(Q+e) W)~ | Q+e)w)| ™
N+4// y—y[N2 Ay

Expanding |Q + e\“% and collecting the terms of zeroth, first and second order of

€, we obtain
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EQ+e)— / VeP+ [vQve+ [l - [
) 2<N+4) Jre- f(sremmat)ate
B %/(1 * %) (|y|_(N_2) * Q%&) Qv e
=5 Jlr ey or (et eat),

where F'(¢) is given by (5.71). Integrating by parts in the third term on the right-
hand side and using (5.38) along with (5.46) and (5.47) yields the desired result.

This completes the proof of Lemma 5.3.11. [

5.3.6 Choice of modulation parameters

The following lemma is based on the variational property of () and shows the proximity

of the solution to () up to scaling, phase and translation factors.

Lemma 5.3.12 Letu € H'(RY) and o, = [on |ul®> — [on Q2. There exists a 6y > 0 such

that the following is true. Assume that Eu] < 0 and «,, < 01, then there exist parameters

2o € RY and vy € R such that
1Q — e X u(No(x + o)) || g1y < 5(M.,) (5.72)
with Ao = [|[VQ|| 2@y /|| Vul| 2@y

Proof. Recalling the variational structure of the function () associated with the Gagliardo-
Nirenberg inequality of convolution type (2.126) (see Lemma 2.8.1), we have that for

u € H'(RY)

e =0, [ 1wP=[ 1o [ 1va= [ vor
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is equivalent to u = Q(- + x,) for some zy € RY. Let u € H'(C) be such that F[u] = 0
and [y [ul® = [on Q% Thus, [u| € H'(RY) satisfies [pn (V]u|)? < [on [Vul® such

that E|u|] < Efu] = 0. On the other hand, from Gagliardo-Nirenberg inequality of

convolution type (2.126) (for the function |u|), we have E[|u|] > 0. Therefore, E[|u|] =
Elu] = 0 and |u| = )\D%Q()\O(- + x¢)) for some parameters \y > 0 and 7, € RY.
This implies that u does not vanish and we may write u = [u|e”® and [, |Vul> =
Jan (Vu])? + [on |[u[?*(VO(z))?. We deduce from Ef|u|] = E[u] that 6(x) is constant.
This means that if w € H'(C) such that E[u] = 0 and [,y [u]* = [pn |Q[? then u =
6”0)\0% Q(Xo(- + w0)) for some parameters \y > 0, v € R and 7y € RY. Arguing by

contradiction, we assume that there is a sequence u,, € H'(R") such that F(u,,) < 0 and

N
. el Ivel
Jan |un|?> = [on |Q]* as n — oo. Consider v, = \f u,(\,z), where A, = HWn”L;. We

have that v,, satisfies

/ \vnlzé/ QF, / \sz/ IVQ|?, and E[v,] <0.
RN RN RN RN

And, from Gagliardo-Nirenberg inequality (2.126),

Blo) > % (/RN |an|2> (1 _ (%)N) 7

which implies that E[v,] — 0. Adapting the concentration compactness principle (see
[Lio84a, Lemma III.1]), there exists z,, € RY and v,, € RY such that e"" v, (x+1,,) — Q

strongly in H' (see again [Lio84a, Theorem III.1]) as desired. O

Foru € H', A\ > 0, v € Rand x; € RY, we now define the following decomposition

of the solution

€117 (y) = eivl /\JIV/QU()\ly + 1‘1) - Q(y) (573)

such that ¢ satisfies particular set of orthogonality conditions. For a > 0, let

Uy={uec H" : |[u—Q|m < a}. (5.74)
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Lemma 5.3.13 There exists & > 0 and a unique C' map
()\1,’}/1,1’1) . U@ — (1 —5\,14—5\) X R x RN

such that if u € Us and €y, -, 5, (y) is given by (5.73), then

(6)\1771,361)1 1 ij7 (5/\1,’71,331)1 1 Ql + QQ and (5)\1,’y1,:€1)2 L QZa (575)
where j = 1,...,N and €x, 5, 21 = (Exy 91,21 )1 + 4(Exy 71,21 )2 Moreover, if u € Uy, with
0 <a<a,then

||6>\17’71,931HH1 + |>‘1 - 1| + |'Yl| + |.T1‘ < (Cia. (5.76)
Proof. Letey, ,, o+, be asin (5.73). Differentiating (5.73), we have
88/\1 71,1 .
TR = Uy, =1,...,N 5.77
8(:161), A1=1,y1=0,21=0 uy] (y)’ J ’ ’ ’ ( )
86)\1 Y1,%1 N
BT =5 -Vu(y) = 5.78
8/\1 A1=1,y1=0,21=0 2 U(y) + Y U(y) t ( )
and
85)\1 Y1,T1 .
— = . 5.79
071 In=1m=021=0 u(y) (5.79)

We define the following functionals

pgqm,ﬂn(u) = /(5/\1771@1)1 y;Q, 1<j<N,

'Oivltyll,ﬂfl (’LL) = /(€A1771711)1<Q1 + QZ)

and

pé\vﬁ,ﬁ,m (u) = /(5A1,71,x1)2 Qs.
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From (5.77)-(5.79), the first column of the Jacobian matrix is given by

api\l Y1,Z1 (U) 1 ,
W A1=1,71=0,21=0,u=Q - /le yl@ - _5 /Q N
8pil Y1,T1 (U)
AT _ 0

Ty T Ve

8(1‘1)1 A1=1,71=0,21=0,u=Q - /le yn@ =0
N+1
() :/Qy1(Q1+Q2):O

P\
a(iL'l) )\1:1771:0,;31:07,”:Q

N
p)\1+’Y21 I1( )

u
W A1=1,71=0,21=0,u=Q - /0 (Q2> =

the second column will be

O(1)2
9p3, OPx e (W) (u)
O(x1)2

A1=1,y1=0,21=0,u=Q /Qyz yl@ 3

/ngng _—/Q
A=1,71=0,21=0,u=Q

apivl V1,21 (U)
AL _ 0
O(z1)2 A=1,71=0,21=0,u=Q /Qyz yn@

Phina ) :/ng(Q1+Q2):o

A1,m,71
a($1> )‘1:1771:0311:0,U=Q

3(%)2 M=l =0.21=0u=Q /0 (Q2) =
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similarly, the Nth column is

801\1 V1,21 (u)

_TALYLTLA S _ 0
a('rl)N A1=1,71=0,21=0,u=Q /QyN le

8pil 71,Z1 (U)

R TS _ 0
8(1‘1)2 A1=1,71=0,21=0,u=Q /QyN yQQ

b b —_ —_— 1 2.
INz))ny  I=1m=021=0u=Q /Qy2 un@ = 2 /Q ’

a N+1
Oz ) - [an @ +an=0

A1,71,%1
a(ﬂUl)N A1=1,71=0,z1=0,u=Q

Opy 2 (u)

W A1=1,y1=0,21=0,u=Q - /O (QQ) ==

the (N+1)th column

0P, 12 (1)
Y
OP3s s (1)
O\

:/QlleIO;

/\1 =1,’}/1 =0,I1 :O,UZQ

:/QlyzQ:O;

A1=1,71=0,21=0,u=Q

@pi\fh’h’xl (u)
8/\1 )\1:1,’)/1:0,271:0,u:Q
8pN+1 ( )

A1,71,%1

N ML 0.1 0 = /Ql (Q1+Q2) = /Q%;
8pN+2 ( )

:/QlyNQZ();

A1,71,%1

8/\1 A1=1,71=0,21=0,u=Q - /0 (QZ) -
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finally,the (N+2)th column

P> s (W)
om

OP3, 100 (1)
om

= /0 y1Q = 0;
A1=1,71=0,ZE1=0,U:Q

= /O y2Q = 0;
A1=1,71=0,21=0,u=Q

771"1’.1
— e 7 = /0 (Q = 0;
071 M =171 =0.21 =0 / Yn

PNt 4 (w)
0w :/O(Q1+Q2)=O;
Y1 A1=1,71=0,21=0,u=Q

A1,71,Z1
P () - [a@) -~ [a

871 A1=1,71=0,21=0,u=Q

Note thatat \y = 1,7, = 0,21 = 0,u = Q,

(p§\1,’y1,r1 (U), p?\l,’h,xl <u)7 T 7p)]?[1,71,21 (u)7 p)]?/l—j:ylhxl (u>7 pivltyzhxl (U)) - (07 07 cee 707 07 0)

and the Jacobian matrix is nonzero, thus, we can apply the Implicit Function theorem to
obtain the existence of & > 0, a neighborhood V' of (1,0, 0) in R¥*2 and a unique C*
map (A, 71,71) : {u€ H' : |Ju— Q| m < a} — V such that orthogonality conditions
(5.75) are satisfied.

Note that since (A1, 71, 21) is sufficiently close to (1,0, 0), there exists a C; > 0 such
that if ||u — Q|l; < a < B, then |\, — 1| + |11| + |71] < C) a. Moreover, by the

expression of €, ., », in (5.73), we also get ||ex, 4, 2, || g < Cha, forsome C; > 0. O

Assume that u(t) € Uj for all time u(t) is defined, and thus, by energy conserva-
tion, we have Efu(t)] = Efug| < 0 for all time u() is defined. Observe that since one
can always assume a smaller §; by the continuity of u(¢) with respect to ¢ on a closed
time interval before the blow-up time such that oy < §; for all time u(t) is defined, and

therefore, by Lemma 5.3.12 there exists x(t) € RY and vy(¢) € R such that

1Q — €™ @A (&)Y 2u(No(t) (@ + 2o (1)) a1 vy < d(ax),

203



where \o(t) = [|VQ||r2@®~)/||Vu(t)||p2@ny. Taking d; > 0 such that oy < J and

d(ap) < §(d2) < a. Then, for all time u(t) is defined, we have
1Q = OB 2u(ho(t)(x + ()l < 6.

Thus, applying Lemma 5.3.13, we choose the parameters () > 0, z(t) € RY and

v(t) € R close to \g(), zo(t) and xy(t) such that
£(1.) = Exaon = N OuABY +2(0).) - Q) (580)
where € = €1 + 15 satisfy

(817%@) = (517 Ql + Q2> =0 and (82, QQ) =0.

Moreover,

lle(@®)]|g: < d(ap), where d(ag) =0 as ag— 0. (5.81)

5.3.7 Control of parameters

Next, we need to understand how various parameters are controlled and related to each

other. We begin with the following lemma.

Lemma 5.3.14 Let P(y) is any polynomial and if ||e(s)|| g2 < 1 then
1. First order terms are controlled by

‘(El,z,P(y)j—;Q(y))‘ < C(P,k) (/RN |v€|2) 1/2’

where 0 < k < 3.

2. Second order terms are controlled by

(re1Pwaw )| <cwn ([ 1v)
€ Y y dyk y — Y RN € )
where R(e) = Ry(¢) + iRs(e) and Ry (¢), Ry(e) is given by (5.48), (5.49), respec-

tively.
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3. Third order terms are controlled by

~ d* 9
[ ren+ | (e, poeew)| < clela ([ 19:2)),
RN Yy RN
where F(¢) is given by (5.71) and
Ri(e) = Rie) = (Iy" ™2 « Qe ) @A ey
(I 02 QA1) Q4 (Jyl VP QU ) Q2L (5.82)
is the cubic part of Ry(¢).

Proof. Since the function () and all of its derivatives decays exponentially at +oc and

—o0, ie., | P(y)-L (y)‘ < O(P, k)e~ ¥, we have the following controls

dyk

1. Using Sobolev inequality ||5H i < C||Ve|| 2, first order terms are estimated as

L N—

(51,2, )‘ C(P, k)|l 2N < C(P,k)||Vel| Lz
2. Control of second order terms: we consider the sets
E,={e(z) e H' : Q(z) > e(x)} and E,={e(y) € H' : Q(y) > <(y)},

and since the behavior of () and its derivative is similar (exponentially decaying),

we write for simplicity the inner product in (2) as follows

/R(g)Qd;B:// y Q@+ )WV [(Q+e)(@)|[V 1 (Q+¢)(z) Q) 4 d

|z —y|¥2
(Q+ )W) [(Q+2)(@)| ¥ (Q+2)(2) Q)
+//EcuEy |z —y|N-2 ey

@+ )WI*1Q + )@ F (@ +9)(x) Q)
N dody

|z —y|¥?

[(Q+ )W)~ [(Q + &) ()| 1(Q + )(x) Q(x)
+//E°UE° dx dy

|z —y|¥?

I
//Q |x_ lglzN(>d:cdy.
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We first consider the term on E, U E, and expand |Q) + |~ and |Q + ¢| v to

obtain

/EIUEy R(e) Q(z) dx < // QU (y |x 2 y|N( 2) @), iy
// 2 ‘N (2 EN gy, 589

For the terms on ESU E,,, we only expand |() —|—€|1+% and use the fact that |Q+¢| <

2e¢ on B¢, we get

1 N 1+4
/ R( )Q d;z; </ @ o |1(v )2| . dx dy. (5.84)
ESUE,

Next, the set £, U £ is symmetric to the previous one and treated similarly (ex-
panding the term |Q + €| ~~and using the triangle inequality on the other term),

we obtain

1+4 1+4
/ R(e) Q(x) dw < / QN (@) |€](Vy_)2| " drdy. (5.85)
E,UE¢ |z — |

Finally, we observe (by triangle inequality) that the term on E7 U E is of higher

order. Therefore, from (5.83), (5.84) and (5.85), we have

‘ [roau 5] Q" (y |x_ |N< DEE 4, 4,

N //Q ‘N (2 2@ g a,
- // QHlm—le JHN oy

Using Holder’s and Hardy-Littlewood-Sobolev inequalities, we obtain

e

Y

1+4 41
SlQ| 2(%+4> QN2 Nlell® ax.

LN+

144 1+4
+HQHL2H€|!2N7N 1€ 2<%+4>H€H 240

SIIVellZs + 1VellZs + Vel 27 < 1922
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2(N+4)

N1 < —and

where in the second inequality, we have used the fact that 2 <

fOI'2<N<6,2<N—+2<—2

3. Third order terms are also controlled using the similar approach as above, thus, we

have

‘/F(s) dx+/le(s)Qdm <

Y

/ QU () E@I*F

Ix —yIN‘2

VI @ @,

g

1+4 1+4 7_1
S Q] 2(%+4> e 2(NN+4> +HQ||L2H8II 2 QP ||€||2#

< (HWHE‘ v kup)uwué < el 191,
where in the last step we have used ||¢]| 5 < 1 implicitly.

This concludes the proof of Lemma 5.3.14. O

Next, we establish the control on ||e(s)]| g1

Lemma 5.3.15 There exists 05 > 0 such that if ||e(s)|| g < 6(ap) for ag < 3 and £(s)
satisfies (5.75) from Lemma 5.3.13 for all s > 0, then there exists a universal constant

C'5 > 0 such that

le(s)]lm < Cav/ao, (5.86)
where « is given by (5.69).
Proof. From (5.70), we have
N
(Le(s),e(s)) = 2E[Q + &(s)] + My + N1 /F(e(s)) (5.87)
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We estimate using the computation in Lemma 5.3.14

/|F( Dl < // QUR Y, ) ey F

ly —y/|N2

2
Q~ (v, 5) el y| 8)|Q|7v 2( y,s) |e(y, s)] dydyf
y—y

_(N— 4 4 _
Syl % QU )| e [le(s)I172 lle(s)ll 2

4

1y 5 Q¥ e) e QUE Nle(s)I1Z-

1

Using Hardy-Littlewood-Sobolev and the fact that ||e(s)||z~ < |le(s)]|z: < 1, we get

SIS I 1l (5:88)

Therefore, there exists a universal constant C'y > 0 such that using Lemma 5.3.11 part

(2), (5.87) can be estimated as
(Le(s),2(s) < Mo+ Colle()l| 3 le(s)122- (5.89)

Now, we consider a translated function

E(s) = e(s) — aQu, — bQ1 — icQ, (5.90)

where €(s) = €1(s) + iea(s) satisfies Lemma 5.3.13 and £(s) = &;(s) + ié2(s). We wish
to compare the L? norm of £(s) with the L? norm of £(s). Taking the scalar product of the
real part of (5.90) with x, (eigenfunction corresponding to the only negative eigenvalue

of L, defined in Lemma 5.3.10), we have

S — w5 )0
(€1(s),x0) =0 th b 200, v0)

where e_ is the only negative eigenvalue of L. Here, we have used the fact that (Q.,, xo) =
0and (Q1, x0) = e% (@, xo0). Now, taking the scalar product of the real part of (5.90) with

ij , we obtain
(e1(s), Qu;)

(61(5),Qq,) =0 with a= ’
||Q$J||%2
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where we have used (ij, Q1 + @Q2) = 0. Similarly, taking the scalar product of the

imaginary part of (5.90) with (), we get

(52<3)> Q)

(€2(s),Q) =0 with C:W.

Next, we use the orthogonality conditions (5.75) from Lemma 5.3.13 to get another set of

values for a, b and c. Taking the scalar product of the real part of (5.90) with x;() and

2(é(s), z;Q)
1QI7.

Next, taking the scalar product of real part of (5.90) with Q); + Q)2 and

using (e1(s),z;Q)) =0, wehave a=

using  (e1(s), @1 +Q2) =0, wehave b= — (E1(s), @ + Q2>'

Q117
Lastly, taking the scalar product of (5.90) with ()5 and from orthogonality condition
using (£2,Q2) =0, wehave c= M.
1Q1 172

Therefore, using the two set of values of a, b and ¢, we obtain
Ai(g,e) < (£,8) < Bi(g,e),
for some constants A;, B; > 0. We also record that

(L+él (8)7 §1<S) = (L+51(S), 51(‘9) + 4b(51(8)7 Q)v (51(8)7 Q) = (51(8)7 Q)v (591)
and
(L-&2(s),2(s)) = (L-ea(s), e2(s))- (5.92)
Thus, using (5.91), (5.92), (5.89) along with (5.65) and (5.68), we get

(e(s),e(s) < Ail(é(S),é(S) < (Lé(s),(s)

< ag + 4B (E1(). Q) + Ca le() 11 le(s)I3-
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We note that |b| < ¢|le(s)||g: (from the expressions of b) and 2|(¢1(s), Q)| < ap +

le(s) |32 by (5.88). Therefore,

((),2(5)) < (L4 28lle(3) ) o + (22l e(3)llan + Calle() 3 ()3 (5.93)

Now, by the hypothesis there exists d3 > 0 such that if ||e(s)|| g1 < d(ap) for o < I3,
4
then ¢||e||gn < 1/8 and Cy||e(s) | 1 't < 1/2. Thus, we can take the last term on right-

hand side of (5.93) to the left-hand side and write
((s),(s)) < 2ao. (5.94)

Now we use (5.46) (expression of L) to write

IMM%:/F®Fﬁ/W$W

1"'1\1 N 2
—(Le(s) N//Q ', s\y@ y,1<v 2)|€(y,8)| dy dyf
N+4/ QV(Y,s |€‘z; S);?N(z VWS g

From (5.94), we get
le(s)[[F <o+ Calle(s )||H1 ez + C(N QI ) lle(s) 132

<(1+ 205 F " + 20N, Q1) ) o

< (2 + QC(N, HQ||L°°)>0507

setting Cs = \/2 +2C(N, ||Q|| 1), we conclude the proof. [

We are now able to prove the following properties of modulation parameters.

Lemma 5.3.16 There exists 6, > 0 such that if oy < 04, M(8), ¥(s) and x(s) are C*

functions of s with the following properties:
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1. Equation of A\, s and x:

%/&JJ'V(%Q)_’~Ys/€2yiQ+%(%HQH%2+/51 (Q+yiQy¢)>

+% /51 Yi Qyj

— o (e, - /R2(e>yz-cz,

(5.95)

i#]

%(HQH]%Z - /51 (@1 + Qz)l) + s /52 Q1 — % /51 V(Q1 + Q)
:_/azL(Ql)—/gzL(Qg)—/fb(a) (@1 + Q).
(5.96)

and

-2 [2 @)+ (1@ [202) -5 [ave
- [aL@) - [ReQ 69

2. Estimates on \,, Vs and x:

Ts

As
A

1/2
<Cy </ |V5|2) : (5.98)
]RN

Proof. 1. We take the inner product of (5.44) with y;(), integrate by parts and use first

orthogonality condition from (5.75), L_(y;,Q) = —2Q,, along with [ Q1 (1;Q) =0
to obtain, after rearranging, the equation (5.95). Now taking the inner product of
(5.44) with Q)1 + @Q,, integrating by parts, using second and third orthogonality
condition from (5.75) along with the relations [Q1Q2 = 0, [VQ(Q1 + Q2) = 0,
we obtain, after rearranging, the equation (5.96). Finally, taking the inner product of
(5.45) with (), integrating by parts, using third orthogonality condition from (5.75)

along with [Q Q2 = —||Q1]|7, and rearranging, we obtain the equation (5.97).
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2. To prove (5.98), we observe that the leading order terms in (5.95) is ||Q]|32, (5.96)

and (5.97) is ||Q1 |3 ensuring that the coefficient matrix associated to the variables

>

, & and 7, is non-zero. Thus, using (5.81) along with Lemma 5.3.14 part (1),
one can solve the system of equations given by (5.95)-(5.97) and obtain a universal
constant C; > 0 (depending on the powers of () and its partial derivatives) such
that (5.98) holds.

The proof of Lemma 5.3.16 is now complete. [J
The last result in this section is the estimates due to the conservation laws:

Lemma 5.3.17 We have for all s > 0,

1. the estimate from the energy conservation:
G0l <6 ( [ 190R) + 21 (5.99)
R
2. the estimate from the conservation of momentum:
1/2
(9. 9Q) < Cllsellan ([ 1V=F) . (5100
R
Proof. 1. From Lemma 5.3.11 part (2) and (5.70) in part (3), we have
1 N
Le,e) =2 = ) —2N|Ep| + —— | F
e =2( [ ey [ ER)-2viEl+ g [ FE
4
< Mo — 22| Eo| + el Vel

where in the last inequality we have used (5.69) and Lemma 5.3.14 part (3). Thus,
realizing that the leading terms on the right-hand side of the below expression are

of second order, we get

‘/5162‘ ‘ (La £ /\s|2 N+4) /F(s))‘+)\2|EO|

< 05 ﬁV€|2 + )\2(8)|E0|

as desired.
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2. We rewrite Im ( f aOVuo) = ( in ¢ variable to obtain

‘/@V@’ < Csllel| 2] Vel| 2

so that with (5.76), we deduce (5.100).

This completes the proof od Lemma 5.3.17. O

5.3.8 The local virial estimate

Here, we derive the virial identity in e variable. Recall that if [ |z|?|u(z)|? dz < +o0,

one can write the virial identity given by

%/|x|2|u(x,t)‘2dx = 4Im (/ux : vu> = —16|E[uo]|t + C. (5.101)

Thus, virial identity for € is given by calculating the time derivative (in s) of the quantity

U(e(s)) =Im ([ £z - Ve) (s). In particular, evaluating
_ C
U(ut)=Im( [E+Q)y - V(e+Q) ) =—4|Eu|t + T
we observe that
C
U(e(s) —2 [ e2Q1 = —4|E[uo]|t + T (5.102)
Taking the derivative of above expression with respect to s and using % = \?(s), we get
(T(e))s(s) = 2(e2, Qu)s(s) — 4N (5)| Eluo] .
Thus, for the virial identity in ¢ we compute (g2, ()1), and obtain the following:

Lemma 5.3.18 (Local virial identity) Let uy € H' such that it satisfies the assumptions

of Theorem 5.3.2. Then

(€2,Q1)s = H(&€)+2/\2|E0|—75(61,Q1)—%(52, Q2)—%(€27V(Q1))+G(5), (5.103)
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where

= N
C(e) = (R, @) ~ 5037 5 / Fe) (5.104)
with Ry (e) given by (5.82) is cubic in ¢, and

H(e,e) = Hy(e1,€1) + Ha(ea,€2) (5.105)

= (Lie1,e1) + (Log2,€2), (5.106)
where

Li=—A4 2y, 4 (1 + %) (Iy\“N-2> x Cﬁ(-)) (Q% ty- vcﬁ) (5.107)

N
and
Lo=—-A+15, (5.108)
where
1 _(N— 4 4 4_ 4 4
V= L1020 (004 59014 )@h 1+ L (15214 (4 vt ).

Proof. Taking the inner product of (5.45) with (); and using L, (Q);) = —2Q with the

fact that (), Q1) = 0, we obtain, after performing integration by parts,

(220 = 261, Q) ~ 34(0. Q1) — (02, Q) — 20, V@) + (B1(6). Q).

(5.109)
Substituting 2(¢1, )) from (5.70) into the above expression, we get
(62, Qu)s = / |Vel? - / (!y\*“%k(@“%))cﬁ*1 (%ggﬂg)
(o0 2) for @i
—%(el,Ql)—%(ez,Qa (0, Q) +(Ri().Q). (110)
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Now, we use (5.48) to collect all the second order terms in £ and write

Ri(e) = % (1 + %) /<’y‘_(N_2) * (Q%‘%%))Q%

= (1 + %) /(yy|<N2> +(QF 1))t

T (1 " %) [0 @4=)) @t

+ 2 (5-0) flur s @ )ar s

+ % (% - 1) /(Iyl‘(“’ (QUH)) QN2+ Rue),

where R, () is given by (5.82) and is cubic in €. Observe that F(¢) is also cubic in ¢ and

so we define
Ge) = (Ri(6). @) - 5 [ F (.11
= € - — : .
© RN+ ) T
Thus, computing the inner product of second order terms from R;(¢) with ¢); and using

the symmetry of convolution, we get

(Ri(e), Q1) =2 / (I =2 @7 ) @ <%€? + 53>
+2 (1 + %) / (\yl‘(N‘Q) * (Q%61)> Qve

]. 4 4 4
+§/(!y\(N2)*(y-VQ”N)> Q! (N5%+53) (5.112)

1 4 4 4
+ 5/ (|y\7(N72) *QHW) (y‘VQﬁfl) (Naf +€§)
4 4 4
(1050) [ (o= @¥) (w04
Substituting (5.112) along with (5.111) into (5.110) yields the desired result. O

Remark 5.3.19 We mention that one can verify the following two identities by direct

calculation (recall that f, is the scaling generator defined in (5.43))

(L-(f1) = (L-f)),

N | —

Eif = 5 (L)~ (Luf)r) and Lof =
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where L, is given by (5.108) and

Lif = %'CZf +% (1 T %) (|yf1 * (Q%f)> (y VQT + 2@%)

+3 (1 + %) (IvI™"+ - vQ¥)F) Q.

Observe that we have L, (obtained by direct computation, which we used in [ARY20]

to obtain the Spectral Property) in place of Ly (obtained in Lemma 5.3.18) in the first

identity. However, the magic happens under the inner product setting
(£7.f) = 5 (Laf. )+ (1+ f;) ([(ln = @%n) (v-ver +207)] )
+§ (14 ) [ (o <G-v@h) Qs

which can be re-written as

(£7.6) = 5 (Laf )+ (1 + ;) ([« @%n) (v-vor +a¥)]. )
+% (1+5) [ (o +G-v@hs) Qi s
5 (1) [ (o @in)u-vois
= gt (1 5) ([(w < @40) (v v@t +207)] )
—(L:f.f)

For our analysis, we will use L, since it is the same as L1 under the inner product.

The next step would be to show coercivity of the bilinear form A and then proceed with
the bounds on (g5, Q1)s, Which will allow us to obtain the blow-up rate with the log
correction.

This is a point, where the Spectral Property is needed to prove Theorem 5.3.2, which

we discuss next. This will explain why we only consider the 3d case, .
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5.3.9 Spectral property

We start with the definition of Spectral Property.

Definition 5.3.20 (Spectral Property, see [ARY20]) Ler N > 2. Given the two real
Schrodinger operators L, o defined by (5.107) and (5.108). Let the real quadratic form

forz = (u,v)T € H' x H! with radial symmetry be
B(z,z) = Bi(u,u) + Ba(v,v).

The system is said to satisfy a spectral property with radial symmetric assumption on the

subspace U € H} x H}, if there exists a universal constant &y > 0 such that Vz € U,
B(z,z) > (50/ |Vz|? 4+ e ¥|z|2dy.

Then, the following results were established in [ARY?20] via the numerically-assisted

proof.

Theorem 5.3.21 If we treat the dimension N as a parameter, since we are under the

radial symmetric assumption, we have the following results:

1. Let the dimensions oy < N < «y and assume the subspace U C L,% X Lf with the

orthogonal conditions

(@ =0, {f;Q) =0 (g,Q1) =0, ({g,Q2) =0. (5.113)

Then, the spectral property holds for (f,g)T € U with a; ~ 2.02 and i ~ 2.6.

2. Let the dimensions a3 < N < «y and assume the subspace U C L,% X L% with the

orthogonal conditions

Then, the spectral property holds for (f,g)T € U with az ~ 2.7 and ay ~ 3.1.

217



Remark 5.3.22 Observe that in the above Theorem the only acceptable integeris N = 3
(between oz and o). For the purpose of the analytical proof later (specifically, to ensure
the positivity of Hy (g1, 1) in Proposition 5.3.25), we need a modified version of the above

spectral property to incorporate the span of ()1, which we state next, see [ARY20].

Theorem 5.3.23 The spectral property holds for the 3d generalized Hartree equation for

(f,9)F €U C L? x L? in the space orthogonal to the spans

<f7Q> :07 <f7Q1+aQ2> :07 <97Q1> :07 <g7Q2> :Ov (5115)

with « in the range oo < o or a > a3, where o] ~ —0.44601 and o’ ~ 0.69022.

Theorem 5.3.23 actually holds for 2.8 < N < 3.1 with slightly different values of aj
and o depending on the value of N. We point that the 3d case is of the most interest (as

this is the only integer dimension that fits the above spectral property).

Remark 5.3.24 Note that the reason that we cannot consider the case N = 4 is due to
the fact that in 4d the potentials in Definition 5.3.20 decay as ‘x% with a large constant C'
(computed numerically), which leads to infinitely many negative eigenvalues, and thus, we

would get infinitely many directions (or orthogonal conditions) to deal with, see [RS78].

We now reformulate the spectral property in terms of the quadratic form H in 3d from

Lemma 5.3.18.

Proposition 5.3.25 Let N = 3. Consider two real-valued operators L, and Ly given by

B 4 T( 1 4 4 4 L
L=+ Vot (W7 Q) (QF +y-VQY) and Ly=-A+V,
(5.116)
with

Vo= 5 (Il + (207 +5-V9)) @b + 5 (Inl " <) (- V@),
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The associated real-valued quadratic form H (g, €) for € = &, + iy € H'(R3) be given
by (5.105) (equivalently by (5.106)). Then there exists a universal constant 50 > 0 such

that for any € € H'(R3), the quadratic form H is positive, or more precisely,

J=5(f ).

(61,Q) = (51, Q1+ Q2) =0 and (52,Q1) = (55,Q2) =0

provided

We fix the dimension N = 3 for further analysis and use the above spectral property to
demonstrate why the choice of the orthogonality condition ) + ()2 comes into play. Let
e € H with (g1, 4:Q) = (g1, Q1 + Q2) = (£2,Q2) = 0 (i.e., € satisfies Lemma 5.3.13).
We set

E=¢—al) —bQ — icQ.
Observe that (&1, 1;,QQ) = (£2,Q2) = 0. Also, (¢1,Q) = 0 and (&1, Q1 + Q2) = 0 with

_ (e1,Q) _

el
(2, Q1)
1Q11172

Similarly, (£;,Q1) = 0 with ¢ = . Hence, ¢ satisfies Proposition 5.3.25 along

with Lemma 5.3.13.
We then evaluate
H(e,e) =H(&,&) + 2a(1, £1Q) + 2b(¢1, L,Q1) + a*H (Q, Q) + b*H (Q1, Q1)
+ 2ab(L1Q, Q1) + 2¢(2, L20Q1) + ¢ Ha(Q1, Q1)
> 50/ IVE]2 — C (a* + &)
> do / Vel? — 617 Q) + (&2, Ql)z) (5.117)

for some fixed universal constant §; > 0 small enough. Here, we have used the fact

that H,(Q,Q) < 0, , H1(Q1,Q1) = 0, H2(Q1,Q1) < 0 and (£,Q, Q1) < 0 along with
Lemma 5.3.14.
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5.3.10 The local virial inequality: Application of orthogonality con-
ditions

We now justify our choice of the orthogonality conditions (5.75), which allows us to
cancel some oscillatory terms and provide a suitable control for other terms. In particular,

we have the following lemma.

Lemma 5.3.26 There exists a universal constant 65 > 0 such that for g < 05 small

enough, we have for all s:

) 2
(€2,Q1), = 55 (/ |V5’2) + 2X%| Eo| — 5_5((51762)2 + (52,621)2)- (5.118)

Proof. The choice of the orthogonality condition (g5, Q)2) = 0 in (5.75) guarantees that

the scalar product term associated with the scaling parameter in (5.103) vanishes, i.e.,

As
T(EQ,QQ) =0. (5119)

The orthogonality condition (¢, ;) = 0 in (5.75) ensures the following control on the

scalar product associated with the translation parameter in (5.103) (see (63) in [MR05a])

Ts

y((ezvv(Ql)))‘ < O6(a) (/Wgy?) . (5.120)

Recall that we have modified the second orthogonality condition in (5.75) (see also Propo-
sition 5.3.25) to facilitate the spectral analysis for £;. This introduces an oscillatory
integral in the virial estimate (which vanishes in the work of Merle-Rapahél [MRO3],
[MRO5a]). To handle this term, which is associated with the phase parameter in (5.103),

we take the inner product of (5.45) with ()5 and multiply the resultant expression with

(e1,@Q1)

Ys(e1, Q1) = (e1, L+Q2) (1, Q1) + Gi(e), (5.121)

1
@117
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1
AR

is cubic in €. Thus, using (5.119), (5.120) and (5.121) along with Lemma 5.3.14, we

Ts

G1<€) b\

c1.@1) (31(61:@2) = 3 (00, @3) - 5 (V22,0 - (a(2). ) )

rewrite (5.103) as

(£2,Q1)s > H(e, ) + 2)*| Eo| — C6(My) (/ |V5|2>

1
- W(€1;L+Q2) (81,Q1)~ (5.122)
L2

Now suppose B; be the bilinear form associated with H;, where

Hi(e1,e1) = Hi(er, &1) 51,L+Q2) (51,Q1)

1
MR

is the quadratic form on ;. Therefore, we get

Bie1, Q1) = (e1.£2(@Q0) — m (51, (@1, @u)L4(Q2) + (@, L+(Q2))Q1>)
= (60, £2(Q0)) — 5 (51, 4(@2) +2Q1) =0,

where the last equality follows from the fact that

1
L1(Q1) = §L+(Q2) + Q1.
Lete; € H' suchthat (g1, Q1+Q2) = (e1,4:Q) = 0. Set&; = £1+bQ; withb = — ‘(‘an,i);)
1 2
so that (¢1,Q1) = 0 and (e1,y;Q) = 0. Now using (g1, Q1 + ()2) = 0, we also have that
h= Enla) Therefore, for some universal constant A,, Bs > 0, we have

[CALE

Ag (VEl, VEl) S (Vgl, Vgl) S Bz (VEl, VEl) .
Moreover, observe that

Hi(er,e1) = Hi(E1 — bQy, &1 — bQ1) = Hi(61,81) = Hi(61,8)),
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where the second equality follows from the fact that B; (g1, )1) = 0 and H;(Q1,Q1) =0
and the last equality follows from (&1, Q) = 0. Thus, from the spectral property of H,
we obtain

Hi(er,e1) = Hy(81,61) > 50/|V§1|2 > 50/|v51|2. (5.123)

Substituting (5.123) along with (5.117) into (5.122), we obtain

(0.0 = (00— o) ( [ 191) + 201500 - - ((e0, @0 + (0. 00?).
(5.124)

For iy small enough such that C'd () < dg = %’, (5.124) implies (5.118) as desired. [

5.3.11 Refined virial inequality

We obtained (5.118) from (5.103) using the orthogonality conditions (5.75) in Lemma
5.3.13, Proposition 5.3.25 and (5.117). Thus, we would need to understand the role two
scalar product terms, appearing in (5.118), play in the analysis. The following lemma,

similar to the NLS case takes care of the (g1, ()) term.

Lemma 5.3.27 There exists a universal constant g > 0 and dg such that for oy < g

small enough, we have

1. forall s € R,

(14 35 €0@) 20| = a0 ([196P) + 2018 - g ),
(5.125)

2. and for all sy > sy,

(- ) o] o [ () o v

(5.126)

1 52
_2_50/ (€2>Q1)2-

S1

222



Proof. 1. Taking the inner product of (5.44) with () and using L_(Q) = 0 along with
(Qa Ql) = O’ we get

Ts

(6@, = 3 (61, Q) — 2 (61, VQ) + 7 (2, Q) — (Rafe), Q).

Recall (5.109),

Adding the above expressions and using (5.76), (5.100), (5.98), we estimate

(E1Q),) + (2 Q1)s — 261, Q) < C ( / |v5|2) |

Multiplying the above inequality with (g1, @) and using triangle inequality along

with (e1, Q) < d(a), we write

1) (61Q) + (20,00 (41, - 261, Q)] < Cotan) ( [ 194)
161, Q) (22, Q1)], = 2(1,Q)*~ (21,Q), ((£2,Q) — (21,Q) )|

< O6(ap) (/ yv5|2) :

Since | (e2,Q1) | < d(ap) and | (g1, Q)| < 0(ayp), the above estimate can be re-

written as

161, Q) (22, Qu)], — 2(1, Q)] < Co(ao) ( / |ve|2) |

) (/e

(52,Q1)2-

Inserting this relation into (5.118),

51 05(040)
1

1
(e2,Q1), + 5 [(e1,Q) (€2, Q1)], = <§ -

2
+ 222 | By | -5
1

For 0y = % and o small enough such that C'd(c) < dy, we obtain the desired

estimate (5.125).
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2. Integrating (5.125) on the time interval [sq, s5] yields (5.126).

This concludes the proof of Lemma 5.3.27. O

We record that similar to NLS the virial dispersive estimate (5.125) is derived from

the virial identity (5.101) in the variable u(x,t). We then inject decomposition
e(y,t) = e"ON (u(A(B)y + 2(t),t) — Q(y) (5.127)

into the virial identity and observe that through this transformation it translates into the
scalar product involving e, namely (2, @1). This relation provides a connection between

the linear term and the quadratic term.

5.3.12 Monotonicity: Control on scaling parameter

Here we exhibit the maximum principle type property which gives the sign structure of the
quantity (g2, ()1). We achieve this by injecting the virial relation (5.126) into the equation
for the scaling parameter, this in turn yields an equation involving scaling parameter \ of
the form

As

N ~ _(52,Q1)-

Lemma 5.3.28 Let 67 > 0 such that for oy < 6, there exists a unique sy € R such that

1. Forall s < sg, (g2,Q1)(s) <0, forall s > sg, (e2,Q1)(s) > 0and (g2, Q1)(s0) =
0.

2. Moreover, for all s, > s1 > s,

3/:2@27@1) — C(60)8(av) < —|lyQ|72 1n Ggg)

35/ (60, Q1) + C(60)5(a0)  (5.128)

S1

and

)\(82) < 2)\(81) (5.129)
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Proof. First we assume o small enough such that

1 1 3
— — <= .
;<1 Q< (5.130)

We claim that for all sy > s,

‘4 / (62, Q1) + 4@ In (ig;)‘ < Cb(ao) + / (62, Q0)] + / (61, Q).
(5.131)

Taking the inner product of (5.44) with the well-localized function |z|>Q and using the

relation L_(|z]?Q) = —4Q,, we get
2 As 2 As 2 Ls 2
(o0 16°Q), +4(22,Q0) + 2@l =~ (o0, (PQ)) — % (21, W (12°0)
+ s (527 |$|2Q) — (R2<5)> ’$|2Q) .

Using (5.98), we estimate

gc(/\vgﬁ).

Integrating above inequality on the time interval [sq, s3], we obtain

‘4/ (62, Q1) + [|20Q|[2 In Gijm < 05(a0)+c/: (/wg\?). (5.132)

Now, using (5.126)
> 2 1 > 2
+ = (g2, Q)" + 5 (e1,Q2)
200

o (f):

< ; |(52,Q1)|(32)+§|(52,Q1)(31)|+2%0/ 2(527621) +2—20/ 2(51,Q2)2

2
< C(i(a ) - / 2 ( ) /S; ( )

As
(61, 12Q), +4 (2, Q) + S0l

(222 Q1) (52) — (22, Q1) ()] — 2 / VB

S1

leoo
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for oy small enough, we estimate from (5.132)

‘4/ (62, Q1) + [|2Q|22 In (igjm < Cd(aw) + C (o) / (22, @1)°

) [ 6@

S1

< Colan) + [ len@l+ [l @,

S1 S1

which concludes the proof of Claim (5.131).

1. We now claim that as a consequence of (5.125): if for some s € R, (g2, Q1) (s2) =
0, then (e3,(Q1), (s2) > 0. Arguing by contradiction, we assume that for some

So € R, (82, Ql) (82) =0 and (82, Ql)s (32) S 0. Then

((1+ 35, €. @) (@00) ) <0

S

Inserting this into (5.125) gives

(/ \VsF) (s2) <0,

which implies £(sy) = 0. This contradicts (5.99), since A\?(s)|FEy| > 0 for all s.
Therefore, (£2, Q1) (a function of time) may vanish at most once in R at some point

S0, then is strictly positive at the right of this point and negative at its left.

We now want to prove that such a time sy, must exist. Assume that
Vs € R, (g2,@Q1) (s) < 0. (5.133)

We try to invoke a contradiction to (5.133) by observing asymptotic properties of

the solution as s — +oc0. Inserting (5.133) into (5.131), we get
S )\ S )\
1 [ a0 - Qi (3 < '4 [ @)+ il (ﬁ)\
< e d(an) + [ e @)l + [ 166 Q)
<l d(an) - [ 20+ [l @l

0
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Thus, for all s > 0,

A s S S
el (307) < Codtan) +3 [ (@) + [Nl
A(0) 0 0
Now suppose f0+oo (€9,Q1) = —o0, then the above inequality implies that

lim A(s) = +o0.

S—+00

From (5.76), we get

. 2
T [[Vu ()3 =0

This leads to a contradiction by the Gagliardo-Nirenberg inequality to the fact that

E(up) < 0. Thus, we have that

+0o0
/ (2, Q1)| < +o00. (5.134)
0

Again, by (5.131)
Vs > O, 0< )\1 < )\(S) < )\2. (5135)

From (5.109), we deduce that |(e2, Q1),| < C uniformly in s. Combining this with

(5.133) and (5.134), we obtain
(€2,Q1) (s) = 0 as s — +oo. (5.136)

Consider the dispersive relation (5.125)

1 1

((1 t i (51,62)) (62,621))8 > o (/ \Ve\z) —2%0 (sz,Ql)z——Q—éo (e1,Q2)*.

Since the left-hand side of the above relation is a time derivative of a uniformly
bounded function in time, then from (5.136), for some sequence s,, — +00, we

have

lim (/|Vs|2) (3,) = 0. (5.137)
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Now, from (5.99)

\2[Bo| < C (/waP)Q Q)

sc(/lvslg)%,

where the last inequality follows from (5.76) and the control on linear term. This
implies that \(s,) — 0 as s, — +oo, which contardicts (5.135). In a similar
fashion, observing asymptotic properties of solution as s — —o0, it can be proved

that Vs € R, (g2, Q1) (s) > 0 leads to a contradiction.
2. Since (g2, Q1) (s) > 0 for s > s, (5.128) follows directly from (5.131).

To prove (5.129), we argue by contradiction. Assume that so < s; < S5, such that

A(s2) > 2A(s1). Then from (5.128), we have

ol n (524 ) = Cl@itan) < =3 [ en.@n) <0,

which for oy small enough implies
|lz@QlI72 n(2) < 0,
a contradiction.

The proof of Lemma 5.3.28 is now complete. [

5.3.13 Finite time blow-up and preliminary control (upper bound)

on blow-up rate

In this section, we conclude the proof of Theorem 5.3.2 by using the estimates proved in

the previous section. Similar to the NLS case, as a consequence of both the monotonicity
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of the scaling parameter and the negative energy constraint, we get a result of a finite or

infinite time blow-up, i.e.,

1
lim As)=0; X6S)~-—=——.
Jm Als) &)~ @

(5.138)
We then use a refined version of the almost monotonicity of the scaling parameter, which
will give us a weaker upper bound on the blow-up rate. Then we use a refined version
of the virial inequality (5.125) to prove the desired bound as claimed in the statement of

Theorem 5.3.2.

We prove the following proposition:

Proposition 5.3.29 Suppose uy € H* such that it satisfies the assumptions of Theorem
5.3.2 and u(t) be the corresponding solution to (5.37), then u(t) blows up in finite time
0 < T < 400, and for t close to the blow-up time T,

C
[Vu(t)| 2 < TN =8 (5.139)

The proof is based on the refined version of the almost monotonicity of the scaling
parameter. Let d; and a fixed constant C'(dy) be same as in the estimates (5.125) and
(5.126), respectively. Consider a fix constant ¢y > 1 such that

o
0 <lIn(cy) < ——, (5.140)
(@) < F1z01E,

and let ag in Proposition 5.3.31 is small enough such that

2
= C(d0)vas < In(co). (5.141)
[zQI17
Lemma 5.3.30 Let sy > Sy and s € [s1, Sol, then
1
5)\(52) < A(s) < A(s2), (5.142)

and

(€2,Q1) (5) < 4 (g2, Q1) (52). (5.143)
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Proof. Let s3 > Sp. Then by using the almost monotonicity of the scaling parameter
(5.129) Vs < s9, we obtain \(sg) < 2A(s) < 2¢pA(sg), which proves (5.142). To prove
(5.143), let

K = sup M>O.

S€[s1,52] (52a Q1> (82)
Fixing s € [s1, so] and applying (5.126) with (5.130) on |[s, s3], we get

! (52,Q1)( ) < g

(g2, Q1) (s2) + 2%50/82 (e2,Q1)°

From the definition of K and Proposition 5.3.28 part (1), we have that Vs € [s1, s3]

(62 @1) (5) < (20, Q1) (s >(3+§j 82(62,621))

Taking the supremum over s € [s1, S5, we obtain

K [*
K§3+—/ (€2,Q1).
0o Js

Applying (5.128) with (5.141) and (5.142) on the interval [s, s5], we get

3/:2@2,@1% C00) /a0 ~ Q32 In (155)

3
< S l12@QI7: n(co) + [[2QIl72 In(co) = 5ll2QIIZ2 In(eo),

N| —

thus, by (5.140)

K 1

which implies that K < 4 and this proves (5.143). O

This lemma allows us establish a new link between (g9, )1) and A(s). More accurately,

we have the following control on the scaling parameter in terms of (g5, Q1).

Lemma 5.3.31 There exists a universal constant C; and g > 0 such that for ag < g,

there exists So > 0 so that for all s > 54, we have

|E[u(0)]] X%(s) < C7 ((£2,Q1)(s))™. (5.144)
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Proof. First we observe from (5.140) and (5.141) we have that (5.136) holds true with

B= (]IxQH 60 o T %) . The finite time blow-up result: \(s) — 0 as s — +oo implies

2
12 In

that there exists Sy > 0 such that for all sy > 3, there exists s1(s2) € (0, s2) such that
A(s1) = coA(s2) and Vs € [s1, 53], A(S) < coA(s2). (5.145)
Let sy > 53¢ and the constant C'; is such that on an interval [s;, ss], we have
E[U(O)])\Q(S) > C7 (&2, Q1)2 (s2). (5.146)
We re-write (5.126) as

1 1
(14 35 €0@) @) ()2 DB - 5 (62,Q0° (5
0 s 0
Using Lemma 5.3.30 and (5.146), we obtain for s € [sy, $o]

/\2(82) 16 )
4 —2_50(527621) (s2)

> (55 ) 20 o)

2V@wm—§3%@f@nﬂmww

Observe that if % — % < 0, then we are done. Otherwise, integrating (5.125) on the

interval [s, so] and using the above inequality, we obtain

a0 — (5 - 5 ) (= 50 Q0 50) 2 § (60, Q1 (1) 2 0
which implies that
3> (5 5) (s @ o (5.147)

Now we recall (5.128) and use (5.141) with (5.145) to get

o n(e) =~ Q3 1o ($20) <5 [ (0.0 + COIvam

<5 [ (62,0 + 5lleQ (),

51
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which implies

12QI2: In(co) < 10 / (e Q).

S1

Using (5.143), the last inequality becomes

l2@QII7> In(co) < 40(s2 — s1) (€2, Q1) (s2).

Applying this estimate to (5.147), we obtain

3 1 /B 8
s - (Z_ = 2
2 = 40 <2 50) 2 @Iz,

60 8
B2\ +—————+— ),
( [2Q||7 In(co) 50)

thus, concluding the proof of Proposition 5.3.31. O

which finally implies

We now use Lemma 5.3.31 to prove Proposition 5.3.29.

Proof. (of Proposition 5.3.29.) Using (5.138), we consider a sequence of times ¢,, such

that
AMt,)=27" (5.148)

and let s, = s(t,) be the corresponding sequence. Let %, be such that by Proposition
5.3.31, we have s(fy) = 3. Note that we may assume n > 7 such that ¢, > #,. Also,
by (5.129), we have that 0 < t,, < t,,.1, and s0 0 < s, < s,.1. Moreover, t,, — T', and

(5.129) yields that Vs € [s,,, Sp+1],
2~ (2 < \(s) < 27D, (5.149)

For n large enough, using Proposition 5.3.28 part (1) we write (5.144) Vs € [s,,, Snt1],

Cr
0<A(s) < O (€2, @1) (s),
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integrating the above relation for the interval [s,,, ., 1]

[0 [ [

We use (5.128), which implies that for oy < o* small enough, we have

Sn+1
i{/ (€2, Q1) (5) ds < C(d0)d(w) + [[yQ 72 In 2 < 3[|yQ[72 In 2.

5n+1
A e Qs 2

Changing the variables using % = and estimating the above inequality using (5.129)

Thus,

A2_(s)
and (5.149), we get

—07 2, In SRHL 2(s)ds
\ ETaoy @l 02 Z/sn ) )

tn+1
> 2”—1/ dt = 2"ty — tn).
tn
Thus, for n > ng (using In 2 < %)

gt — ty < ————==2~ "+ 1),

Summing this inequality in n gives

T= Hm to =) (o —ta) <D 270 < oo,

which proves that the blow-up occurs in finite time. Furthermore, for n large the summa-

tion also gives the following estimate

T—t, < LA(75n+1).
| Efuo]|

LetT >t > t,, so thatt, <t < t,4, for some n, then the above estimate combined

with (5.129) yields

C C
T—t<T—1t, < —=X\t, < 2————\(t). (5.150)
B ) <2 gy

Recall that \(s) ~ thus, (5.150) implies (5.139), this concludes the Proof of

1
Vu(s)llL2’

Proposition 5.3.29. O
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5.3.14 Refined upper bound on the blow-up rate.

Here, we prove the upper bound on the blow-up rate as stated in Theorem 5.3.2, i.e.,

vuole < ¢ (FES)

In what follows, we assume that A(s) — 0 as s — 400, i.e., blow-up in finite time occurs.

Let € = 1 + 7, be a solution of

(e1)s — L_es = 0(s)Q1 + p(s)VQ,

(e2)s — Lyea = B(s)Q,
where o(s), p(s) and (3(s) are some parameters. Based on the linear Liouville Theorem
in [MMOO] (see Theorem 3) we hope to prove from (5.125) that the space of uniformly

bounded solutions in time of the linear equation that satisfy orthogonality conditions

(5.75) 1s in fact one dimensional and generated by the stationary solution

e=4iW with W = |y|*Q + nQ, (5.151)
where i is such that
1
(W,Q2) =0 = p =155 (ly"Q. Qo). (5.152)
1Q1172
We now prove the refined version of the virial inequality (5.125).
(527 Ql)

Proposition 5.3.32 Letc =<+ W. There exist universal constants 0y > 0 and

Q13

Cg > 0 along with o9 > 0 such that for ag < 09, there exists 1 such that for all s > §,,

((1 + m (1, Wl)) (Ez,Ql))S + Cy (&9, Q1)3 > 3, (/ |V5]2) NG|
(5.153)

Proof. The argument follows [MRO05a], Proposition 7 proof verbatim, except for an extra
term, ,(e1, 1), which as mentioned before is a result of modified orthogonality condi-
tion (see second condition in (5.75)). To estimate this term we follow the strategy used in

Lemma 5.3.26 to prove (5.118). O
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Now we use Proposition 5.3.32 to refine the estimate (5.144).

Proposition 5.3.33 There exists a universal constants Cyy > 0 and 619 > 0 such that for

o < 010, there exists S, such that for all s > 34,

(5.154)

M (s) < exp (— Co ), or equivalently, (e9,0Q1)(s) > ‘ Ol

(g2, Q1)(s) In(A(s))|
Proof. From Lemma 5.3.28 we have that (€2, ()1)(s) > 0 for s > 0. Let the function

16 = (14 g I g (e ) ) e,

satisfy

%(527Q1) < f(s) < 2(e2,Qn) (5.155)

for iy small enough, i.e., remains positively bounded, and thus, does not vanish for s > 0.

The estimate (5.153) can then be analyzed as a differential inequality
f s + CBf 5 Z O

Integrating this inequality for [s, 1], where §; as in Proposition 5.3.32 and using (5.155),

we obtain

2(e2, Q1) = f(s) > 5—/82 (5.156)

for s > 55. We now invoke the inequality (5.128) on the time interval [3s, s],

3 [ (en. @) <~y (5725 ) + Cla) <~ n (555 ).

Using (5.156) for s > s3 large enough, we write the above inequality as

Cy (51/2 - §§/2> < /5(827621) < —In (;\((;2))) :

52

1.e.,

Cys'/? < —In(A(s)) = | In(A(s))]
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for some universal constant C'y > 0 and s > 54. Now from (5.156), we conclude that

1/2 Cio
A 2 Cos'™ 2 (22, Q1)(s)’

as desired. [

5.3.15 Climax: Log speed

Proof of Theorem 5.3.2. Again consider a sequence of times t,, such that \(¢,) = 27"
and s, = s(t,) be the corresponding sequence. Let 4 be such that s(t,) = 3, as in
Proposition 5.3.33. We may assume n > ny such that ¢, > t,. Also, note that t,, — T,
where 7' is the blow-up time. Recall from (5.129) that for all s, < s < 5,11, we have
2712 < A(s) < 27D | Then from (5.128), the relation & = ., and estimate
(5.154), for all n > ny,

s w Cds e Cdt
Cz/sn (52’621”52/5" In(As)] :/tn N(0) (M)

which gives that CA%(t,,) [In(A(t,,))| > t,.1 — t,. Using the definition of the sequence ¢,

and summing the above inequality in n, we get

CT—t,) <> 27%k= Y 27%k+ > 27%k

k>n n<k<2n k>2n

; k
< 02—271 2—47’L 2—2k ) v
< n+ n ; + .

< 027" 4 0274 < 02720 < ON(t,) [In(A(t,))] .

Since t > t,, for some n > ny, t € [t,,t,y1], and from %)\(tn) = s Mtha1) < A(t), we

1
2
get

N2 (t) In(A(t))] > CX*(ta) [In(A(tn))| > C(T = tn) > C(T —1).
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Observe that the function f(z) = 22 |In(z)| is non-decreasing near z = 0, and for ¢ close

to 7', we have

CVT —t

(T — t)|2

O(T —t) (1 _ol

such that for some universal constant C' > (0 we obtain that

@) = f

1.e.,

CVT —t

In(T — 1)

N|=

A(t) > CvT -t
(T — 1)

)

N

(In(T - 1))
In(T — 1)

)scw—w

implying (5.40) and this concludes the proof of Theorem 5.3.2.

HEY, WHY ARE YOU TURN-

)

1 THINK WE'RE N0, WE'RE | |ANY OTHER BRIGHT IDEAS?
SUPPOSED TO  SUPPOSED ) ING? WE'RE SUPPOSED TO
TURN LEFT To TURN P G0 STRAIGHT,
HERE. Fo i \
NOW I'M POS- ARE
ey ERE ITIVE UE MAKE vou NICE WORK
RIGHT A LEFT HERE. SURE? FINSTEIN .
. N / STEIN.
— _"'\_q) d_,__r-“j/’l
To o — || _,
years later I YAY! QUICK , WRITE
Lok EAE DOWN THE DIRECTIONS From A
HADE: s BEFORE WE FORGET !
: Turn left on Ricci Street

Turn right on Hamilton Ave

B is on your left

R
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CHAPTER 6
CONCLUSIONS AND FUTURE RESEARCH

If I have seen further it is by standing on the shoulders of Giants. (Issac Newton)

We started the mathematical exposition in the second chapter with the well-posedness
theory for the generalized Hartree equation. That showed that it is locally well-posed in
H*(RY) for s > max(s,,0), where s, is the scale-invariant quantity. However, the local
well-posedness can become very weak (or can even break down) when the nonlinearity
becomes very rough in comparison to the regularity s. Thus, it would be interesting to
investigate the local well-posedness for 1 < p < 2.

In the second chapter, we also investigated the existence and uniqueness of ground
state solutions (), where () solves the nonlinear Choquard or Choquard-Pekar equation
(2.123) in the intercritical regime, i.e., 0 < s. < 1, which are positive, vanishing at infinity
solutions, which are radial. However, the uniqueness proof exists only when p = 2 and
~ = 2 with any (reasonable) N. Therefore, it is important and challenging to develop a
more general strategy to cover the other cases, i.e., p > 2 and other possible values of
0<~v<N.

In the next two chapters we studied the global behavior of H!(R"Y) solutions to the
generalized Hartree equation and showed the scattering behavior. We first employed
the well-known concentration-compactness and rigidity method of Kenig and Merle in
Chapter 3 and gave an alternative proof of scattering in Chapter 4 for both nonlinear
Schrodinger and generalized Hartree equations in the radial setting in the inter-critical
regime, following the approach of Dodson and Murphy. It would be an interesting project
to study the scattering behavior for the generalized Hartree equation in the nonradial set-
ting avoiding the concentration-compactness route.

In Chapter 5, we go into the world of singularities (phenomenon of blow-up or col-

lapse). First, we give a sufficient condition for finite-time blow-up (blow-up criterion)
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in the generalized Hartree equation. We then gave examples of the various thresholds
(established in Chapters 3 and 4 together with the blow-up criterion from Chapter 5) in
variety of cases (energy-subcritical, critical and supercritical) for Gaussian data.

Lastly, we give a rigorous analysis of stable singularity formations in the mass-critical
generalized Hartree equation in dimension 3. We show that the solution blows-up with
a self-similar profile at the rate with one log corrections. This is the first step in prov-
ing Conjecture 5.3.1, which says that the stable blow-up rate is with “log-log” correc-
tions (known as the “log-log” regime), see [ YRZ20, Conjecture 1]. The next challenging
project would be to upgrade the one log correction to “log-log”.

An additional interesting and challenging future project is to give a similar detailed
and rigorous description of “log-log” blow-up solutions for the standard Hartree equation

in dimension 4, i.e., p = 2 and v = 2.

239



[AN13]

[AR19]

[AR20a]

[AR20b]

[Aro19]

[ARY?20]

[BEGT02]

[BGMOO]

[BL83a]

[BL83b]

[Bok]

BIBLIOGRAPHY

Takafumi Akahori and Hayato Nawa. Blowup and scattering problems for
the nonlinear Schrodinger equations. Kyoto J. Math., 53(3):629-672, 2013.

Anudeep K. Arora and Svetlana Roudenko. On well-posedness and blow-up
in the generalized Hartree equation. submitted, arXiv: 1910.01085, 2019.

Anudeep K. Arora and Svetlana Roudenko. Global behavior of solutions to
the focusing generalized Hartree equation. Michigan Math J., forthcoming,
2020.

Anudeep. K. Arora and Svetlana Roudenko. Stable blow-up dynamics in the
mass-critical generalized Hartree equation. preprint, 2020.

Anudeep K. Arora. Scattering of radial data in the focusing NLS and gener-
alized Hartree equations. Discrete Contin. Dyn. Syst. Series-A, 39(11):6643—
6668, 2019.

Anudeep. K. Arora, Svetlana Roudenko, and Kai Yang. The spectral property
for the critical generalized Hartree equation. preprint, 2020.

Claude Bardos, Laszlo Erdds, Francois Golse, Norbert Mauser, and Horng-
Tzer Yau. Derivation of the Schrodinger-Poisson equation from the quantum
N-body problem. C. R. Math. Acad. Sci. Paris, 334(6):515-520, 2002.

Claude Bardos, Francois Golse, and Norbert J. Mauser. Weak coupling limit
of the N-particle Schrodinger equation. Methods Appl. Anal., 7(2):275-293,
2000.

H. Berestycki and P.-L. Lions. Nonlinear scalar field equations. I. Existence
of a ground state. Arch. Rational Mech. Anal., 82(4):313-345, 1983.

H. Berestycki and P.-L. Lions. Nonlinear scalar field equations. II. Existence
of infinitely many solutions. Arch. Rational Mech. Anal., 82(4):347-375,
1983.

Stanislav Bokser. Vector - Blue realistic laser beam background. Laser rays
1olated on black background. Modern style abstract. Bright shiny lasers pat-
tern. Vector illustration. Image ID 124109022. Royalty Free Stock Photos.
https://www.123rf.com/photo.124109022_stock-vector—

240



[Caz03]

[CFH11]

[CGO4]

[CU]

[CWO1]

[DHROS]

[DKO98]

[DM17]

[DR15]

blue-realistic-laser-beam-background-laser-rays-
iolated-on-black-background-modern-style—-abstract-
br.html.

Thierry Cazenave. Semilinear Schrodinger equations, volume 10 of Courant
Lecture Notes in Mathematics. New York University, Courant Institute of
Mathematical Sciences, New York; American Mathematical Society, Provi-
dence, RI, 2003.

Thierry Cazenave, Daoyuan Fang, and Zheng Han. Continuous depen-
dence for NLS in fractional order spaces. Ann. Inst. H. Poincaré Anal. Non
Linéaire, 28(1):135-147, 2011.

Giuseppe Maria Coclite and Vladimir Georgiev. Solitary waves for Maxwell-
Schrodinger equations. Electron. J. Differential Equations, pages No. 94, 31,
2004.

Catalyst University. Development of Quantum Mechanics: Blackbody
Radiation & UV Catastrophe. YouTube. 25 April 2018. https://
www.youtube.com/watch?v=Jjwlw5ijQyvg.

F. M. Christ and M. 1. Weinstein. Dispersion of small amplitude solutions of
the generalized Korteweg-de Vries equation. J. Funct. Anal., 100(1):87-109,
1991.

Thomas Duyckaerts, Justin Holmer, and Svetlana Roudenko. Scattering for
the non-radial 3D cubic nonlinear Schrédinger equation. Math. Res. Lett.,
15(6):1233-1250, 2008.

D. L. Durfee and Wolfgang Ketterle. Experimental studies of Bose-Einstein
condensation. Optics express, 2 8:299-313, 1998.

Benjamin Dodson and Jason Murphy. A new proof of scattering below the
ground state for the 3D radial focusing cubic NLS. Proc. Amer. Math. Soc.,
145(11):4859-4867, 2017.

Thomas Duyckaerts and Svetlana Roudenko. Going beyond the threshold:
scattering and blow-up in the focusing NLS equation. Comm. Math. Phys.,
334(3):1573-1615, 2015.

241



[DY19]

[FGO18]

[FGSO07]

[FILO7]

[FLO4]

[Fla]

[FMRO6]

[fon]

[Fos05]

[FTYO0O0]

[FTYO02]

Lele Du and Minbo Yang. Uniqueness and nondegeneracy of solutions
for a critical nonlocal equationn. Discrete Contin. Dyn. Syst. Series - A,
39(10):5847-5866, 2019.

Kazumasa Fujiwara, Vladimir Georgiev, and Tohru Ozawa. Higher order
fractional Leibniz rule. J. Fourier Anal. Appl., 24(3):650-665, 2018.

Jiirg Frohlich, Sandro Graffi, and Simon Schwarz. Mean-field- and classical
limit of many-body Schrodinger dynamics for bosons. Comm. Math. Phys.,
271(3):681-697, 2007.

J. Frohlich, B. L. G. Jonsson, and E. Lenzmann. Effective dynamics for
boson stars. Nonlinearity, 20(5):1031-1075, 2007.

Jiirg Frohlich and Enno Lenzmann. Mean-field limit of quantum Bose gases
and nonlinear Hartree equation. In Séminaire: Equations aux Dérivées Par-
tielles. 2003-2004, Sémin. Equ. Dériv. Partielles, pages Exp. No. XIX, 26.
Ecole Polytech., Palaiseau, 2004.

Wallpaper Flare. HD wallpaper: landscape photography of body of water,
ocean, beach, Los Angeles. https://www.wallpaperflare.com/
landscape—-photography—-of-body—-of-water—-ocean—
beach-los—angeles—wallpaper—-eaytb.

Gadi Fibich, Frank Merle, and Pierre Raphaél. Proof of a spectral property
related to the singularity formation for the L? critical nonlinear Schrodinger
equation. Phys. D, 220(1):1-13, 2006.

fonimak. Speed or Location. toonpool. 2 february 2018.
https://www.toonpool.com/cartoons/Speed%200r%
20Location_308537.

Damiano Foschi. Inhomogeneous Strichartz estimates. J. Hyperbolic Differ.
Equ., 2(1):1-24, 2005.

Jiirg Frohlich, Tai-Peng Tsai, and Horng-Tzer Yau. On a classical limit of
quantum theory and the non-linear Hartree equation. Geom. Funct. Anal.,
(Special Volume, Part I):57-78, 2000. GAFA 2000 (Tel Aviv, 1999).

Jiirg Frohlich, Tai-Peng Tsai, and Horng-Tzer Yau. On the point-particle
(Newtonian) limit of the non-linear Hartree equation. Comm. Math. Phys.,
225(2):223-274, 2002.

242



[FXC11]

[GO93]

[Gueld]

[GV80]

[GV00a]

[GVOOb]

[GVO00c]

[GVO1]

[Hep74]

[HNOO9S§]

[Hoo]

DaoYuan Fang, Jian Xie, and Thierry Cazenave. Scattering for the focus-
ing energy-subcritical nonlinear Schrodinger equation. Sci. China Math.,
54(10):2037-2062, 2011.

J. Ginibre and T. Ozawa. Long range scattering for nonlinear Schrodinger
and Hartree equations in space dimension n > 2. Comm. Math. Phys.,
151(3):619-645, 1993.

Cristi Darley Guevara. Global behavior of finite energy solutions to the d-
dimensional focusing nonlinear Schrodinger equation. Appl. Math. Res. Ex-
press. AMRX, (2):177-243, 2014.

Jean Ginibre and Giorgio Velo. On a class of nonlinear Schrodinger equa-
tions with nonlocal interaction. Math. Z., 170(2):109-136, 1980.

J. Ginibre and G. Velo. Long range scattering and modified wave operators
for some Hartree type equations. I. Rev. Math. Phys., 12(3):361-429, 2000.

J. Ginibre and G. Velo. Long range scattering and modified wave operators
for some Hartree type equations. II. Ann. Henri Poincaré, 1(4):753-800,
2000.

J. Ginibre and G. Velo. Scattering theory in the energy space for a class
of Hartree equations. In Nonlinear wave equations (Providence, RI, 1998),
volume 263 of Contemp. Math., pages 29—60. Amer. Math. Soc., Providence,
RI, 2000.

J. Ginibre and G. Velo. Long range scattering and modified wave operators
for some Hartree type equations. IIl. Gevrey spaces and low dimensions. J.
Differential Equations, 175(2):415-501, 2001.

Klaus Hepp. The classical limit for quantum mechanical correlation func-
tions. Comm. Math. Phys., 35:265-277, 1974.

Nakao Hayashi, Pavel 1. Naumkin, and Tohru Ozawa. Scattering theory for
the Hartree equation. SIAM J. Math. Anal., 29(5):1256-1267, 1998.

Marlowe Hood. Scientists set to unveil first picture of a black hole.
6 april 2019. https://phys.org/news/2019-04-scientists—
unveil-picture-black-hole.html.

243



[HPR10]

[HRO7]

[HROS]

[HR10]

[Hra]

[HT87]

[Ima]

[KLRO9]

[KMO6]

[KT98]

[KV10]

Justin Holmer, Rodrigo Platte, and Svetlana Roudenko. Blow-up criteria for
the 3D cubic nonlinear Schrodinger equation. Nonlinearity, 23(4):977-1030,
2010.

Justin Holmer and Svetlana Roudenko. On blow-up solutions to the 3D cubic
nonlinear Schrodinger equation. Appl. Math. Res. Express. AMRX, (1):Art.
ID abm004, 31, 2007.

Justin Holmer and Svetlana Roudenko. A sharp condition for scattering of
the radial 3D cubic nonlinear Schrodinger equation. Comm. Math. Phys.,
282(2):435-467, 2008.

Justin Holmer and Svetlana Roudenko. Divergence of infinite-variance non-
radial solutions to the 3D NLS equation. Comm. Partial Differential Equa-
tions, 35(5):878-905, 2010.

Josh Hrala. Astronomers Discover The Biggest Object in the Universe
so far - the BOSS Great Wall. SPACE. Sciencealert. 13 march 2016.
https://www.sciencealert.com/astronomers—-declare-
the-boss—-great-wall-the-biggest-thing-in-ever-
found-in-the-universe.

Nakao Hayashi and Yoshio Tsutsumi. Scattering theory for Hartree type
equations. Ann. Inst. H. Poincaré Phys. Théor., 46(2):187-213, 1987.

Ezume Images. Close colorful atomic particle background science 3D illus-
tration. Shutterstock. 17 October 2017.

Joachim Krieger, Enno Lenzmann, and Pierre Raphaél. On stability of
pseudo-conformal blowup for L?-critical Hartree NLS. Ann. Henri Poincaré,
10(6):1159-1205, 2009.

Carlos E. Kenig and Frank Merle. Global well-posedness, scattering and
blow-up for the energy-critical, focusing, non-linear Schrédinger equation in
the radial case. Invent. Math., 166(3):645-675, 2006.

Markus Keel and Terence Tao. Endpoint Strichartz estimates. Amer. J. Math.,
120(5):955-980, 1998.

Rowan Killip and Monica Visan. Energy-supercritical NLS: critical Hs-
bounds imply scattering. Comm. Partial Differential Equations, 35(6):945—
987, 2010.

244



[Kwo89]

[lad]

[Len09]

[Lie83]

[Lie03]

[Lie77]

[Lio80]

[Lio84a]

[Lio84b]

[LLO1]

[LMROS]

[LPO9]

Man Kam Kwong. Uniqueness of positive solutions of Au — u + u? = 0 in
R". Arch. Rational Mech. Anal., 105(3):243-266, 1989.

ladyfirst.  “Dream Interpretation: Rainbow.” What it mean to dream
about a rainbow?. 4 january 2020. https://www.lady-first.me/
article/dream-interpretation-rainbow,11604.html.

Enno Lenzmann. Uniqueness of ground states for pseudorelativistic Hartree
equations. Anal. PDE, 2(1):1-27, 2009.

Elliott H. Lieb. Sharp constants in the Hardy-Littlewood-Sobolev and related
inequalities. Ann. of Math. (2), 118(2):349-374, 1983.

Elliott H. Lieb. The stability of matter and quantum electrodynamics. Milan
J. Math., 71:199-217, 2003.

Elliott H. Lieb. Existence and uniqueness of the minimizing solution of
Choquard’s nonlinear equation. Studies in Appl. Math., 57(2):93-105,
1976/717.

P.-L. Lions. The Choquard equation and related questions. Nonlinear Anal.,
4(6):1063-1072, 1980.

P-L. Lions. The concentration-compactness principle in the calculus of
variations. The locally compact case. I. Ann. Inst. H. Poincaré Anal. Non
Linéaire, 1(2):109-145, 1984.

P-L. Lions. The concentration-compactness principle in the calculus of
variations. The locally compact case. II. Ann. Inst. H. Poincaré Anal. Non
Linéaire, 1(4):223-283, 1984.

Elliott H. Lieb and Michael Loss. Analysis, volume 14 of Graduate Studies
in Mathematics. American Mathematical Society, Providence, RI, second
edition, 2001.

Mohammed Lemou, Florian Méhats, and Pierre Raphaél. Structure of the
linearized gravitational Vlasov-Poisson system close to a polytropic ground
state. SIAM J. Math. Anal., 39(6):1711-1739, 2008.

Felipe Linares and Gustavo Ponce. Introduction to nonlinear dispersive
equations. Universitext. Springer, New York, 2009.

245



[LT84]

[Lus02]

[Lus10]

[LY87]

[Mar02]

[mbSP]

[MMOO0]

[MPT98]

[MRO3]

[MRO4]

[MRO5a]

Elliott H. Lieb and Walter E. Thirring. Gravitational collapse in quantum
mechanics with relativistic kinetic energy. Ann. Physics, 155(2):494-512,
1984.

Pavel Lushnikov. Collapse of Bose-Einstein condensates with dipole-dipole
interactions. Physical Review A, 66, 2002.

Pavel Lushnikov. Collapse and stable self-trapping for bose-einstein con-
densates with 1/7° type attractive interatomic interaction potential. Physical
Review A, 82, 2010.

Elliott H. Lieb and Horng-Tzer Yau. The Chandrasekhar theory of stellar col-
lapse as the limit of quantum mechanics. Comm. Math. Phys., 112(1):147—
174, 1987.

Mihai Maris. Existence of nonstationary bubbles in higher dimensions. J.
Math. Pures Appl. (9), 81(12):1207-1239, 2002.

Michael Dubson (mods by S. Pollock). A brief history of modern
physics and the development of the Schrodinger equation . 15 august
2008. https://physicscourses.colorado.edu/phys3220/
phys3220_fa08/notes/notes/.

Yvan Martel and Frank Merle. A Liouville theorem for the critical general-
ized Korteweg-de Vries equation. J. Math. Pures Appl. (9), 79(4):339-425,
2000.

Irene M. Moroz, Roger Penrose, and Paul Tod. Spherically-symmetric so-
lutions of the Schrodinger-Newton equations. Classical Quantum Gravity,
15(9):2733-2742, 1998.

F. Merle and P. Raphael. Sharp upper bound on the blow-up rate for the
critical nonlinear Schrodinger equation. Geom. Funct. Anal., 13(3):591-642,
2003.

Frank Merle and Pierre Raphael. On universality of blow-up profile for
L? critical nonlinear Schrodinger equation. Invent. Math., 156(3):565-672,
2004.

Frank Merle and Pierre Raphael. The blow-up dynamic and upper bound on
the blow-up rate for critical nonlinear Schrodinger equation. Ann. of Math.
(2),161(1):157-222, 2005.

246



[MRO5b]

[MRO6]

[MVS13]

[MVS17]

[Nig]

[OGKAOQO]

[Orn17]

[Pek54]

[PerO1]

[PLQ*15]

[RS72]

Frank Merle and Pierre Raphael. Profiles and quantization of the blow
up mass for critical nonlinear Schrédinger equation. Comm. Math. Phys.,
253(3):675-704, 2005.

Frank Merle and Pierre Raphael. On a sharp lower bound on the blow-up
rate for the L? critical nonlinear Schrédinger equation. J. Amer. Math. Soc.,
19(1):37-90, 2006.

Vitaly Moroz and Jean Van Schaftingen.  Groundstates of nonlinear
Choquard equations: existence, qualitative properties and decay asymptotics.
J. Funct. Anal., 265(2):153-184, 2013.

Vitaly Moroz and Jean Van Schaftingen. A guide to the Choquard equation.
J. Fixed Point Theory Appl., 19(1):773-813, 2017.

Gauri Nigudkar. The atomic structure wave-particle duality, de Broglies the-
sis. 5 november 2016. https://madoverchemistry.com/2016/
11/05/30-atomic—-structure-wave-particle—-dualityde-

broglies—-thesis/.

D. O’Dell, S. Giovanazzi, G. Kurizki, and V. M. Akulin. Bose Condensates
with 1/r Interatomic Attraction: Electromagnetically Induced Gravity. Phys.
Rev. Lett., 84:5687-5690, 2000.

Stephen Ornes. Core Concept: How Bose-Einstein condensates keep re-

vealing weird physics. Proceedings of National Academy of Sciences,
114(23):5766-5768, 2017.

S. I. Pekar. Untersuchung iiber die elektronentheorie der kristalle. Comm.
Math. Phys., 1954.

Galina Perelman. On the formation of singularities in solutions of the critical
nonlinear Schrodinger equation. Ann. Henri Poincaré, 2(4):605-673, 2001.

L. Piazza, T. T. A. Lummen, E. Quinonez, Y. Murooka, B. W. Reed, B. Bar-
wick, and F. Carbone. Simultaneous observation of the quantization and
the interference pattern of a plasmonic near-field. Nature Communications,
2015.

Michael Reed and Barry Simon. Methods of modern mathematical physics.
L. Functional analysis. Academic Press, New York-London, 1972.

247



[RS78]

[Spo80]

[Ste70]

[Str77a]

[Str77b]

[SWM10]

[Tao04]

[Tao06]

[Vis06]

[Wal]

[Wei85]

[Wei83]

Michael Reed and Barry Simon. Methods of modern mathematical physics.
1V. Analysis of operators. Academic Press [Harcourt Brace Jovanovich, Pub-
lishers], New York-London, 1978.

Herbert Spohn. Kinetic equations from Hamiltonian dynamics: Markovian
limits. Rev. Modern Phys., 52(3):569-615, 1980.

Elias M. Stein. Singular integrals and differentiability properties of func-
tions. Princeton Mathematical Series, No. 30. Princeton University Press,
Princeton, N.J., 1970.

Walter A. Strauss. Existence of solitary waves in higher dimensions. Comm.
Math. Phys., 55(2):149-162, 1977.

Robert S. Strichartz. Restrictions of Fourier transforms to quadratic surfaces
and decay of solutions of wave equations. Duke Math. J., 44(3):705-714,
1977.

M. Saffman, T. G. Walker, and K. Molmer. Quantum information with Ryd-
berg atoms. Reviews of Modern Physics, 82, 2010.

Terence Tao. On the asymptotic behavior of large radial data for a focusing
non-linear Schrodinger equation. Dyn. Partial Differ. Equ., 1(1):1-48, 2004.

Terence Tao. Nonlinear dispersive equations, volume 106 of CBMS Regional
Conference Series in Mathematics. Published for the Conference Board of
the Mathematical Sciences, Washington, DC; by the American Mathematical
Society, Providence, RI, 2006. Local and global analysis.

Monica Visan. The defocusing energy-critical nonlinear Schroedinger equa-
tion in dimensions five and higher. ProQuest LLC, Ann Arbor, MI, 2006.
Thesis (Ph.D.)-University of California, Los Angeles.

WallpapaerAccess. Solar system hd wallpapers. https:
//wallpaperaccess.com/solar—system—hd.

Michael I. Weinstein. Modulational stability of ground states of nonlinear
Schrodinger equations. SIAM J. Math. Anal., 16(3):472-491, 1985.

Michael I. Weinstein. Nonlinear Schrodinger equations and sharp interpola-
tion estimates. Comm. Math. Phys., 87(4):567-576, 1982/83.

248



[WID]

[Xial6]

[YRZ18]

[YRZ19]

[YRZ20]

[Zur]

Elizabeth A. Weaver II and Hilary H. Doyle. ~How does the brain
work?” Dana Foundation. 11 august 2019. https://www.dana.org/
article/how-does—-the-brain-work/.

Chang-Lin Xiang. Uniqueness and nondegeneracy of ground states for
Choquard equations in three dimensions. Calc. Var. Partial Differential
Equations, 55(6):Art. 134, 25, 2016.

Kai Yang, Svetlana Roudenko, and Yanxiang Zhao. Blow-up dynamics and
spectral property in the L?-critical nonlinear Schrodinger equation in high
dimensions. Nonlinearity, 31(9):4354-4392, 2018.

Kai Yang, Svetlana Roudenko, and Yanxiang Zhao. Blow-up dynamics in
the mass super-critical NLS equations. Physica D Nonlinear Phenomena,
396:47-69, 2019.

K. Yang, S. Roudenko, and Y. Zhao. Stable blow-up dynamics in the L>2-
critical and L2-supercritical generalized Hartree equation. Stud Appl Math.,
pages 1-48, 2020.

University Of Zurich. Erwin Schrédinger Nobel Prize in Physics 1933. 18 de-
cember 2015. www.nobelpreis.uzh.ch/en_schroedinger.html.

249



VITA

ANUDEEP KUMAR ARORA
February 16, 1984 Born, India
2006 B.E., Mechanical Engineering

IET, DAVV University
Indore, India

2012 M.S., Mathematical Sciences
Florida International University
Miami, Florida

PUBLICATIONS AND PREPRINTS

Arora, Anudeep Kumar and Dodson, Benjamin and Murphy, Jason, (2020). Scattering
below the ground state for the 2d radial nonlinear Schrodinger equation. Proc. Amer.
Math. Soc., 148(4):1653—-1663.

Arora, Anudeep. K., (2019). Scattering of radial data in the focusing NLS and general-
ized Hartree equations. Discrete Contin. Dyn. Syst. Series-A, 39(11):6643—-6668.

Arora, Anudeep K. and Roudenko, S., (2019) Global behavior of solutions to the focusing
generalized Hartree equation. Michigan Math J., forthcoming, arXiv: 1904.05339.

Arora, Anudeep K. and Roudenko, S., (2019) On well-posedness and blow-up in the gen-
eralized Hartree equation. Submitted, arXiv: 1910.01085.

Arora, Anudeep K. and Roudenko, S. and Yang, K., (2020) Spectral property for the gen-
eralized Hartree equation. preprint.

Arora, Anudeep K. and Roudenko, S., (2020) Stable blow-up dynamics in the mass-
critical generalized Hartree equation. preprint.

250



	Singularities and Global Solutions in the Schrodinger-Hartree Equation
	Recommended Citation

	Singularities and Global Solutions in the Schrodinger-Hartree Equation

