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ABSTRACT OF THE DISSERTATION

QCD PROCESSES IN FEW NUCLEON SYSTEMS

by

Dhiraj Maheswari

Florida International University, 2018

Miami, Florida

Professor Misak M. Sargsian, Major Professor

One of the important issues of Quantum Chromodynamics (QCD) - the fundamental the-

ory of strong interaction, is the understanding of the role of the quark-gluon interactions in the

processes involving nuclear targets. One direction in such studies is to explore the onset of the

quark gluon degrees of freedom in nuclear dynamics. The other direction is using the nuclear

targets as a “micro-labs” in studies of the QCD processes involving protons and neutrons bound

in the nucleus. In the proposed research, we work in both directions considering high energy

photo- and electro-production reactions involving deuteron and 3He nuclei.

In the first half of the research, we study the high energy break-up of the 3He nucleus,

caused by a incoming photon, into a proton-deuteron pair at the large center of mass scat-

tering angle. The main motivation of the research is the theoretical interpretation of recent

experimental data which revealed the unprecedentedly large exponent s−17, for the energy de-

pendence of the differential cross section. In the present research, we extend the theoretical

formalism of the hard QCD rescattering model to calculate energy and angular dependences

of the absolute cross section of the γ3He→ p d reaction in high momentum transfer limit.

The second half of the research explores the deep-inelastic scattering of a polarized elec-

tron off the polarized deuteron and 3He nuclei, to explore the quark-gluon structure of polar-

ized neutron. The main reason of using deuteron is that it is the most simple and best un-

derstood nucleus. While the reason of using polarized 3He as an effective polarized neutron

target is that because of the Pauli-principle, the two protons in the target are in the opposite

spin states and thus the neutron has all the polarization of the 3He nucleus. However this ap-

proximation is exact only for the S-state and becomes less accurate with the increase of the

internal momentum of the bound nucleons in the nucleus. There are several planned experi-
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ments which will be performed during next few years at the kinematics in which the internal

momenta of the probed neutron cannot be neglected. Therefore, for the reliable interpreta-

tion of the data, all the nuclear effects, especially the effects related to the relativistic treatment

of high momentum component of the nuclear wave function, should be taken into account.

In this work, we developed a comprehensive theoretical framework for calculation of the all

relevant nuclear effects that will allow the accurate extraction of the neutron data from deep-

inelastic scattering involving deuteron and 3He targets.
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CHAPTER 1

Introduction

The theory of Quantum Chromodynamics (QCD) is the fundamental theory of strong nu-

clear interactions. Quantum Chromodynamics is a non-Abelian quantum field theory with a

SU(3,C) group structure. According to the theory of QCD, nuclear matter is made of two funda-

mental kinds of fields, which are the quark and gluon fields. The quark fields transform under

the fundamental representation of SU(3, C). Quarks are known to come in six flavors: up (u),

down (d), strange (s), charm (c), bottom (b), and top (t). Each quark flavor has a correspond-

ing anti-quark. Each quark flavor possesses a three-state internal degree of freedom, which is

called color, in analogy to RGB color space, and anti-quarks are considered to have an anti-

color. For example, the anti-quark of a red “u” quark would be an anti-red “ū” anti-quark.

The gluons transform under the adjoint representation of SU(3, C). Because of this, the

gluon has a 32 − 1 = 8-state internal degree of freedom, which is also called the color of the

gluon.

The colorless mixtures of quarks, anti-quarks and gluons give rise to the physical hadrons.

Every known hadron transforms under a singlet representation of SU(3,C). The basic known

hadrons are categorized into two groups- baryons and mesons. A baryon is known to consist

of three valence quarks and have a color state of:

1
p

6
(|r g b 〉+ |g b r 〉+ b r g 〉− |b g r 〉− g r b 〉− r b g 〉). (1.1)

A meson is known to consist of a valence quark and a valence anti-quark and have a color state

of:
1
p

3
(|r r̄ 〉+ |g ḡ 〉+ |b b̄ 〉). (1.2)

Anti-baryons, consisting of three valence anti-quarks, also exist as the anti-particles of

baryons. The only known stable baryon is the proton, which has valence quark flavor content

u ud . Its anti-particle, the anti-proton (valence quark content ū ū d̄ ) is the only stable anti-

1



baryon. The neutron (valence quark content ud d ) is a long-lived baryon, with a mean lifetime

of 15 minutes. All other known baryons have lifetimes in the order of microseconds or less.

Protons and neutrons (collectively called as nucleons) are known to form stable bound

states called nuclei. More specifically, Z protons and (A − Z ) neutrons can bind together to

form a nucleus with total charge Z and mass number A. Typically, theoretical and experimental

studies of nuclei focus on nuclear structure in terms of its nucleonic degrees of freedom. One

postulates that nucleons interact via a phenomenological potential, or the exchange of cer-

tain mesons, and proceeds to calculate nuclear properties in terms of various models. Under

a mean field approximation, in which each nucleon is treated as moving independently under

the average influence of the other (A− 1) nucleons, the distances between nucleons are larger

than both the size of the nucleon, and the distance scales at which QCD descriptions have suc-

cessfully been applied. Accordingly, descriptions of the nucleus in terms of QCD often amount

to treating the nucleus as a collection of quasi-free nucleons, each of which is individually de-

scribed using QCD.

Nucleons on the fundamental level consist of valence and sea quarks as well as gluons. It

is the valence quark composition which defines the quantum numbers of the nucleons. How-

ever, if we look inside a nucleus, we only see the nucleons but not the quarks. It is very rare

when quark degrees of freedom are revealed in nuclear processes. On the other hand, such ob-

servations are important for understanding the emergence of nuclear forces from QCD. There

are limited number of experiments in which quark-gluon degrees of freedom are observed

in nuclear processes. One such process is the hard nuclear scattering, in which the energy-

momentum transferred to the nucleus is much larger than the nucleon masses. In hard scat-

tering kinematic regime, we expect that only the minimal Fock components dominate in the

wave function of the particles involved in the scattering. This expectation results in the pre-

diction of the constituent (or quark) counting rule, according to which the energy dependence

of two-body hard reaction is defined by the number of fundamental constituents participating

in the reaction [1, 2]. For example, if we consider a general two-body hard reaction of the type

a + b → c +d , then, according to the constituent counting rule, the cross section of the hard

2



scattering process would have an energy dependence of the following form:

dσ(a b→c d )

d t
∼

1

s na+nb+nc+nd−2
, (1.3)

where ni , i = a , b , c , d represent the number of the fundamental fields associated with respec-

tive particles involved in the scattering process, s is the invariant energy square involved in the

process and t is related to the momentum transferred in the process. More specifically, if a is

a proton, na will equal three and if it is a photon, na would be one. Although not everything

about the nucleons is known, the above counting rule can be used as a tool in verifying the role

of the quark-gluon degrees of freedom in nuclear reactions.

In 1976, it was suggested [3] to use the concept of quark-counting rule to explore the QCD

degrees of freedom in the deuteron. One of the best candidate reactions was the hard photo-

disintegration of the deuteron (d ) into a proton (p ) and neutron (n), γ+d → p +n , for which,

according to Eq. (1.3), the cross section should have an energy dependence of s−11. The first

such experiments being carried out at the Stanford Linear Accelerator Center (SLAC) [4–6] and

Jefferson Lab [7–11] revealed s−11 energy dependence in the cross section for photon energies

at Eγ ≥ 1 GeV and the center of mass (cm) scattering angle θcm = 90◦.

With the success in describing the energy dependence in the cross section for the pho-

todisintegration of deuteron into a proton and neutron, it became tempting to use the con-

stituent counting rule to nuclei heavier than deuteron too. For this, the two-body breakup re-

actions were extended to 3He target, in which case two fast outgoing protons and slow neutron

were detected in γ+3 He→ (p p )+n reactiont [12]. The results of such an experiment [13]were

consistent with the s−11 scaling in the two-proton hard beak-up channel, but at much larger

photon energies (Eγ > 2 GeV) than in the case of p n break-up. Recently, the hard two-body

break up reaction has been measured for the more complex, γ+3 He → p + d , channel [14].

According to Eq. (1.3), such a reaction in the hard scattering regime should scale as s−17, and

surprisingly the experiment observed a scaling consistent with the exponent of 17 - an un-

precedentedly large number in the two-body hard processes. A part of the dissertation aims to

3



explain in detail the theoretical framework of generation of s−17 scaling in the hard break up of

3He into a proton and deuteron pair.

Another significant aspect of the theory of QCD is its application to understand the spin

of nucleons, a fundamental characteristic of elementary particles. It is well known that the nu-

cleons have spin of 1
2 . As the nucleons are also known to be a composite of quarks and gluons,

a fundamental QCD question is how a nucleon gets its spin from quarks and gluons. Accord-

ing to the original quark model by Gell-Mann [15] and Zweig [16], 100% of the hadronic spin

was accounted for by the quarks. However, the results from the experiments performed by the

European Muon Collaboration (EMC) [17], suggested that contribution of quarks to the spin of

the proton is only 20 %. The discrepancy was really shocking to the physicists at that time and

the problem of where the missing proton spin comes from gave rise to the so-called proton spin

crisis. With time, experiments studying the deep inelastic scattering (process of probing inside

of hadrons by using electrons, muons and neutrinos-collectively called as leptons) gave more

information on the spin structure of the nucleons. In such experiments, the polarized beams

and targets are used to measure the spin structure of the nucleon via scattering of charged lep-

tons from the nucleons through the exchange of virtual photon.

The experiments [18–20]with polarized electrons and protons, performed at SLAC in the

late 70s and early 80s in a limited Bjorken x (momentum fraction of the nucleon carried by

the quark) range revealed large spin effects in deep inelastic electron-proton scattering. These

large effects were predicted by Bjorken [21] and by simple SU(6) quark models. These experi-

ments showed that the quark contribution to the total spin of the proton is very small ≈ 20%,

which was in contrast to the simple relativistic valence quark model prediction in which the

spin of valence quarks contributed about 75% to the proton spin and remaining 25% from their

orbital angular momentum. However, the current understanding [22] suggests that the total

contribution to the nucleon spin comes from the valence quarks, quark anti-quark sea, their

angular momenta, and gluons. This contribution is called the nucleon spin sum rule, written

as:

S N
z = S q

z + L q
z + J g

z =
1

2
, (1.4)
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where S N
z is the nucleon spin, S

q
z and L

q
z represent the quark’s spin and angular momentum

respectively and J
q

z is the total momentum of the gluons.

The second part of the dissertation aims at studying the deep inelastic scattering of a po-

larized electron from a polarized deuteron and 3He nuclei to extract the spin structure of the

neutron. The detailed theoretical framework for accounting of the nuclear effects in the ex-

traction of polarized neutron structure function is given in the second part of the dissertation.

As deuteron and 3He nuclei are vital part of our theoretical consideration, a brief information

about these nuclei are given below.

The deuteron is nucleus of the one of the two stable isotopes (Deuterium) of Hydrogen,

the other one being Hydrogen-1. Deuterium accounts for approximately 0.0156 % of all the

naturally occurring hydrogen in the oceans. The deuteron is known to be the composite of a

proton and neutron, with a total spin of 1. It is the simplest source to explore the interaction

between a proton and neutron inside the nucleus. However, it becomes very complicated to ex-

tract the neutron spin information from deuteron, since it is not trivial to extract spin structure

of spin 1
2 particle from spin 1 particle. On the other hand, the 3He nucleus is a light and stable

composition of two protons and one neutron. Its hypothetical existence was first proposed by

an Australian physicist Mark Olipant [23] in 1934. The nucleus of 3He was first hypothesized

to be a radioactive isotope of Helium until it was found in the composition of natural Helium

gas. The availability of 3He is about 10,000 times rarer than 4He in the composition of natural

Helium gas. Incidentally, only the nucleus of 1H and 3He are the known stable nuclei with more

number of protons than neutrons. In the ground state, the two protons in 3He are spin paired

while the neutron is unpaired, thus making the spin of 3He same as the spin of the neutron.

Since free neutron is naturally unavailable, the 3He nucleus becomes even more significant as

it enables us to study the neutron’s fundamental characteristics.

This dissertation is divided into following parts: Chapter 2 discusses the development

of theoretical framework for calculation of the hard photodisintegration of 3He into a proton

and deuteron pair. In Chapter 3, we discuss in details the numerical approximations used to

calculate the differential cross section of hard photodisintegration of 3He. We then proceed by

presenting the comparison of our calculations with the existing experimental data. In Chapter
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4, we discuss in detail the deep inelastic scattering of a polarized electron from polarized light

targets to extract the spin strucutre of neutron. In Chapter 4, results obtained from this study

are also presented. Finally, in Chapter 5, we summarize results of our study and present the

conclusions.

In the remainder of this chapter, a background on Hard Rescattering Mechanism (HRM)

is presented. Also a general discussion on Deep Inelastic Scattering (DIS) is presented.

1.1 Hard Rescattering Mechanism- Background

Hard Rescattering Mechanism (HRM) is a theoretical framework which can be used to study

the nuclear hard break-up processes. It was first developed to study the photodisintegration of

the deuteron into a proton and a neutron [24], represented as

γ+d → p +n . (1.5)

In the HRM model, the hard photodisintegration takes place in two stages. First, the incoming

photon knocks out a quark from one of the nucleons. Then in the second step, the outgoing fast

quark undergoes a high momentum transfer hard scattering with a quark of the other nucleon

sharing its large momentum among the constituents in the final state of the reaction. These

two stages of HRM can be schematically represented in the following diagram:

Figure 1.1: Photodisintegration of deuteron into proton and neutron.

In Fig. (1.1), an energetic photon with momentum q knocks out a quark with initial mo-

mentum k1, which then undergoes a high momentum transfer (hard) scattering with a quark

with momentum k2 from the other nucleon, and thus producing a final two body state of pro-
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ton with momentum pA and neutron with momentum pB . For the nuclear process described

by Eq. (1.5), the constituent counting rule of, Eq. (1.3) predicts the cross section to scale like

s−11. The application of HRM to the photodisintegration of deuteron not only predicted s−11

energy dependence, it also reproduced the absolute cross section [30], as shown in Fig. (1.2).

Figure 1.2: Energy dependence of s−11 scaled differential cross section of γ+d → p+n reaction
at θcm = 90◦. Data are from the experiments [7–9] and calculation from [30].

The agreement of the HRM with the experimental data as seen in Fig. (1.2) was the main

motivation to extend the model to other nuclei, such as 3He. In Chapter 2, we discuss in detail

the extension of HRM to study the hard photodisintegration of 3He into a proton and a deuteron

pair.

1.2 DIS on a nuclear target: general discussion

We consider the situation in which a electron is scattered off a nuclear target, described by the

following reaction:

e +A→ e ′+X , (1.6)

where e and A represent the incoming electron and nuclear target respectively, e ′ is the scat-

tered electron, and X is the product of the scattering. These reactions are commonly referred

as inclusive processes, in which only the scattered electron is detected. The process is shown

in Fig. (1.3) below.

In Fig. (1.3), ke and k ′e represent the four momentum of the incoming and scattered elec-

tron respectively, pA represents the four momentum of the nuclear target, and qµ ≡ ke−k ′e is the
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Figure 1.3: DIS on a nuclear target.

four momentum transferred to the target in the scattering. If we define the four momenta of

the incoming and scattered electron as kµ = (E , k) and k ′µ = (E
′, k′) respectively, the differential

cross section for the scattering can be written as

dσ

dΩd E ′
=
α2

e m

Q 4

E ′

E
LµνW A

µν, (1.7)

where αe m is the fine structure constant, E , E ′ are the initial and final energies of the elec-

tron, Q 2 ≡ −q 2 = (k −k ′)2 is the negative four momentum square transferred by the incoming

electron and Lµν, W A
µν are the leptonic and hadronic tensors respectively which are defined as

follows:

Lµν = 4

�

�

kµ−
qµ
2

��

kν−
qν
2

�

�

+Q 2

�

− gµν−
qµqν
Q 2

�

, (1.8)

and

W
µν

A =

�

− g µν−
qµqν

Q 2

�

W1A(xA ,Q 2) +
�

p
µ
A +

pA ·q
Q 2

qµ
��

pνA +
pA ·q

Q 2
qν
�

W2A(xA ,Q 2)
M 2

A

. (1.9)

In Eq. (1.9), pA ≡ (MA , 0) is the four-momentum of the nuclear target at rest with MA being its

mass, xA =
AQ 2

2pA ·q
is the Bjorken variable. Here, W1A(xA ,Q 2) and W2A(xA ,Q 2) are the unpolar-

ized structure functions, which characterize the nuclear target.
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To calculate the product of Lµν and W
µν

A , we make use of the gauge invariance condition

that qµLµν = 0= qνLµν and obtain:

LµνW
µν

A =−g µν
�

4
�

kµ−
qµ
2

��

kν−
qν
2

�

+Q 2
�

− gµν−
qµqν
Q 2

�

�

W1A

+p
µ
A pνA

�

4
�

kµ−
qµ
2

��

kν−
qν
2

�

+Q 2
�

− gµν−
qµqν
Q 2

�

�

W2A

M 2
A

. (1.10)

Also, noting that gµνg µν = 4 and gµνkµ = kν, Eq. (1.10) can be written as

LµνW
µν

A =

�

−4
�

k −
q

2

�2
+Q 2

�

4+
q 2

Q 2

�

�

W1A

+

�

4
�

pA ·k −
pA ·q

2

�2
+Q 2

�

−pA
2−
(pA ·q )2

Q 2

�

�

W2A

M 2
A

. (1.11)

Defining yA =
pA ·q
pA ·k , Eq. (4.9) can be written as

LµνW
µν

A = 2Q 2W1A +
(pA ·k )2

M 2
A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

Q 2

��W2A

y 2
A

. (1.12)

Furthermore, using Eqs. (4.2) and (1.12), the inclusive nuclear cross section can be written in

most general form as

dσ

dΩd E ′
=
α2

e m

Q 4

E ′

E

�

2Q 2W1A +
(pA ·k )2

M 2
A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

Q 2

��W2A

y 2
A

�

. (1.13)

The inclusive processes are referred as deep-inelastic when Q 2 is large enough that scattered

electrons resolve individual quarks in the target. Phenomenologically, it is observed that DIS

regime is established at Q 2 ≥ 4 GeV2. In DIS regime, it is convenient to consider DIS structure

functions F1A(xA ,Q 2), F2A(xA ,Q 2), which are related to W1A and W2A through the relation

F1A(xA ,Q 2) =MAW1A(xA ,Q 2) and F2A(xA ,Q 2) = q0W2A(xA ,Q 2). (1.14)
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Using the above relations, Eq. (1.13) can be written as

dσ

dΩd E ′
=
α2

e m

Q 4

E ′

E

�

2Q 2 F1A

MA
+
(pA ·k )2

M 2
A y 2

A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

Q 2

��F2A

q0

�

. (1.15)

The above expression we obtained is relevant for electron scattering from unpolarized target.

A similar expression can be obtained for polarized electron scattering from polarized target,

which will be discussed in Chapter 4. The cross section of such process is described by four

structure functions in the following form:

d 2σ

dΩd E ′k
=
α2

e m

Q 4

E ′k
Ek

�

2Q 2 F1A

MA
+

pA ·q
MA

F2A

y 2
A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

Q 2

�

�

−2he Q 2 g1A

pA ·q

�

ζA ·q −2k ·ζA

�

−4he Q 2 g2A

pA ·q

�q ·ζA

yA
−ζA ·k

�

�

, (1.16)

where ζA is the nuclear polarization vector. The additional structure functions g1A(xA ,Q 2) and

g2A(xA ,Q 2) characterize the polarization properties of quarks in the nucleus in the DIS regime.
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CHAPTER 2

Hard photodisintegration of 3He into proton and deuteron

Herein, we present the further development of the hard rescattering model to describe

hard photodisintegration of the 3He into a proton-deuteron pair. In Section 2.1, the kinematics

and the reference frame of the two-body break- up reaction will be discussed. In Sections 2.2-

2.4, we develop the hard rescattering model for the γ +3 He → p + d reaction discussing in

detail the nuclear amplitude, which according to HRM, provides the main contribution to the

hard break-up cross section. In Section 2.5, we complete the derivation by calculating the cross

section and considering the methods of estimation of nuclear and p d → p d rescattering parts

entering in the cross section.

2.1 Kinematics and reference frame

2.1.1 Kinematics

We are considering the following two-body photodisintegration reaction,

γ+3 He→ p +d , (2.1)

where the proton and deuteron are produced at large angles measured in the center of mass

reference frame of the reaction. One such process, at 90◦ center of mass angle is shown in

Fig. (2.1).

Figure 2.1: Schematic diagram of photodisintegration of 3He into proton and deuteron.
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If we define the four momenta of incoming photon, 3He target, proton and deuteron as

q , p3He
, pp and pd respectively, then the invariant energy s and the invariant momentum trans-

fer t can be defined as

s = (q +p3He
)2 =m 2

3He
+2q ·p3He

=m 2
3He+2Eγm3He

= (pp +pd )
2 and

t = (q −pp )
2 =m 2

p −2q ·pp =m 2
p −2E cm

γ (E
cm
p −p cm

p cosθcm) = (pd −p3He
)2, (2.2)

where mp and m3He are masses of the proton and 3He target respectively, Eγ is the incoming

photon energy in the lab system, E cm
γ , E cm

p are the photon and proton energies respectively in

the center of mass system and θcm is the center of mass scattering angle. In the Lab system, we

consider the 3He target to be at rest, while in the center of mass system, the incoming three-

momentum of photon and 3He nucleus add up to zero, i.e., qcm+pcm
3He
= 0. We at once observe

that the invariant energy can be also written as

s = (E cm
γ +E cm

3He
)2. (2.3)

The center of mass energies of the photon and the proton can be calculated using the conser-

vation of four momentum, which requires

q +p3He
= pp +pd . (2.4)

Rearranging Eq. (2.4) and noting that p 2
d =m 2

d , where md is the mass of the deuteron, we obtain

(q +p3He
−pp )

2 = p 2
d =m 2

d

or, (q +p3He
)2+m 2

p −2pp · (q +p3He
) =m 2

d

or, s +m 2
p −2[E cm

p (E cm
γ +p cm

3He
)−pcm

p · (q
cm+pcm

3He
)] =m 2

d , (2.5)

where mp is the mass of the proton. Identifying from Eq. (2.3), E cm
γ + E cm

3He =
p

s , the above

equation reduces to

E cm
p =

1

2
p

s

�

s +m 2
p −m 2

d

�

. (2.6)
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A similar procedure can be used to obtain the center of mass energy of the deuteron as

E cm
d =

1

2
p

s

�

s +m 2
d −m 2

p

�

. (2.7)

Also, rewriting the four momentum conservation as (pp +pd −q )2 = p 2
3He

and noticing q 2 = 0, a

similar derivation will give us the center of mass energy of the photon as

E cm
γ =

1

2
p

s

�

s −m 2
3He

�

. (2.8)

It can be similarly shown that

E cm
3He
=

1

2
p

s

�

s +m 2
3He

�

. (2.9)

One of the interesting features of Eq. (2.2) observed in Ref. [31], is the possibility to generate

large center of mass energy s even with moderate energy of photon beams. The generation

of large center of mass energy can be explicitly seen from the expression of s , where photon

energy is multiplied by the mass of the target. To be more specific, for reaction (2.1), for exam-

ple, for the photon energy, Eγ = 1 GeV, one generates s as large as it is generated by 6 GeV/c

proton beam in p p scattering. This property was one of the reasons why the quark-counting

scaling was observed in γd → p n reaction for photon energies as low as 1.2 GeV at 90◦ center

of mass break-up kinematics [10, 11]. Using Eqs. (2.8) and (2.6), we can express the invariant

momentum transfer t in Eq. (2.2) as

t =m 2
p −

1

2s

�

s −m 2
3He

��

(s +m 2
p −m 2

d )−
Ç

�

s − (mp +md )2
	�

s − (mp −md )2
	

cosθcm

�

. (2.10)

It follows from Eq. (2.10) that in the high energy limit, t ∼ − s
2 (1 − c o sθcm), which indicates

that at large and fixed values of θcm one can achieve hard scattering regime, −t (−u ) � m 2
N

(where mN is the mass of the nucleon), providing large values of s . For the latter, as it follows

from the expression of s in Eq. (2.2), the photon energy Eγ is multiplied by the rest mass of the

3He nucleus because of which even for moderate value of Eγ, the hard scattering condition,

(−t (−u ) � m 2
N ), is easily achieved. This is seen in Fig. (2.2a) where the dependence of −t
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is presented as a function of incoming photon energy Eγ at large and fixed values of θcm. As

Fig. (2.2a) shows, even at Eγ ∼ 1 GeV the−t ∼ 1 (GeV/c)2, which is sufficiently large in order the

reaction to be considered hard.
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Figure 2.2: Momentum transfer and lab momentum dependence over photon energy. Calcu-
lations are done for θcm = 90◦ and 60◦.

That the reaction (2.1) at Eγ ¦ 1 GeV and θcm ∼ 90◦ can not be considered as conven-

tional nuclear process with knocked-out nucleon and recoiled residual nuclear system follows

from Fig. (2.2b), where the lab momenta of outgoing proton and deuteron are shown for large

θcm. In this case, one observes that starting at Eγ ∼ 1 GeV/c, the momenta of outgoing proton

and deuteron are > 1GeV/c. Such a large momentum of the deuteron significantly exceeds the

characteristic Fermi momentum in the 3He nucleus, thus the deuteron can not be considered

as residual (pre-existing in 3He). These momenta of the deuteron are also out of the kinematic

range of eikonal, small angle rescattering [32–34], further diminishing the possibility of describ-

ing reaction (2.1) within the framework of conventional nuclear scattering.

Finally, another important property of the large center of mass break-up kinematics is the

early onset of QCD degrees of freedom that result from the large inelasticities or large masses

produced in the intermediate state of the reaction. As it was shown in Ref. [35] for the pho-

todisinegration of the deuteron, for photon energies at 1 GeV, one needs around 15 channels

of resonances in the intermediate state to describe the process within the hadronic approach.
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This situation is similar for the case of the 3He target in which one can estimate the mass of the

intermediate state produced as mR ≈
p

s −md . From the latter relation, one observes that for

Eγ = 1 GeV, mR ≈ 1.8 GeV, which is close to the deep inelastic threshold of 2 GeV, which assures

that the QCD degrees of freedom become more relevant for the description of the reaction.

Overall, the above kinematical discussion gives us a justification for the theoretical de-

scription using QCD degrees of freedom to be increasingly valid starting at photon energies of

∼ 1 GeV.

2.1.2 Reference frame

The theoretical framework used to study the reaction (2.1) is developed in the light-front coor-

dinate system. Below in Table (2.1), a general comparison between the light-front coordinates

and the Minkowski spacetime is shown. With the light-front coordinates defined, we now de-

Table 2.1: Quantities in light-front coordinates and Minkowski spacetime.

Properties Minkowski spacetime Light-front
Momentum pµ = (E , px , py , pz ) pµ = (p−, p+, px , py ), with p± = E ±pz

Self Product p 2 = E 2−p 2 p 2 = p+p−−p 2
⊥

Product of two vectors p1 ·p2 = E1E2−p1 ·p2 p1 ·p2 =
1
2 p1+p2−+

1
2 p1−p2+−p1⊥ ·p2⊥

Differentials d 4p = d E d 3p d 4p = 1
2 d p+d p−d 2p⊥

fine the reaction reference frame, which is chosen such that the “+" and the transverse com-

ponents of incoming photon are zero, i.e., q+ = q⊥ = 0. The four momenta of incoming photon

and the target nucleus are defined as:

qµ = (q+, q−, q⊥) =
�

0,
q

s ′
3He

, 0
�

pµ
3He

= (p3He+
, p3He−

, p3He⊥
) =

�

q

s ′
3He

,
m 2

3He
q

s ′
3He

, 0

�

(2.11)

where s ′
3He
= s −m 2

3He
.

15



2.2 Development of model

The HRM model originally developed to study the γd → p n reaction [24], which was successful

in verifying the s−11 dependence and also in reproducing the absolute magnitude of the cross

sections without free parameters for incoming photon energies ¦ 1 GeV and large center of

mass angles [24–26]. The HRM model allowed for the calculation of the polarization observ-

ables for the γd → p n reaction [27] and its prediction for the large magnitude of transferred

polarization was confirmed by the experiment of Ref. [36]. Subsequently, the HRM model was

applied to the γ+3He→ p p +n reactions [28], in which two protons were produced in the hard

break-up process while the neutron was soft. The model described the scaling properties and

the cross section reasonably well and were able to explain the observed smaller cross section

as compared to the deuteron break-up reaction. In Ref. [29], it was also shown that HRM model

can be extended to the hard break-up of the nucleus to any two baryonic state which can be

produced from the NN scattering through the quark-interchange interaction. We assume in

HRM that the quark interchange is the dominant mechanism for the hard rescattering of two

outgoing energetic nucleons. The latter assumption is essential for factorization of the hard

kernel of the scattering from the soft incalculable part of the scattering amplitude.

In the HRM model, the hard photodisintegration takes place in two stages. First, the in-

coming photon knocks out a quark from one of the nucleons. Then in the second step the

outgoing fast quark undergoes a high momentum transfer hard scattering with the quark of

the other nucleon sharing its large momentum among the constituents in the final state of the

reaction. Since HRM utilizes the small momentum part of the target wave function which has

large component of the initial p d state, it is assumed that the energetic photon is absorbed by

any of the quarks belonging to the protons in the nucleus with the subsequent hard rescattering

of struck quark off the quarks in the “initial" d system producing hard final p d state. Within

such scenario, the total scattering amplitude can be represented as a sum of the multitude of

the diagrams of type of Fig. (2.3) with all possibilities of struck and rescattered quarks combin-

ing into a fast outgoing p d system. However instead of summing all the possible diagrams,

the idea of HRM is to factorize the hard γq scattering and sum the remaining parts into the
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amplitude of hard elastic p d → p d scattering. In this way all the complexities related to the

large number of diagrams and non-perturbative quark wave function of the nucleons are ab-

sorbed into the p d → p d amplitude, which can be taken from experiment. To demonstrate the

Figure 2.3: Typical diagram of hard rescattering mechanism of γ3He→ p d reaction.

above described concept of HRM, we consider a typical scattering diagram of Fig. (2.3). Here,

the incoming photon knocks out a quark from one of the protons in the nucleus. The struck

quark that now carries almost the whole momentum of the photon will share its momentum

with a quark from the other nucleon through the quark-interchange. The resulting two en-

ergetic quarks will recombine with the residual quark-gluon systems to produce proton and

deuteron with large relative momentum. Note that the assumption, that the nuclear spectator

system is represented by intermediate deuteron state. is justified based on our previous stud-

ies of HRM [24, 28] in which it was found that the scattering amplitude is dominated by small

initial momenta of interacting nucleons. For the case of reaction (2.1), because of the presence

of the deuteron in the final state, the small momentum of initial proton in the 3He nucleus will

originate predominantly from a two-particle p d state.

In Fig. (2.3), h , λ3He
,λ1 f and λd f are the helicities of the incoming photon, 3He nucleus,

outgoing proton and deuteron respectively. Similarly, q , p3He
, p1, p1 f , pd and pd f are the four

momenta of the photon, 3He nucleus, initial and outgoing protons, intermediate deuteron and

the final deuteron respectively. The k ’s define the four momenta of the spectator quark systems.

The four-momenta defined in Fig. (2.3) satisfy the following relations

p3He
= p1+p2+p3; p2+p3 = pd = p ′2+p ′3; p2 f +p ′3 = pd f ; p3He

+q = p1 f +pd f ,
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where p2, p3, p ′2 and p ′3 are four-momenta of the nucleons in the intermediate state deuteron.

We now write the Feynman amplitude corresponding to the diagram of Fig. (2.3), identi-

fying terms corresponding to nuclear and nucleonic parts as follows:

M λd f ,λ1 f ;λ3He,h =
∑

λ′d

∫

χ
∗λ′d
d (−i Γ †

D N N
)

i (/p 2 f +m )

p 2
2 f −m 2

N + iε

i (/p ′3+m )

p ′23 −m 2
N + iε

i (/p ′2+m )

p ′22 −m 2
N + iε

A : i
Γ

D N N
χ
λd
d χ

∗λd
d

p 2
d −m 2

d
+ iε

(−i )Γ †
D N N

i (/p 3+m )

p 2
3 −m 2

N + iε

i (/p 2+m )

p 2
2 −m 2

N + iε

i (/p 1+m )

p 2
1 −m 2

N + iε

i Γ3He
χλ3He

3He

d 4p ′2
(2π)4

d 4p3

(2π)4
d 4p ′3
(2π)4

N 1 :

∫

χp1 f
(−i )Γ †

N 1

i (/p 1 f − /k 1+m )

(p1 f −k1)2−m 2
q + iε

�

− i g T βc γµ
� iS (k1)

k 2
1 −m 2

s + iε

i (/p 1− /k 1+mq )

(p1−k1)2−m 2
q + iε

i Γn1
d 4k1

(2π)4

N 2 :

∫

(−i )Γ †
N

i (/p 2 f − /k 2+mq )

(p2 f −k2)2−m 2
q + iε

iS (k2)
k 2

2 −m 2
s + iε

i (/p ′2− /k 2+mq )

(p ′2−k2)2−m 2
q + iε

i Γn2′
d 4k2

(2π)4

γ :−i g T αc γν
i (/p 1+ /q − /k1+mq )

(p1−k1+q )2−m 2
q + iε

�

− i eγµε
µ
h

�

g :
i dµνδαβ

q 2
q

. (2.12)

In Eq. (2.12), the label A: identifies the nuclear part of the scattering amplitude character-

ized by the transition vertices Γ3He (for the 3He→N1, N2, N3 transition) and ΓD N N (for D →N2N3

transitions). The parts N 1: and N 2: identify the transition of nucleons N1 and N2 to quark-

spectator system (characterized by the vertex ΓN ) with recombination to the final N1 f and N2 f

nucleons. Also, S (k1) and S (k2) denote the propagators of the spectator quark-gluons system.

The γ : identifies the part in which the photon with polarization ε
µ
h interacts with the quark

with (p1−k1) four-momentum, followed by the struck quark propagation. The label g : repre-

sents the gluon propagator. Everywhere, χ ’s denote the spin wave functions of the nuclei and

nucleons with λ’s defining the helicities. The summation over the λ′d represents the sum over

the helicities of the intermediate deuteron. The factor g is the QCD coupling constant with Tc

being color matrices.
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The hard rescattering model which allows to calculate the sum of the all diagrams similar

to Fig. (2.3) builds on the following three assumptions:

1. The dominant contribution comes from the soft 3He→ p d transition defined by small

initial momentum of the proton. As a result, this transition can be calculated using non-

relativistic wave functions of the 3He and deuteron.

2. The high energy γq scattering can be factorized from the final state quark interchange

rescattering.

3. All quark-interchange rescatterings can be summed into the elastic p d → p d amplitude.

A detailed derivation to show how the amplitude can be expressed in terms of the nuclear and

nucleonic light-front wavefunctions is presented next.

2.2.1 Nuclear wavefunctions

We begin by considering a part A1 in label A : in Eq. (2.12) related to the 3He→ d nuclear tran-

sition as:

A1 =

∫

(−i )
χ∗

λd

d Γ †
D N N

p 2
d −m 2

d
+ iε

i (/p 3+m )

p 2
3 −m 2

N + iε

i (/p 2+m )

p 2
2 −m 2

N + iε

i (/p 1+m )

p 2
1 −m 2

N + iε
×

i Γ3He
χλ3He

3He

1

2

d p
2+

d p
2−d 2p

2⊥

(2π)4
1

2

d p
3+

d p
3−d 2p

3⊥

(2π)4
, (2.13)

where the differentials are expressed in the light front coordinates. Using the fact that p 2 =

p+p− − p 2
⊥ =m 2 in the light-front coordinates, the denominator of the propagator can be ex-

pressed in general as

p 2−m 2+ iε= p
+

�

p− −
m 2+p 2

⊥

p+
+ iε′

�

. (2.14)

Using Eq. (2.14) and also the sum rule satisfied by the spinors, (/p +m ) =
∑

λ u (p ,λ)ū (p ,λ), we

can rewrite Eq. (2.13) as
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A1 =
∑

λd ,λ3,λ2,λ1

∫

(−i )
χ∗

λd

d Γ †
D N N

p 2
d −m 2

d
+ iε

u (p3,λ3)ū (p3,λ3)

p3+

�

p3−−
m 2

N +p 2
3⊥

p3+
+ iε′

�

u (p2,λ2)ū (p2,λ2)

p2+

�

p2−−
m 2

N +p 2
2⊥

p2+
+ iε′

� ×

u (p1,λ1)ū (p1,λ1)

p1+

�

p1−−
m 2

N +p 2
1⊥

p1+
+ iε′

� i Γ3He
χλ3He

3He

1

2

d p
2+

d p
2−d 2p

2⊥

(2π)4
1

2

d p
3+

d p
3−d 2p

3⊥

(2π)4
. (2.15)

Noting that p3He
= p1+pd and using the conservation for the minus component, we find that

p1−−
m 2

N +p 2
1⊥

p1+
= p3He−

−pd−−
m 2

N +p 2
1⊥

p1+

=
m 2

3He

p3He+

−
m 2

d +p 2
d⊥

pd+
−

m 2
N +p 2

1⊥
p1+

=
1

p3He+

�

m 2
3He
−

m 2
d +p 2

d⊥
βd

−
m 2

N +p 2
1⊥

β1

�

, (2.16)

where βd =
pd+

p3He+
and β1 =

p1+
p3He+

. The quantities β1 and βd represent the fraction of the light

front momentum of 3He carried by the initial proton and deuteron respectively. It is interesting

to note that β1+βd = 1. Combining Eqs. (2.16) and (2.15), we obtain:

A1 =
∑

λd ,λ3,λ2,λ1

∫

(−i )
χ∗

λd

d Γ †
D N N

p 2
d −m 2

d
+ iε

u (p3,λ3)ū (p3,λ3)

p3+

�

p3−−
m 2

N +p 2
3⊥

p3+
+ iε′

�

u (p2,λ2)ū (p2,λ2)

p2+

�

p2−−
m 2

N +p 2
2⊥

p2+
+ iε′

� ×

u (p1,λ1)ū (p1,λ1)

β1

�

m 2
3He
− m 2

d+p 2
d⊥

βd
− m 2

N +p 2
1⊥

β1

� i Γ3He
χλ3He

3He

1

2

d p
2+

d p
2−d 2p

2⊥

(2π)4
1

2

d p
3+

d p
3−d 2p

3⊥

(2π)4
. (2.17)

We are now able to define the light-front wavefunction of 3He as follows(see e.g. [37–39]):

Ψ
λ3He

3He
(β1,λ1, p1⊥,β2, p2⊥λ2,λ3) =

ū (p3,λ3)ū (p2,λ2)ū (p1,λ1)
�

m 2
3He
− m 2

d+p 2
d⊥

βd
− m 2

N +p 2
1⊥

β1

�

Γ3He
χλ3He

3He
. (2.18)

The light front 3He wave function gives the probability amplitude of finding the λ3He helicity

3He nucleus consisting of nucleons with momenta pi and helicities λi , i = 1, 2, 3. The integra-

tion over the “minus” components of the momenta are then carried out by taking the pole value
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of the integral, according to the following scheme:

∫

d p−

p−−
m 2

N +p 2
⊥

p+
+ iε

=−2πi |
p−=

m2
N +p 2

⊥
p+

. (2.19)

Introducing the light-front 3He wavefunction and performing the p3− integration according to

Eq. (2.19), we find that Eq. (2.17) becomes:

A1 =−i
∑

λd ,λ3,λ2,λ1

∫

χ∗
λd

d Γ †
D N N

p 2
d −m 2

d + iε
u (p3,λ3)u (p2,λ2)u (p1,λ1)

1

p2+

�

p2−−
m 2

N +p 2
2⊥

p2+

�

Ψ
λ3He

3He
(β1,λ1, p1⊥,β2, p2⊥λ2,λ3)

β1

1

2

d p2−d p2+d 2p2⊥

(2π)4
1

2

dβ3

β3

d 2p3⊥

(2π)3
, (2.20)

where we introduceβ3 =
p3+

p3He+
, which gives the fraction of light-front momentum of 3He carried

by the nucleon “3”. Noting that the momentum of intermediate deuteron, pd = p2+p3, we next

consider the term p2+

�

p2−−
m 2

N +p 2
2⊥

p2+

�

in Eq. (2.20):

p2+

�

p2−−
p 2

2⊥+m 2
N

p2+

�

= p2+

�

pd−−p3−−
p 2

2⊥+m 2
N

p2+

�

= p2+

�m 2
d +p 2

d⊥
pd+

−
m 2

N +p 2
3⊥

p3+
−

m 2
N +p 2

2⊥
p2+

�

=
p2+

pd+

�

m 2
d +p 2

d⊥−
m 2

N +p 2
3⊥

α3
−

m 2
N +p 2

2⊥
α2

�

= (1−α3)
�

m 2
d +p 2

d⊥−
m 2

N +p 2
3⊥

α3
−

m 2
N +p 2

2⊥
1−α3

�

, (2.21)

where we define α3 =
p3+
pd+
= β3
βd

and α2 =
p2+
pd+
= 1−α3 =

β2
βd

as the fractions of the momentum

of the intermediate deuteron carried by the nucleons 3 and 2 respectively. It can be seen that

α3 +α2 = 1. Similar to Eq. (2.18), we introduce the light-front wave function of the deuteron

[37–39]:

Ψλd

d
(α3, p3⊥, pd⊥) =

ū (p2,λ2)ū (p3,λ3)
�

m 2
d +p 2

d⊥−
m 2

N +p 2
3⊥

α3
− m 2

N +p 2
2⊥

1−α3

�

Γ
D N N
χ
λd

d
, (2.22)

which describes the probability amplitude of finding in the λd helicity deuteron two nucleons

with momenta pi and helicitiesλi , i = 1, 2. Also, since p2+p3 = pd , the differentials with respect
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to p2 can be written as:
d p2−d p2+d p2⊥

(2π)4
=

d pd−d pd+d pd⊥

(2π)4
. (2.23)

The Eq. (2.23) allows us, making use of Eq. (2.19), to integrate the pd− component of the inter-

mediate deuteron momentum. Thus, using Eqs. (2.21), (2.23) and (2.22), Eq. (2.20) becomes:

A1 = −i
∑

λd ,λ3,λ2,λ1

∫

Ψ†λd :λ2,λ3
d

(α3, p3⊥, pd⊥)

1−α3
u (p1,λ1)

Ψ
λ3He

3He
(β1,λ1, p1⊥,β2, p2⊥λ2,λ3)

β1
×

1

2

dβd d 2pd⊥

βd (2π)3
1

2

dβ3

β3

d 2p3⊥

(2π)3
. (2.24)

Next, we consider the second part of the expression “A" in Eq. (2.12) related to the transition of

the deuteron from intermediate to the final state:

A2 =−
∫

χ
∗λd
d (Γ †

D N N
)

i (/p 2 f +m )

p 2
2 f −m 2

N + iε

i (/p ′3+m )

p ′23 −m 2
N + iε

i (/p ′2+m )

p ′22 −m 2
N + iε

i Γ
D N N
χ
λd
d

d 4p ′3
(2π)4

=−
∑

λ2 f

λ′2,λ′3

∫

χ
∗λd
d Γ †

D N N

u (p2 f ,λ2 f )ū (p2 f ,λ2 f )

p 2
2 f −m 2

N + iε

u (p ′2,λ′2)ū (p
′
2,λ′2)

p ′2+
�

p ′2−−
m 2

N +p ′22⊥
p ′2+

+ iε
�

×

u (p ′3,λ′3)ū (p
′
3,λ′3)i ΓD N N

χ
λd
d

1

2

d p ′3+
p ′3+

d 2p ′3⊥
(2π)3

, (2.25)

where the d p ′3− is integrated according to Eq. (2.19). To estimate the denominator, p 2
2 f −m 2

N ,

making use of pd f = p2 f +p3′, we find:

p 2
2 f −m 2

N = p2 f +

�

p2 f −−
p 2

2 f ⊥+m 2
N

p2 f +

�

= p2 f +

�

pd f −−p ′3−−
p 2

2 f ⊥+m 2
N

p2 f +

�

= p2 f +

�

m 2
d +p 2

d f ⊥

pd f +
−

m 2
N +p ′23⊥
p ′3+

−
m 2

N +p 2
2 f ⊥

p2 f +

�

=
p2 f +

pd f +

�

m 2
d +p 2

d f ⊥−
m 2

N +p ′23⊥
p ′3+/pd f +

−
m 2

N +p 2
2 f ⊥

p2 f +/pd f +

�

. (2.26)
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Defining
p ′

3+
p

d f +
=

p ′
3+
/p

d+
p

d f +/pd+
= α′3
γd

and
p

2 f +
p

d f +
= 1−

p ′
3+

p
d f +
= 1− α

′
3
γd

, the above equation reduces to:

p 2
2 f −m 2

N =

�

1−
α′3
γd

��

m 2
d +p 2

d f ⊥−
m 2

N +p ′23⊥
α′3/γd

−
m 2

N +p 2
2 f ⊥

1−α′3/γd

�

, (2.27)

where the quantity γd =
pd f +
pd+

is the fraction of the momentum of the intermediate deuteron

carried by the final deuteron. Using Eqs. (2.27) and (2.22) in Eq. (2.25), we have

A2 =
∑

λd f ,λ2 f

λ′2,λ′3

∫

Ψ
†λd f :λ′3,λ2 f

d (α2 f /γd , p2⊥,α′3/γd , p ′3⊥)

1−α′3/γd
ū (p2 f ,λ2 f )u (p

′
2,λ′2)×

Ψ
λd :λ′2,λ′3
d (α′3, pd⊥, p ′3⊥)

1−α′3

1

2

dα′3
α′3

d 2p ′3⊥
(2π)3

. (2.28)

2.2.2 Nucleonic wavefunctions

Now, we consider the “N 1” part of the amplitude in Eq. (2.12), which describes the transition

of nucleon with momentum p1 to the final nucleon with the momentum p1 f . Using on-shell

sum-rule relations for the numerators of the quark propagators for the N 1 part, one has:

N 1=
∑

λ1
η1 f ,η1,s

∫

ū (p1 f ,λ1 f )(−i )Γ †
n1 f

uq (p1 f −k1,η1 f )ūq (p1 f −k1,η1 f )

(p1 f −k1)2−m 2
q + iε

�

− i g T βc γµ
�

×

Ψs (k1)Ψ̄s (k1)
k 2

1 −m 2
s + iε

uq (p1−k1,η1)ūq (p1−k1,η1)

(p1−k1)2−m 2
q + iε

i Γn1u (p1,λ1)
1

2

d k1+d k1−d 2k1⊥

(2π)4
, (2.29)

where we sum over the initial helicity (η1) of the quark of mass mq before being struck by the

incoming photon and the final helicity (η1 f ) of the quark that recombines to form the final state

proton and express the numerator of the spectator propagator as S (k1) =
∑

s Ψs (k1)Ψ̄s (k1). We

expand the denominator (p1 f −k1)2−m 2
q in Eq. (2.29) as follows:

(p1 f −k1)
2−m 2

q = (p1 f −k1)+(p1 f −k1)−− (p1 f −k1)
2
⊥−m 2

= (p1 f +−k1+)(p1 f −−k1−)− (p1 f −k1)
2
⊥−m 2, (2.30)
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where, using k1− =
m 2

s +k 2
1⊥

k1+
, ms as mass of the spectator system and p1 f − =

m 2
N +p 2

1 f ⊥
p1 f +

, we obtain:

(p1 f −k1)
2−m 2

q = (p1 f +−k1+)

�

m 2
N +p 2

1 f ⊥

p1+
−

m 2
s +k 2

1⊥
k1+

�

− (p1−k1)
2
⊥−m 2

q

= (p1 f +−p1 f +xs 1)

�

m 2
N +p 2

1⊥
p1 f +

−
m 2

s +k 2
1⊥

xs 1p1 f +

�

− (p1 f −k1)
2
⊥−m 2

q

= (1− xs 1)

�

m 2
N +p 2

1 f ⊥−
m 2

s +k 2
1⊥

xs 1

�

− (p1 f −k1)
2
⊥−m 2

q

= (1− xs 1)

�

m 2
N +p 2

1 f ⊥−
m 2

s +k 2
1⊥

xs 1
−

m 2
q + (p1 f −k1)2⊥

1− xs 1

�

, (2.31)

where xs 1 =
k1+

p1 f +
, is interpreted as the momentum fraction of the final nucleon “1” carried by

the spectator quark system. A similar derivation allows us to express

(p1−k1)
2−m 2

q = (1− x1)

�

m 2
N +p 2

1⊥−
m 2

s +k 2
1⊥

x1
−

m 2
q + (p1−k1)2⊥

1− x1

�

, (2.32)

where x1 =
k1+
p1+

, is interpreted as the momentum fraction of the initial nucleon “1” carried by the

spectator quark system. Performing the d k1− integration at the k1− pole value of the spectator

system allows us to introduce a single quark wave function of the nucleon in the following form:

Ψλ;η
n (X , k⊥, p⊥) =

ūq (p −k ,η)Ψ̄s (k )

m 2
N +p 2

⊥ −
m 2

s +k 2
⊥

X − m 2
q+(p−k )2⊥

1−X

Γn u (p ,λ), (2.33)

which describes the probability amplitude of finding a quark with helicity η and momentum

fraction 1− x in the λ helicity nucleon with momentum p . With this definition of quark wave

function of the nucleon, for the N 1 part, we obtain:

N 1 = i
∑

λ1
η1 f ,η1

∫

Ψ
†λ1 f ;η1 f

n1 f (xs 1, k1⊥, p1 f ⊥)

1− xs 1
ūq (p1 f −k1,η1 f )uq (p1−k1,η1)×

�

− i g T βc γµ
�Ψ
λ1;η1
n1 (x1, k1⊥, p1⊥)

1− x1

1

2

d x1

x1

d 2k1⊥

(2π)3
. (2.34)
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Performing similar calculations for the N 2 part of Eq. (2.12), we obtain:

N 2 =−
∑

λ2 f ,λ′2
η2 f ,η′2

∫

Ψ
†λ2 f ;η2 f

n2 f (xs 2, k2⊥, p2 f ⊥)

1− xs 2
ūq (p2 f −k2,η2 f )uq (p

′
2−k2,η′2)×

Ψ
λ′2;η′2
n2′ (x

′
2, k2⊥, p ′2⊥)

1− x ′2

1

2

d x ′2
x ′2

d 2k2⊥

(2π)3
, (2.35)

where xs 2 =
k2+

p2 f +
and x ′2 =

k2+
p ′2+

and are defined same way as xs 1 and x1.

Substituting Eqs. (2.24), (2.28), (2.34) and (2.35) into Eq. (2.12),we have the following ex-

pression for the scattering amplitude:

M λd f ,λ1 f ;λ3He,h =
∑

(λ2 f )(λ′2,λ′3)(λd )
(λ1,λ2,λ3)

(η1 f ,η2 f )(η1,η′2)

∫

Ψ
†λd f :λ′3,λ2 f

d (α2 f /γd , p2⊥,α′3/γd , p ′3⊥)

1−α′3/γd

�

Ψ
†λ2 f ;η2 f

n2 f (xs 2, k2⊥, p2 f ⊥)

1− xs 2
×

ūq (p2 f −k2,η2 f )[−i g T αc γν]
� i (/p 1+ /q − /k1+mq )

(p1−k1+q )2−m 2
q + iε

�

[−i eεµγµ]uq (p1−k1,η1)×

Ψ
λ1;η1
n1 (x1, k1⊥, p1⊥)

1− x1

�

1

�

Ψ
†λ1 f ;η1 f

n1 f (xs 1, k1⊥, p1 f ⊥)

1− xs 1
ūq (p1 f −k1,η1 f )[−i g T βc γµ]uq (p

′
2−k2,η′2)×

Ψ
λ′2;η′2
n2′ (x

′
2, k2⊥, p ′2⊥)

1− x ′2

�

2

G µν(r )
Ψ
λd :λ′2,λ′3
d (α′3, pd⊥, p ′3⊥)

1−α′3

Ψ†λd :λ2,λ3
d

(α3, p
3⊥ , p

d⊥ )

(1−α3)
×

Ψ
λ3He

3He
(β1,λ1, p

1⊥ ,β2, p
2⊥λ2,λ3)

β1

dβd

βd

d 2pd⊥

2(2π)3
dβ3

β3

d 2p3⊥

2(2π)3
dα′3
α′3

d 2p ′3⊥
2(2π)3

d x1

x1

d 2k1⊥

2(2π)3
d x ′2
x ′2

d 2k2⊥

2(2π)3
. (2.36)

The scattering amplitude in Eq. (2.36) can be described by the following blocks:

• In the initial state, the 3He wave function describes the transition of the 3He nucleus with

helicity λ3He to the three nucleon intermediate state with helicities λ1,λ2 and λ3. The

nucleons “2" and “3" combine to form an intermediate deuteron, which is described by

the deuteron wave function.

• The terms in {...}1 describe the knocking out of a quark with helicity η1 from the pro-

ton “1" by the photon, with helicity h . The struck quark then interchanges with a quark

from one of the nucleons in the intermediate deuteron state recombining into the nu-
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cleon with helicity λ2 f . This nucleon then combines with the nucleon with helicity λ3

and produces the final λd f helicity deuteron.

• The terms in {...}2 describe the emerging of a quark with helicity η′2 from the λ′2 helic-

ity nucleon, which then interacts with the knocked out quark by exchanging gluon and

producing a quark with helicityη1 f . Theη1 f -helicity quark then combines with the spec-

tator quarks and produces a final nucleon with helicity λ1 f .

2.3 Hard scattering kernel

In Eq. (2.36), the expression in {}1{}2G µν(r ) describes the hard photon-quark interaction fol-

lowed by a quark interchange through the gluon exchange. We first study the propagator of

the struck quark,
i (/p 1+/q− /k1+mq )
(p1−k1+q )2−m 2

q+iε
. The denominator in the struck quark propagator can be ex-

pressed as

(p1−k1+q )2−m 2
q = (p1+−p1+x1)(p1−−k1−+q−)− (p1−k1)

2
⊥−m 2

q

= p1+(1− x1)

�

m 2
N +p 2

1⊥
p1+

−
m 2

s +k 2
1⊥

k1+
+
q

s ′
3He

�

− (p1⊥−k1⊥)
2−m 2

q

=β1

q

s ′
3He
(1− x1)

�

m 2
N +p 2

1⊥

β1
q

s ′
3He

−
m 2

s +k 2
1⊥

x1β1
q

s ′
3He

+
q

s ′
3He

�

− (p1⊥−k1⊥)
2−m 2

q

=
q

s ′
3He
(1− x1)

�

m 2
N +p 2

1⊥
q

s ′
3He

−
m 2

s +k 2
1⊥

x1
q

s ′
3He

+β1

q

s ′
3He

�

− (p1⊥−k1⊥)
2−m 2

q

= s ′
3He
(1− x1)

�

m 2
N +p 2

1⊥
s ′

3He

−
m 2

s +k 2
1⊥

x1s ′
3He

+β1−
m 2

q + (p1⊥−k1⊥)2

s ′
3He
(1− x1)

�

= s ′
3He
(1− x1)(β1−βs ), (2.37)

where

βs =−
1

s ′3He

�

m 2
N +p 2

1⊥−
m 2

s +k 2
1⊥

x1
−

m 2
q + (p1⊥−k1⊥)2

1− x1

�

. (2.38)

Using the sum rule relation (/p +m =
∑

λ

u (p ,λ)ū (p ,λ)) for the numerator of the struck quark

propagator together with Eq. (2.37), we can rewrite Eq. (2.36) as follows:
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M λd f ,λ1 f ;λ3He,h =
∑

(λ2 f )(λ′2,λ′3)(λd )
(λ1,λ2,λ3)

(η1 f ,η2 f )(η1,η′2)(ηq 1)

∫

Ψ
†λd f :λ′3,λ2 f

d (α2 f /γd , p2⊥,α′3/γd , p ′3⊥)

1−α′3/γd
×

�

Ψ
†λ2 f ;η2 f

n2 f (xs 2, k2⊥, p2 f ⊥)

1− xs 2
ūq (p2 f −k2,η2 f )[−i g T αc γν]

�uq (p1+q −k1,ηq 1)ūq (p1+q −k1,ηq 1)

s ′3He(1− x1)(β1−βs )

�

×

[−i eεµγµ]uq (p1−k1,η1)
Ψ
λ1;η1
n1 (x1, k1⊥, p1⊥)

1− x1

�

1

�

Ψ
†λ1 f ;η1 f

n1 f (xs 1, k1⊥, p1 f ⊥)

1− xs 1
ūq (p1 f −k1,η1 f )×

[−i g T βc γµ]uq (p
′
2−k2,η′2)

Ψ
λ′2;η′2
n2′ (x

′
2, k2⊥, p ′2⊥)

1− x ′2

�

2

G µν(r )
Ψ
λd :λ′2,λ′3
d (α′3, pd⊥, p ′3⊥)

1−α′3
×

Ψ†λd :λ2,λ3
d

(α3, p
3⊥ , p

d⊥ )

(1−α3)

Ψ
λ3He

3He
(β1,λ1, p

1⊥ ,β2, p
2⊥λ2,λ3)

β1

dβd

βd

d 2pd⊥

2(2π)3
dβ3

β3

d 2p3⊥

2(2π)3
dα′3
α′3

d 2p ′3⊥
2(2π)3

×

d x1

x1

d 2k1⊥

2(2π)3
d x ′2
x ′2

d 2k2⊥

2(2π)3
. (2.39)

The sum rule for the numerator of the struck quark propagator is valid for on-shell spinors only.

Our use of the sum rule is justified because of the fact of using the peaking approximation (to

be discussed later) in evaluating Eq. (2.39) in which the denominator of the struck quark is

estimated at its pole value.

2.3.1 Photon quark interaction

We now consider the term:

ūq (p1−k1+q ,ηq 1)[−i eε
µ
hγ
µ]uq (p1−k1,η1), (2.40)

where the incoming photon with helicity h is described by polarization vectors: εR/L =∓
q

1
2 (ε1±

iε2) for h = 1/(−1) respectively. Here ε1 ≡ (1, 0, 0) and ε2 ≡ (0, 1, 0). Using these definitions we

express:

−εµhγ
µ = ε⊥γ⊥ =−εRγL +εLγR , (2.41)
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where γR/L =
γx±iγyp

2
. We also resolve the spinor of the quark with spin α to the ± helicity states

as follows:

u (p ,α) = u+(p ,α) +u−(p ,α) =
1

2
(1+γ5)u (p ,α) +

1

2
(1−γ5)u (p ,α). (2.42)

Finally, in the reference frame of Eq. (2.11) the light-cone four-momenta ((p+, p−, p⊥)) of the

initial and final quarks in Eq. (2.40), in the massless limit, are:

Initial Momentum: p1−k1 =
�

β1(1− x1)
q

s ′3He, 0, 0
�

,

Final Momentum: p1−k1+q =
�

β1(1− x1)
q

s ′3He,
q

s ′3He, 0
�

, (2.43)

where we use the the relations q+ = 0, p1+ = β1p3He+ and k1+ = x1p1+. Because of the finite

β1 ∼ 1
3 and small x1 � 1 entering in the amplitude (see Sec.2.3.2) we can also neglect the “-”

component of the initial quark: (p1−k1)− ≈
(p1−k1)2⊥+m 2

q

β1(1−x1)
q

s ′3He

∼ 0.

Using Eq. (2.43) and above definitions of photon polarization, γ-matrices and quark he-

licity states, we find that in the massless quark limit, the only non-vanishing matrix elements

of ūγ±u are:

ū−q (p1−k1+q ,−
1

2
)γ+u−q (p1−k1,−

1

2
) =−2

p

2E1E2

ū+q (p1−k1+q ,
1

2
)γ−u+q (p1−k1,

1

2
) = 2

p

2E1E2, (2.44)

where E1 = β1(1− x1)
q

s ′3He
2 and E2 = (1−β1(1− x1))

q

s ′3He
2 are the initial and final energies of the

struck quark respectively.

Using the above relations for Eq. (2.40) we obtain:

ūq (p1−k1+q ,ηq 1)[i eε⊥hγ
⊥]uq (p1−k1,η1) = i e Qi 2

p

2E1E2(−h )δηq 1hδη1h , (2.45)

whereQi is the charge of the struck quark in units of e . The above result indicates that incoming

h- helicity photon selects the quark with the same helicity (h = η1) conserving it during the

interaction (h =ηq1
).
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2.3.2 Peaking Approximation

We now consider the dβd integration in Eq. (2.39) noticing that, dβd = dβ1 and separating the

pole and principal value parts in the propagator of the struck quark as follows:

1

β1−βs + iε
=−iπδ(β1−βs ) +P.V.

∫

dβ1

β1−βs
. (2.46)

Furthermore, we neglect by P.V. part of the propagator since its contribution comes from the

high momentum part of the nuclear wave function p1 ∼
Æ

s ′3He which is strongly suppressed

[24]. The integration with the pole part of the propagator will fix the value of β1 = βs and the

latter in the massless quark limit and negligible transverse component of ~p1 can be expressed

as follows:

βs =
1

s ′3He

�m 2
s (1− x1) +k 2

1⊥
x1(1− x1)

−m 2
N

�

. (2.47)

Now, using the fact that 3He wave function strongly peaks at β1 =
1
3 (thus making βd =

2
3 ),

one can estimate the “peaking” value of the amplitude in Eq. (2.39) taking βs =
1
3 . The latter

condition results in x1→
3(m 2

s +k 2
1⊥)

s ′3He

∼ 0 since s ′3He is very large in comparison with the transverse

momentum k1⊥ of the spectator system, which allows us to approximate (1−x1)≈ 1. With these

approximations, we find that the initial and final energies of the struck quark become:

E1 =β1(1− x1)

Æ

s ′3He

2
=

1

3

Æ

s ′3He

2

E2 =
�

1−β1(1− x1)
�

Æ

s ′3He

2
=

2

3

Æ

s ′3He

2
. (2.48)

Using Eq. (2.48) in Eq. (2.45) and setting β1 = 1/3 everywhere for Eq. (2.39) we obtain the fol-

lowing for the amplitude:
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M λd f ,λ1 f ;λ3He,h =
3

4
(−h )

1
Æ

s ′3He

∑

i

e Qi

∑

(λ2 f )(λ′2,λ′3)(λd )
(λ1,λ2,λ3)
(η1 f ,η2 f )(η′2)
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Ψ
†λd f :λ′3,λ2 f

d (α2 f /γd , p2⊥,α′3/γd , p ′3⊥)
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�
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†λ2 f ;η2 f
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�
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�

×

Ψ
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1− x1

�

1

�

Ψ
†λ1 f ;η1 f

n1 f (xs 1, k1⊥, p1 f ⊥)

1− xs 1
ūq (p1 f −k1,η1 f )[−i g T βc γµ]uq (p

′
2−k2,η′2)×

Ψ
λ′2;η′2
n2′ (x

′
2, p ′2⊥, k2⊥)

1− x ′2

�

2

G µν(r )
Ψ
λd :λ′2,λ′3
d (α′3, pd⊥, p ′3⊥)

1−α′3

Ψ†λd :λ2,λ3
d

(α3, p
3⊥ , p

d⊥ )

1−α3
×

Ψ
λ3He

3He
(β1 = 1/3,λ1, p

1⊥ ,β2, p
2⊥λ2,λ3)

d 2pd⊥

(2π)2
dβ3

β3

d 2p3⊥

2(2π)3
dα′3
α′3

d 2p ′3⊥
2(2π)3

×

d x1

x1

d 2k1⊥

2(2π)3
d x ′2
x ′2

d 2k2⊥

2(2π)3
. (2.49)

The above expression corresponds to the amplitude of Fig. (2.3). To be able to calculate

the total scattering amplitude of γ3He→ p d scattering, we need to sum the multitude of simi-

lar diagrams representing all possible combinations of photon coupling to quarks in one of the

protons followed by quark interchanges or possible multi-gluon exchanges between outgoing

nucleons, thus producing final p d system with large relative momentum. The latter rescatter-

ing is inherently nonperturbative. The same is true for the quark wave function of the nucleon

which is largely unknown. The main idea behind HRM is that, instead of calculating all the

amplitudes explicitly, we note that the hard kernel in Eq. (2.49), {· · · }1{· · · }2, together with the

gluon propagator is similar to that of the hard p d → p d scattering, as shown in Appendix A.

2.4 Including p d → p d amplitude

The amplitude of p d → p d scattering, given by Eq. (A-5) is derived in the p d center of mass ref-

erence frame, in which the final momenta p1 f and pd f are chosen to be the same as in reaction

(2.1). As a result, the p d → p d amplitude is defined at the same invariant energy s = (p1 f +pd f )2

as in Eq. (2.2), but at a different invariant momentum transfer defined as tp d = (pd f −pd )2. For

the further derivation, it is important to observe that within the peaking approximation, the

momentum transfer entering in the rescattering part of the amplitude in Eq. (2.49) is approxi-
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mately equal to tp d :

tN = tp d ≈ (pd f −pd )
2, (2.50)

where pd is the four-momentum of the deuteron in the intermediate state of the reaction (Fig.2.3).

Furthermore, because q+ = 0, the spinor uq (p1 − k1 + q , h ) in Eq. (2.49) is defined at the

same momentum fraction 1−x1 and transverse momentum as the spinor uq (p1−k1) in Eq. (A-

5). The final step that allows us to replace the quark-interchange part of the Eq. (2.49) by the

p d → p d amplitude is the observation that due to the condition of β1 =βs ≈ 1
3 , it follows from

Eq. (2.38) that the momentum fraction of the struck quark 1− x1 ∼ 1− m 2
s

s ′3He

∼ 1, which justifies

the additional assumption according to which the helicity of the struck quark is the same as

the nucleon’s from which it originates, i.e. η1 = λ1. With this assumption one can sum over η1

in Eq.(A-5), which allows us to substitute it into Eq.(2.49), thus yielding

M λd f ,λ1 f ;λ3He,h =
3

4

1
Æ

s ′3He

∑

i

e Qi (h )
∑

λd
λ2,λ3

∫

M λd f ,λ1 f ;λd ,h
p d (s , tN )

Ψ†λd :λ2,λ3
d

(α3, p
3⊥ ,βd , p

d⊥ )

1−α3
×

Ψλ3He:h ,λ2,λ3
3He

(β1 = 1/3, p
1⊥ ,β2, p

2⊥ )
d 2pd⊥

(2π)2
dβ3

β3

d 2p3⊥

2(2π)3
. (2.51)

We can further simplify Eq. (2.51) using the fact that the momentum transfer in the p d →

p d scattering amplitude significantly exceeds the momenta of bound nucleons in the center

of mass of the nucleus. As a result, we can factorize the p d → p d amplitude from the integral

in Eq. (2.51) at tp d approximated as

tp d ≈ (pd f −md )
2 = (p1 f − (mN +q ))2, (2.52)

resulting in:

M λd f ,λ1 f ;λ3He,h =
3

4

1
Æ

s ′3He

∑

i

∑

λd

e Qi (h )M
λd f ,λ1 f ;λd ,h
p d (s , tp d )

×
∫

Ψ
λ3He:λ1,λd
3He/d (β1 = 1/3, p1⊥)

d 2p1⊥

(2π)2
, (2.53)
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where we introduced the light-front nuclear transition wave function as:

Ψ
λ3He:λ1,λd
3He/d (β1, p1⊥) =

∑

λ2,λ3

∫

Ψ†λd :λ2,λ3
d

(α3, p3⊥,βd , pd⊥)

2(1−α3)
Ψλ3He:λ1,λ2,λ3

3He
(β1, p1⊥,β2, p2⊥)

×
dβ3

β3

d 2p3⊥

2(2π)3
. (2.54)

The above defined light-front nuclear transition wave function gives the probability amplitude

of the 3He nucleus transitioning to a proton and deuteron with respective momenta p1 and pd

and helicities λ1 and λd .

In Eq. (2.53), we sum over all the valence quarks in the bound proton that interact with

incoming photon. To calculate such a sum, an underlying model for hard nucleon interaction

based on the explicit quark degrees of freedom is needed. Such a model will allow us to simplify

further the amplitude of Eq. (2.53) representing it through the product of an effective charge

Qe f f that is probed by the incoming photon in the reaction and the hard p d → p d amplitude

in the form

M λd f ,λ1 f ;λ3He,h =
3

4

e Qe f f (h )
Æ

s ′3He

∑

λd

M λd f ,λ1 f ;λd ,h
p d (s , tp d )

∫

Ψ
λ3He:λ1,λd
3He/d (β1 = 1/3, p1⊥)

d 2p1⊥

(2π)2
. (2.55)

2.5 The differential cross section

The differential cross section of reaction (2.1) can be presented in the standard form

dσ

d t
=

1

16π

1

s ′23He

|M |2, (2.56)

where for the case of unpolarized scattering,

|M |2 =
1

2

1

2

∑

λ3He,h

∑

λd f ,λ1 f

�

�M λd f ,λ1 f ;λ3He,h
�

�

2
. (2.57)

The squared amplitude is summed by the final helicities and averaged by the helicities of 3He

and incoming photon. The factorization approximation of Eq. (2.55) allows to express Eq. (2.57)
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through the convolution of the averaged square ofMp d amplitude in the form

|M |2 =
9

16

e 2Q 2
e f f

s ′3He

1

2
|Mp d |2S3He/d (β1 = 1/3), (2.58)

where

|Mp d |2 =
1

3

1

2

∑

λd f ,λ1 f ;λd ,λ1

�

�

�M
λd f ,λ1 f ;λd ,λ1

p d (s , tp d )
�

�

�

2
, (2.59)

and the nuclear light-front transition spectral function is defined as:

S3He/d (β1) =
1

2

∑

λ3He;λ1,λd

�

�

�

�

∫

Ψ
λ3He:λ1,λd
3He/d (β1, p1⊥)

d 2p1⊥

(2π)2

�

�

�

�

2

. (2.60)

Substituting Eq. (2.58) into (2.56), we can express the differential cross section through the dif-

ferential cross section of elastic p d → p d scattering in the form:

dσ

d t
=

9

32

e 2Q 2
e f f

s ′3He

� s ′N
s ′3He

�dσp d

d t
(s , tp d )S3He/d (β1 = 1/3), (2.61)

where s ′N = s −m 2
N .

In the next chapter, a discussion on the numerical approximations to compute the differ-

ential cross section is presented.
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CHAPTER 3

Numerical approximations and results

In Chapter 3, a discussion on the calculation of light-front transition spectral function is

presented. We then discuss the parametrization of the hard elastic p d → p d differential cross

section which enters into the expression of the cross section of Eq. (2.61). The discussion on

the calculation of the effective charge Qe f f is presented, followed by the final form of the cross

section which is used to calculate the cross section. The chapter is concluded by presenting the

results of our calculation, where we compare our calculations with the existing experimental

data.

3.1 Calculation of light-front transition spectral function

The calculation of the light-front transition spectral function of Eq. (2.60) uses the peaking ap-

proximation, which maximizes the nuclear wave function’s contribution to the scattering am-

plitude, β1 ≈ 1
3 and βd ≈ 2

3 . These values of light-cone momentum fractions correspond to

a small internal momenta of the nucleons in the nucleus. Additionally, since the deuteron

wave function strongly peaks at small relative momenta between two spectator (“2" and “3"

in Fig. (2.3)) nucleons, the integral in Eq. (2.54) is dominated at β3 ≈ 1
3 and α3 ≈ 1

2 . This justifies

the application of non-relativistic approximation in the calculation of the transition spectral

function of Eq. (2.60).

In the non-relativistic limit, using the boost invariance of the momentum fractions, βi

(i = 1, 2, 3), we can relate them to the three-momenta of the constituent nucleons in the lab

frame of the nucleus as follows

βi =
pi+

p3He+
≈

1

3
+

p l a b
i ,z

3mN
. (3.1)

Using above relations, we can approximate dβ3
β3
≈ d p l a b

3z
mN

and α3 ≈ 1
2 +

p2,z
2mN

in Eq. (2.54).

Introducing also the relative three-momentum in the 2, 3 nucleon system as:

prel =
1

2
(p lab

3 −p lab
2 ), (3.2)
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and using the relation between light-front and non-relativisitc nuclear wave functions in the

small momentum limit (see Appendix B),:

ΨLC
A (β , p⊥) =

1
p

A

�

mN 2(2π)3
�

A−1
2 ΨN R

A (p), (3.3)

we can express the light-front nuclear transition wave function of Eq. (2.54) through the non-

relativistic 3He to d transition wave function as follows:

Ψ
λ3H e :λ1,λd
3He/d (β1, p1⊥) =

√

√1

6

Æ

mN 2(2π)3 ·Ψλ3H e :λ1,λd
3He/d ,N R (p1), (3.4)

where non-relativistic transition wave function is defined as:

Ψ
λ3He:λ1,λd
3He/d ,N R (p1) =

∑

λ2,λ3

∫

Ψ
†λd :λ2,λ3

d ,N R (pr e l )Ψ
λ3He:λ1,λ2,λ3

3He,N R (p1, pr e l )d
3pr e l . (3.5)

Using Eq. (3.4), we express the light-front spectral function through the non-relativistic coun-

terpart in the form:

S3He/d (β1) =
mN 2(2π)3

6
Np d S N R

3He/d (p
l a b
1z ), (3.6)

where β1 and p l a b
1z are related according to Eq. (3.1) and Np d = 2 is the number of the effective

p d pairs. The non-relativistic spectral function is defined as:

S N R
3He/d (p1z ) =

1

2

∑

λ3He;λ1,λd

�

�

�

�

∫

Ψ
λ3He:λ1,λd
3He/d ,N R (p1z , p1⊥)

d 2p1⊥

(2π)2

�

�

�

�

2

, (3.7)

where both the 3He and d wave functions are renormalized to unity. In the above expressions,

all the momenta entering in the non-relativisitic wave functions are considered in the labora-

tory frame of the 3He nucleus.

3.2 Hard elastic p d → p d scattering cross section

The hard p d → p d elastic scattering cross section entering in Eq. (2.61) is defined at the same

invariant energy s as the reaction (2.1) but at different (from Eq. (2.2)) invariant momentum
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transfer, tp d defined in Eq. (2.52). Comparing Eqs. (2.52) and (2.2) tp d can be expressed through

t in the following form:

tp d =
1

3
m 2

d −
2

9
m 2

3He+
2

3
t . (3.8)

and
1

3
(1− cosθcm)≈

1

2
(1− cosθ ∗cm). (3.9)

As it follows from the above equation for large momentum transfer, |tp d | < |t |, therefore for
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Figure 3.1: Effective center of mass angle vs the incident photon energy.

the same s , the p d → p d scattering will take place at smaller angles in the p d center of mass

reference frame. To evaluate this difference we introduce the θ ∗cm which represents the CM

scattering angle for p d → p d reaction in the form:

tp d = (pd f −pd i )
2 = 2(m 2

d −E 2
d ,cm)(1− cosθ ∗cm), (3.10)

where Ed ,cm =
s+m 2

d−m 2
N

2
p

s . Then, comparing this equation with Eq. (2.10) in the asymptotic limit

of high energies, we find that for the center of mass scattering angle θcm = 90o for reaction (2.1),

the asymptotic limit of the effective center of mass scattering angle of p d → p d scattering is

θ ∗cm ≈ 70o . The dependence of θ ∗cm at finite energies of incoming photon is shown in Fig. (3.1).
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The figure indicates that for realistic comparison of HRM prediction with the data, one needs

the p d → p d cross section for the range of center of mass scattering angles.
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Figure 3.2: Fits of elastic p d → p d scattering cross section. The data in (a) are from [46] and in
(b),(c) and (d) are from [47]. The curves are the fits to the data obtained using Eq. (3.11) with fit
parameters from Table (3.1).

To achieve this, we parametrized the existing experimental data on elastic p d → p d scat-

tering [43–47]which covers the invariant energy range of (s ∼9.5 GeV2 - 17.3 GeV2). The analytic

form used for the parametrization of the p d → p d cross section is

dσp d

d t
(s , cosθ ∗cm) =

1

(s/10)16

A(s )e B (cosθ ∗cm)

(1− cos2θ ∗cm)3
, (3.11)
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where A(s ) =C e (a1s+a2s 2), and B (x ) = b x + c x 2, with the fit parameters given in Table 3.1. The

samples of fits obtained for the elastic p d → p d hard scattering are presented in Fig. (3.2).

C (µb GeV30) a1 (GeV−2) a2 (GeV−4) b c
(9.72 ± 1.33)E+04 -0.98 ± 0.05 0.04 ± 0.001 3.45 ± 0.02 -0.83 ± 0.05

Table 3.1: Fit Parameters for p d → p d cross sections.

The errors quoted in the table for the fitting parameters result in a overall error in the

p d → p d cross section on the level of 22-37%. Note that the form of the ansatz used in Eq. (3.11)

is in agreement with the energy and angular dependence following from the quark interchange

mechanism of the p d elastic scattering. As a result the ansatz is strictly valid for large center of

mass angles |c o s (θ ∗cm)| ≤ 0.6. However, the fitting procedure was extended beyond this angular

range by introducing an additional function e B (cosθ ∗cm).

3.3 Estimation of the effective charge Qe f f

To calculate the effective quark charge associated with the hard rescattering amplitude, we no-

tice that from Eq. (2.51) it follows that the Qe f f should satisfy the following relation

∑

i∈p

Qi 〈d ′p ′ |Mp d ,i | d p 〉=Qe f f 〈d ′p ′|Mp d | d p 〉, (3.12)

where by i we sum by the quarks in the proton that was struck by incoming photon. To use the

above equation, we need a specific model for p d elastic scattering which explicitly accounts

for the underlying quark degrees of freedom of p d scattering. For such a model we use the

quark-interchange mechanism (QIM) in hard p d scattering. The consideration of a quark-

interchange mechanism is justified if one works in the regime in which the p d elastic scattering

exhibits scaling in agreement with quark counting rule i.e. s−16.

Similar to Refs. [24, 28, 29]within QIM, the Qe f f can be estimated using the relation,

Qe f f =
Nu u (Qu ) +Nd d (Qd ) +Nud (Qu +Qd )

Nu u +Nd d +Nud
, (3.13)
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where Qi is the charge of the u and d valence quarks in the proton P and Ni i represents the

number of quark interchanges for u and d flavors necessary to produce a given helicity p d

amplitude. We note that for the particular case of elastic p d scattering, Nud = 0 and one obtains

Qe f f =
1
3 .

3.4 Results

Substituting Eq. (3.6) into Eq. (2.61) and taking into accounts the above estimation of Qe f f ,

we arrive at the final expression for the differential cross section which will be used for the

numerical estimates:

dσ

d t
(s , t ) =

2π4αe m

3s ′3He

� s ′N
s ′3He

�dσp d

d t
(s , tp d ) ·mN S N R

3He/d (p1z = 0), (3.14)

where αe m =
e 2

4π is the fine structure constant. For the evaluation of the transition spectral

function S N R
3He/d , we use the realistic 3He [48] and deuteron [49] wave functions that use the

V18 potential [49] of NN interaction, which yields [50] S N R
3He/d (p1z = 0) = 4.1× 10−4 GeV. For the

differential cross section of the large center of mass elastic p d → p d scattering,
dσp d

d t (s , tp d ),

we use the parametrization of Eq. (3.11) which covers the invariant energy range of up to s =

17.3 GeV2, corresponding to Eγ = 1.67 GeV for the reaction (2.1). In Fig. (3.3), we present the

comparison of our calculation of the energy dependence of the s 17 scaled differential cross

section at θcm = 900 with the data of Ref. [14]. The shaded area represents the error due to the

accuracy and above discussed fitting of the elastic p d → p d cross sections.

As the comparison shows, Eq. (3.14) describes surprisingly well the Jefferson Lab data

considering the fact that the cross section between Eγ = 0.4 GeV and Eγ = 1.3 GeV drops by a

factor of∼ 4000. It is interesting that the HRM model describes data reasonably well even for the

range of Eγ < 1 GeV, for which the general conditions for the onset of QCD degrees of freedom is

not satisfied. This situation is specific to the HRM model in which there is another scale tp d , the

invariant momentum transfer in the hard rescattering amplitude. The−tp d > 1 GeV2 condition

is necessary for factorization of the hard scattering kernels from the soft nuclear parts. As it

follows from Eq. (3.8), such a threshold for tp d is already reached for incoming photon energies
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Figure 3.3: Energy dependence of the differential cross section at θcm = 90◦ scaled by the factor
of s 17. The solid curve is the calculation according to Eq. (3.14). The experimental data are
from Refs. [14, 51, 52]. See also discussion in Ref. [14] on disagreement between DAPHNE and
JLAB/CLAS data.

of 0.7 GeV. What concerns to the photon energies below 0.7 GeV, then the qualitative agreement

of the HRM model with the data is an indication of the smooth transition from the hard to the

soft regime of the interaction. The HRM model allows also to calculate the angular distribution

of the differential cross section for fixed values of s . In Fig. (3.4), we present the prediction for

the angular distribution of the energy scaled differential cross section at largest photon energies

for which there are available data [53]. The interesting feature of the HRM prediction is that,

because of the fact that the magnitude of invariant momentum transfer of the reaction (2.1), t

is larger than that of the p d → p d scattering, tp d (Eq. (3.8)) the effective center of mass angle

in the latter case, θ ∗cm < θcm (see Eq. (3.9) and Fig. (3.1)) and as a result HRM predicts angular

distributions monotonically decreasing with an increase of θcm for up to θcm ≈ 120◦. Finally

in Fig. (3.5), we present the calculation of s 17 scaled differential cross section as a function of

incoming photon energy for different fixed and large center of mass angles, θcm. Note that in

both Fig. (3.4) and Fig. (3.5) the accuracy of the theoretical predictions is similar to that of the

energy dependence at θcm = 900 presented in Fig. (3.3).
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The possibility of comparing these calculations with the experimental data will allow to

ascertain the range of validity of the HRM mechanism. These comparisons will allow us to

identify the minimal momentum transfer in these nuclear reactions for which one observes
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the onset of the QCD degrees of freedom. At this time, even though we do not have excessive

experimental data to provide more profound validation to our model, below, we present the

comparison of our calculations to a set of “preliminary" experimental data.
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Figure 3.6: Angular dependence of s 17 scaled differential cross section for various incident pho-
ton energies. Data shown in these figures are preliminary, and obtained from [53].

As can be seen from these comparisons, the usage of HRM becomes more meaningful at

larger center of mass angles, which again justifies our study of the hard photodisintegration of

3He at 90◦ center of mass angle. The accuracy of the theoretical calculations shown in Fig. (3.6)

is again similar to that as in the case of θcm = 90◦, shown in Fig. (3.3).

We also present the comparison of energy dependence of the cross section at various

center of mass scattering angles with “preliminary” experimental data.

42



 0

 100

 200

 300

 400

 500

 600

 700

 800

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

S
17

dσ
/d

t (
G

b 
G

eV
32

)

Eγ (GeV)

θcm = 40o

daphne
CLAS

(a)

-50

 0

 50

 100

 150

 200

 250

 300

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

S
17

dσ
/d

t (
G

b 
G

eV
32

)

Eγ (GeV)

θcm = 80o

daphne
CLAS

(b)

 0

 50

 100

 150

 200

 250

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

S
17

dσ
/d

t (
G

b 
G

eV
32

)

Eγ (GeV)

θcm = 110o

daphne
CLAS

(c)

-10

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

S
17

dσ
/d

t (
G

b 
G

eV
32

)

Eγ (GeV)

θcm = 120o

daphne
CLAS

(d)

-10

-5

 0

 5

 10

 15

 20

 25

 30

 35

 40

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

S
17

dσ
/d

t (
G

b 
G

eV
32

)

Eγ (GeV)

θcm = 140o

daphne
CLAS

(e)

Figure 3.7: Energy dependence of s 17 scaled differential cross section for various center of mass
scattering angles. Data shown in these figures are preliminary, and obtained from [53].
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As it is seen in Figs. (3.7), the theoretical calculations of the cross section using the HRM

model is in very good agreement with the “preliminary” experimental data at larger center of

mass scattering angles. The availability of more experimental data will only allow us to be more

certain regarding the accuracy with which our model is able to calculate the cross section of

hard photodisintegration reaction at different kinematical conditions.
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CHAPTER 4

Spin structure of neutron and the problem of nuclear medium effects

As briefly discussed in the Introduction of the dissertation, one of the most fundamental

properties of elementary particles is their spin because it helps to understand their symmetry

behavior under space-time transformations. The spin degrees of freedom for composite par-

ticles can be used to study their internal dynamics. In this respect, the simultaneous study of

spin structure of proton and neutron allows to probe the interaction of quarks and gluons in

unique way that can clarify the longstanding issue of the spin composition of the nucleon in

QCD. However, study of the spin of the nuetron is significantly difficult compared to that of the

proton. The most important reason for this is the existence of free proton but not that of the

neutron. To study neutron, one usually uses the lightest nuclei such as deuteron and 3He and

considers deep-inelastic scattering with or without polarization of the target. Then, during the

analysis of the data one needs to subtract by proton contribution, as well as correct for binding

and Fermi motion effects.

One such method for extraction of the polarization structure function of the neutron is

the consideration of deep inelastic scattering of polarized electrons off polarized deuteron and

3He targets. The simplest nucleus in this case is the deuteron, in which case the main compo-

nent of the deuteron consists of proton and neutron in relative S−state, in which proton and

neutron’s spins are aligned in the same direction to produce spin 1 state, as shown in Fig. (4.1a).

The next best source would be the 3He nucleus, which has two protons and one neutron. The

nucleus of 3He has a spin of 1
2 and as the polarization of the two protons cancel each other (due

to the Pauli’s exclusion principle), the polarization of 3He is carried predominantly by the neu-

tron, as shown in Fig. (4.1b). However, this is not always the case, since there is an additional

contribution from higher partial waves in 3He and the deuteron ground state wave functions

respectively. In the region of small x , the contribution of the higher partial waves are not signif-

icant. But, in the higher x region, their contributions become significant. There are currently

several experiments planned at Jefferson Lab [54] and CERN [55] aimed at measuring polarized

neutron structure functions at intermediate and high x kinematical region. So, in order to pre-
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cisely extract the neutron spin information in these experiments, we need to account for the

effects of the higher partial waves.

(a) Spin of nucleons in deuteron. (b) Spin of nuccleons in 3He.

Figure 4.1: Spin of nucleons in light nuclei like deuteron and 3He.

In this chapter, we present the theoretical framework for calculation of polarized deep in-

elastic scattering from polarized nuclei. We first derive formulas for the general case of nucleus

A. Then, we use the derived formulas to formulate and execute the algorithm of extraction of

the polarized neutron structure function from the deuteron target.

4.1 Deep inelastic scattering from a polarized nucleus

We consider the deep inelastic reaction in which a polarized electron is scattered off a polarized

nuclear target,

~e + ~A→ e ′+X , (4.1)

where ~e and ~A represent the polarized electron and polarized nuclear target respectively, e ′

is the scattered electron, and X is the product of the deep inelastic scattering, as shown in

Fig (4.2) below. Deep inelastic kinematics are defined such that invariant momentum transfer

Figure 4.2: Scattering of polarized electron from a polarized nuclear target.

Q 2 =−(k−k ′)2 ≥ 2 GeV2 and produced final mass from the nucleon target W 2
N =−Q 2+2mN q0+

m 2
N ≥ 2.2 GeV2. The above conditions are considered as minimal possible values for which
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Bjorken scaling is observed. The latter represents a situation in which target structure functions

depend only on dimensionless Bjorken parameter x = Q 2

2mN q0
(upto ln(Q 2) factors). Here, we use

the definition of the four momenta of the incoming and scattered electrons as k = (Ek , k) and

k ′ = (E ′k , k′) respectively. The energy transferred to the nucleus is defined as q0 = Ek − E ′k . The

differential cross section for the scattering of Eq. (4.1) can be written as

dσ

dΩd E ′
=
α2

em

Q 4

E ′k
MA Ek

LµνW A
µν, (4.2)

where αem is the fine structure constant, and Lµν, W A
µν are the polarized leptonic and hadronic

tensors respectively, which are defined as follows:

Lµν = 4

�

�

kµ−
qµ
2

��

kν−
qν
2

�

�

+Q 2

�

− gµν−
qµqν
Q 2

�

+2i mεµνρσqρaσ, (4.3)

and

W
µν

A =

�

− g µν−
qµqν

Q 2

�

W1A(xA ,Q 2) +

�

p
µ
A +

pA ·q
Q 2

qµ
��

pνA +
pA ·q

Q 2
qν
�

W2A(xA ,Q 2)
M 2

A

−iεµνρσqρ

�

ζA,σ
G1A(xA ,Q 2)

MA
+
�

pA ·q ζA,σ −q ·ζA pσA
�G2A(xA ,Q 2)

M 3
A

�

. (4.4)

As compared to the unpolarized leptonic and hadronic tensors (Eqs. (1.8) and (1.9)), the polar-

ized tensors are much more complicated because of the polarization vectors aσ and ζA,σ of the

electron and the nucleus respectively. In Eq. (4.4),G1A(xA ,Q 2) and G1A(xA ,Q 2) contain informa-

tion about the polarized structure of nucleus, pA is the four momentum of the nuclear target

with mass number A and εµνρσ is the four dimensional Levi-Civita matrix. The polarization

four vector of the electron is defined as

aσ ≡ (a0, a) =

�

ξ ·k
m

,ξ+
ξ ·k k

me (Ek +me )

�

, (4.5)

with ξ= he k
|k| , where he is the helicity of the electron, and me is the electron mass. Similarly, the

nuclear polarization four vector is defined as:
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ζA
σ ≡ (ζ0,ζA) =

�

sA ·pA

MA
, sA+

sA ·pA pA

MA(E +MA)

�

, (4.6)

with sA being the spin three-vector of the nucleus.

With the above definitions of the polarization vectors, we can now calculate the contrac-

tion of the leptonic and hadronic tensors. Noting that qµLµν = 0= qνLµν, we obtain:

LµνW
µν

A =−g µνLµνW1A +p
µ
A pνA Lµν

W2A

M 2
A

−Lµνiεµνρσqρ

�

ζA,σ
G1A

MA
+
�

pA ·qζA,σ −q ·ζApA,σ

�G2A

M 3
A

�

. (4.7)

Now, substituting Lµν from Eq. (4.3) and making use of the anti-symmetric property of

the Levi-Civita tensor, εµνρσ in µ,ν and the symmetric nature of the coefficients at W1A , W2A in

µ,ν, we arrive at:

LµνW
µν

A =−g µν
�

4
�

(kµ−
qµ
2
)(kν−

qν
2
)
�

+Q 2
�

− gµν−
qµqν
Q 2

�

+2i mεµνρσqρaσ
�

W1A

+p
µ
A pνA

�

4
�

(kµ−
qµ
2
)(kν−

qν
2
)
�

+Q 2
�

− gµν−
qµqν
Q 2

�

+2i mεµνρσqρaσ
�W2A

M 2
A

+2mεµναβqαaβεµνρσqρ
�

ζA,σ
G1A

MA
+ [pA ·q ζA,σ −q ·ζA pA,σ]

G2A

M 3
A

�

. (4.8)

Also, noting that gµνg µν = 4, the above equation can be written as:

LµνW
µν

A =

�

−4
�

k −
q

2

�2
+Q 2

�

4+
q 2

Q 2

�

�

W1A

+

�

4
�

pA ·k −
pA ·q

2

�2
+Q 2

�

−pA
2−
(pA ·q )2

Q 2

�

�

W2A

M 2
A

+2mεµναβqαaβεµνρσqρ

�

ζA,σ
G1A

MA
+ [pA ·q ζA,σ −q ·ζA pA,σ]

G2A

M 3
A

�

. (4.9)

We next proceed to calculate the coefficients at W1A , W2A ,G1A and G2A individually. We

also note that the coefficients at W1A , W2A are symmetric while coefficients at G1A ,G2A are anti-

symmetric in µ,ν.

48



To compute the coefficients at the structure functions in Eq. (4.9), we consider a refer-

ene frame where the incident electron is defined by the four vector k = (Ek , 0, 0, Ek ) and the

scattered electron is defined by the four vector k ′ = (E ′k , E ′k sinθe , 0, E ′k cosθe ), where θe is the

scattering angle of the electron. Thus, the four momentum transfer qµ = k − k ′, then can be

expressed in terms of the components as

qµ ≡ (q0, qx , qy , qz ) = (Ek −E ′k ,−E ′k sinθe , 0, Ek −E ′k cosθe ). (4.10)

Following the definitions of k and k ′, we find that

q 2 = k 2+k ′
2
−2k ·q ≈−2k ·q

=−2
�

Ek E ′k −Ek E ′k cosθe

�

=−2Ek E ′k (1− cosθe ) =−4Ek E ′k sin2 θe

2
, (4.11)

where we neglected the mass of the electron, which allows us to write k 2 =m 2
e = k ′

2 ≈ 0. The

coefficient at W1A term (using notation Q 2 =−q 2), can be written as:

−4

�

k −
q

2

�2

+Q 2

�

4+
q 2

Q 2

�

=−4

�

�

k −
q

2

�2
�

+3Q 2

=−4
�

k 2−k ·q +
q 2

4

�

+3Q 2

=−4
�

k 2−{Ek (Ek −E ′k )−Ek (Ek −E ′k cosθe )}+
q 2

4

�

+3Q 2

=−4
�

k 2−{−Ek E ′k (1− cosθe )}+
q 2

4

�

+3Q 2

=−4
�

k 2−
q 2

2
+

q 2

4

�

+3Q 2

= 4
q 2

4
+3Q 2 = 2Q 2. (4.12)

Similarly, the coefficient at W2A

M 2
A

can be simplified as:

Coeff. at
W2A

M 2
A

= 4

�

pA ·k −
pA ·q

2

�2

+Q 2

�

−pA
2−
(pA ·q )2

Q 2

�

= 4(pA ·k )2
�

1−
pA ·q

2 pA ·k

�2

−Q 2M 2
A

�

1+
(pA ·q )2

Q 2M 2
A

�
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= 4(pA ·k )2
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�

= 4(pA ·k )2
�

1−
yA

2

�2
−Q 2M 2

A

�

1+
A2Q 2

4x 2
AM 2

A

�

= 4(pA ·k )2
�

1−
yA

2

�2
−

Q 4A2

4x 2
A

�

4x 2
AM 2

A

A2Q 2
+1

�

= 4(pA ·k )2
�

1−
yA

2

�2
− (pA ·q )2

�

4x 2
AM 2

A

A2Q 2
+1

�

, (4.13)

where we define yA =
pA ·q
pA ·k . If we now introduce F2A (xA ,Q 2)

pA ·q MA = W2A(xA ,Q 2), then, the second

term in Eq. (4.9) becomes

�

4
�

pA ·k −
pA ·q

2

�2
+Q 2

�

−pA
2−
(pA ·q )2

Q 2

�

�

W2A

M 2
A

=
(pA ·k )2

M 2
A

�

(2− yA)
2− y 2

A

�4x 2
AM 2

A

A2Q 2
+1

�

�

W2A

M 2
A

=
F2A

y 2
A

pA ·q
MA

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

A2Q 2

�

�

. (4.14)

We can then combine Eqs. (4.12) and (4.14) and express Eq. (4.9) as:

LµνW
µν

A = 2Q 2 F1A

MA
+

pA ·q
MA

F2A

y 2
A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

A2Q 2

�

�

+2mεµναβqαaβε
µνρσqρ

�

ζA,σ
G1A

MA
+ [pA ·q ζA,σ −q ·ζA pA,σ]

G2A

M 3
A

�

, (4.15)

where we used also the definition, W1A(xA ,Q 2) = F1A (xA ,Q 2)
MA

. In Eq. (4.15), the functions F1A(xA ,Q 2)

and F2A(xA ,Q 2) are the unpolarized structure functions. These unpolarized structure functions

have been widely studied experimentally and thus, there exist plenty of data with which we can

compare our theoretical calculations. These comparisons will be discussed in more detail in

subsequent sections. It is worth mentioning that in the case of above mentioned Bjorken scal-

ing, it is the structure functions F1(x ,Q 2) and F2(x ,Q 2) that become Q 2 independent (upto the

ln(Q 2) factors).

To evaluate the anti-symmetric part of Eq. (4.15), we use the identity

εµναβε
µνρσ =−2

�

δραδ
σ
β −δ

σ
αδ

ρ
β

�

, (4.16)
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and obtain the following:

2mεµναβqαaβεµνρσqρ

�

ζA,σ
G1A

MA
+ [pA ·q ζA,σ −q ·ζA pA,σ]

G2A

M 3
A

�

=−4m
�

δραδ
σ
β −δ

σ
αδ

ρ
β

�

qαaβqρ

�

ζA,σ
G1A

MA
+ [pA ·q ζA,σ −q ·ζA pA,σ]

G2A

M 3
A

�

=−4mq 2aσ
�

ζA,σ
G1A

MA
+ [pA ·q ζA,σ −q ·ζA pA,σ]

G2A

M 3
A

�

+4ma ·q
�

q ·ζA
G1A

MA
+ (q ·pA q ·ζA

−q ·ζA q ·pA)
G2A

M 3
A

�

=−4mq 2a ·ζA
G1A

MA
+4ma ·q ζA ·q

G1A

MA
−4mq 2

�

q ·pA a ·ζA −ζA ·q a ·pA

�G2A

M 3
A

=−4m
�

q 2a ·ζA −a ·q ζA ·q
�G1A

MA
−4mq 2

�

q ·pA a ·ζA −ζA ·q a ·pA

�G2A

M 3
A

. (4.17)

To further simplify the above expression, we note that, in high energy limits, the elec-

tron’s polarization four vector can be expressed as aσ = he kσ/m (Appendix C). Using this, and

relation q ·k = q 2

2 of the antisymmetric part of LµνW µν, one obtains:

LµνW
µν

A (anti-symmetric) =−4he

�

q 2k ·ζA −
q 2

2
ζA ·q

�G1A

MA

−4he q 2
�

q ·pA k ·ζA −ζA ·q k ·pA

�G2A

M 3
A

= 2he q 2 G1A

MA

�

ζA ·q −2k ·ζA

�

+4he q 2 G2A

M 3
A

�

ζA ·q k ·pA −q ·pA k ·ζA

�

=−2he Q 2 G1A

MA

�

ζA ·q −2k ·ζA

�

−4he Q 2 G2A

M 3
A

�

ζA ·q k ·pA −q ·pA k ·ζA

�

. (4.18)

We now redefine the spin structure functions through the g1A and g2A functions as follows:

G1A(xA ,Q 2)
MA

=
g1A(xA ,Q 2)

pA ·q
and

G2A(xA ,Q 2)
M 3

A

=
g2A(xA ,Q 2)
(pA ·q )2

, (4.19)

and write Eq. (4.18) as
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LµνW
µν

A (anti-symmetric) =−2he Q 2 g1A

pA ·q

�

ζA ·q −2k ·ζA

�

−4he Q 2 g2A

(pA ·q )2
�

ζA ·q k ·pA −q ·pA k ·ζA

�

=−2he Q 2 g1A

pA ·q

�

ζA ·q −2k ·ζA

�

−4he Q 2 g2A

pA ·q

�q ·ζA

yA
−ζA ·k

�

. (4.20)

Thus, in the most general form, the contraction of the leptonic and hadronic tensors can

be expressed in the following form:

LµνW
µν

A = 2Q 2 F1A

MA
+

pA ·q
MA

F2A

y 2
A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

A2Q 2

�

�

−2he Q 2 g1A

pA ·q

�

ζA ·q −2k ·ζA

�

−4he Q 2 g2A

pA ·q

�

q ·ζA

yA
−ζA ·k

�

. (4.21)

Inserting above expression into Eq. (4.2), one obtains for the differential cross section:

d 2σ

dΩd E ′k
=
α2

e m

Q 4

E ′k
Ek

�

2Q 2 F1A

MA
+

pA ·q
MA

F2A

y 2
A

�

(2− yA)
2− y 2

A

�

1+
4x 2

AM 2
A

A2Q 2

�

�

−2he Q 2 g1A

pA ·q

�

ζA ·q −2k ·ζA

�

−4he Q 2 g2A

pA ·q

�q ·ζA

yA
−ζA ·k

�

�

(4.22)

The above expression indicates that the cross section of the reaction Eq. (4.1) is defined by four

F1A , F2A , g1A and g2A nuclear structure functions. The first two structure functions (F1A and F2A)

are the same which enters in the unpolarized cross section. The other two (g1A and g2A) are

defined only for polarized target.

4.2 Jacobian of the differentials

In many applications, cross section of Eq. (4.22) is presented in Lorentz invariant form. For this

one need to express differentials dΩd E ′k through d xAdQ 2dφ with subsequent integration of

dφ.
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For this, we need to evaluate the Jacobian for the transformation E ′k d E ′k d cosθe dφ →

d xAdQ 2dφ. We note that

dQ 2d xAdφe = dQ 2d
� AQ 2

2pA ·q

�

dφ =−
AQ 2

2(pA ·q )2
dQ 2d (pA ·q )dφe . (4.23)

We now start by calculating the Jacobian, which relates the two differentials system as

dQ 2d xA =−
AQ 2

2(pA ·q )2
dQ 2d (pA ·q ) =−

AQ 2

2(pA ·q )2
|Jacobian|d E ′k d cosθe

=−
AQ 2

2(pA ·q )2

�

�

�

�

�

�

�

�

�

�

�

∂ (pA ·q )
∂ cosθe

∂Q 2

∂ cosθe

∂ (pA ·q )
∂ E ′k

∂Q 2

∂ E ′k

�

�

�

�

�

�

�

�

�

�

�

d E ′k d cosθe . (4.24)

To calculate each element in the determinant, we consider Lab reference frame, so that:

pA ·q =MAq0 =MA(Ek −E ′k ). (4.25)

Also, noting that Q 2 = 2Ek E ′k (1− cosθe ), we can calculate the elements in the determinant in

Eq. (4.24) obtaining

dQ 2d xA =−
AQ 2

2(pA ·q )2

�

�

�

�

�

�

0 −2Ek E ′k

−MA
Q 2

E ′k

�

�

�

�

�

�

d E ′k d cosθe

=−
AQ 2

2(pA ·q )2
�

−2Ek E ′k MA

�

d E ′k d cosθe

=
AQ 2

2(pA ·q )
2Ek E ′k MA

pA ·q
d E ′k d cosθe

=
2xA

MAq0
Ek E ′K MAd E ′k d cosθe

=
2xA

yA
E ′k d E ′k d cosθe , (4.26)

where yA =
pA ·q
pA ·k =

q0
Ek

. We thus find that the differentials can be related as

E ′k d E ′k d cosθe dφe =
yA

2xA
dQ 2d xAdφe . (4.27)
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Using Eq. (4.27), one can express differential cross section of Eq. (4.22) integrated over the dφ,

in the following form:

dσ

dQ 2d xA
=

2πα2
em y 2

A

Q 4A

�

2F1A +
A

2xA y 2
A

�

(2− yA)
2− y 2

A

�

1+
4M 2

A x 2
A

A2Q 2

��

F2A

−he
4xAMA

AQ 2

�

g1A

�

ζA ·q −2ζA ·k ) +2g2A

�

ζA ·q
yA
−ζA ·k

���

. (4.28)

4.3 Cross section in plane wave impulse approximation

To be able to study the structure of neutron, for which there is no free target, one needs to con-

sider the scattering of the external probe from the bound neutron in the nucleus. Theoretically,

most simple case is the electron scattering from the nucleus in the Plane Wave Impulse Approx-

imation (PWIA), in which case one can apply one-photon exchange approximation and neglect

by final state interactions among outgoing particles. The PWIA is best suited for inclusive pro-

cesses, in which case only scattered electron is detected in the final state of the reaction, and

final nuclear and hadronic states are integrated over all the phase space. Since we are inter-

ested in extracting the spin structure of the neutron, we consider inclusive polarized electron

scattering from a polarized target. As discussed in the introduction to this chapter, and also

from Figs. (4.3) and (4.4), our best choice of polarized target will be the polarized deuteron and

3He targets.

Inclusive scattering of a polarized electron from a polarized target can be presented as

~e + ~A→ e ′+X , (4.29)

where ~e , ~A and e′ represent the incoming polarized electron, polarized nucleus and scattered

unpolarized electron respectively, and X represents the deep inelastic scattering (DIS) product.

The possible scattering processes are shown in Figs. (4.3) and (4.4) below.

As it was mentioned above, within PWIA, there is no interaction between the deep inelas-

tic products and the nuclear recoil system. The recoil ststem in this scattering can be a proton

or neutron for the deuteron target (Fig. (4.3)) or proton-proton or proton-neutron (deuteron)
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(a) DIS from neutron. (b) DIS from proton.

Figure 4.3: DIS from the nucleons in deuteron.

(a) DIS from neutron. (b) DIS from proton.

Figure 4.4: DIS from the nucleons in 3He.

for 3He target (Fig. (4.4)). It is important to emphasize that due to inclusive nature of the reac-

tion (4.29), we do not know whether electrons scattered from neutron or proton. As a result, in

the theoretical analysis, one needs to subtract proton contribution inorder to isolate the elec-

tron scattering from the neutron. After this subtraction, on needs to account for the Fermi

motion effects of the neutron to isolate the scattering from the stationary neuteron. The pro-

cedure of such analysis is discussed in the following sections.

4.3.1 Defining the Reference Frame of the Reaction

In Figs. (4.3) and (4.4), ~ke , and k ′e are the four-momenta of the incoming polarized electron

and outgoing unpolarized scattering electron. The momenta of target deuteron and 3He are

~pd and ~p3He
respectively. The momentum transfer in the process is q , X is the DIS product, ps
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is the momentum of the spectator system over which we integrate and the label n (p ) represents

neutron (proton) interacting with the virtual photon.

To be able to calculate the cross section for the processes shown in Figs. (4.3) and (4.4), we

need to define two reference frames, one in which the scattering takes place and other which

defines the polarization. The scattering or reaction reference frame is defined by the direction

of the momentum transfer, such that the z direction is defined by the direction of q, and x z

plane is defined by the k ′q plane, as shown in Fig. (4.5), where θS A and φS A are the polar and

azimuthal angles made by the target spin vector with the z direction. In the figure, e , e ′ and q

represent the incoming electron with four momentum k , outgoing electron with four momen-

tum k ′ and the direction of the momentum transfer in the scattering respectively. This allows

Figure 4.5: Polar and azimuthal angle of the target spin. The source of this diagram is [56].

us to define the y direction as

ŷ =
q×k′

|q×k′|
. (4.30)

We also define the polarization reference frame, x ′y ′z ′, such that the z ′ direction is given

by the direction of the nucleus’s polarization vector SA. If we consider θs A ,φs A as the polar

and azimuthal angles made by the polarization vector of the nucleus in the reaction reference

frame,then we can define the directions in the polarization reference frame as

ẑ ′ = (sinθs A cosφs A , sinθs A sinφs A , cosθs A),

ŷ ′ =
SA×q

|SA×q|
= (−sinφs A , cosφs A , 0),

x̂ ′ = ŷ ′× ẑ ′ = (cosθs A cosφs A , cosθs A sinφs A ,−sinθs A). (4.31)
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In Eq. (4.31), we expressed the directions of the polarization reference frame in terms of

the directions in the reaction reference frame. In the special case when the polarization vector

of nucleus, SA, is parallel to q, the polarization reference frame (primed) coincides with the

reaction (unprimed) reference frame.

4.3.2 Derivation of the cross section

In this section we will consider the scattering from a generic nucleus A, without specifying it

as deuteron or 3He. For a scattering process as shown in Figs. (4.3) and (4.4), we can write the

amplitude as

M =

�

ū (k ′e , s ′e )γ
µ 1+γ5se

2
u (ke , se )

e 2

q 2

�

l p

�

ψ̄(px , sx )Γ
µ
e N

/pN +mN

p 2
N −m 2

N

ψ̄(ps , ss )ΓA→N Sχ
sA
A

�

hp

,(4.32)

where [· · · ]l p and [· · · ]hp represent the leptonic and the hadronic parts in the amplitude respec-

tively, χA is the spin wave function of the nucleus and sA is the spin of the nucleus, ψ(ps , ss )

is the wave function of the spectator system,ψ(px , sx ) is the wave function of the DIS product,

ΓA→N S is the vertex representing the transition of the nucleus to a N S system, pN represents the

momentum of the interacting nucleon and Γe N represents the interaction vertex of the virtual

photon and the nucleon. To further analyze the amplitude, we note that because our z axis

is defined by the direction of transferred momentum q , the larger component of the nucleus

is the “minus” component, which will be used as the light-front longitudinal momentum to

describe the nuclear wave function.

Using the on-mass shell relation for the particle with mass M and four momentum p as

p+ =
p 2
⊥ +M 2

p−
, (4.33)

the denominator in the hadronic part of the amplitude can be written as

p 2
N −m 2

N = pN−

�

pA+−ps+−
p 2

N⊥+m 2
N

pN−

�

= pN−

�

p 2
A⊥+M 2

A

pA−
−

p 2
s⊥+m 2

s

ps−
−

p 2
N⊥+m 2

N

pN−

�
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= pN−

�

p 2
A⊥+M 2

A

pA−
−

p 2
s⊥+m 2

s

A ps−
pA−
(pA−

A )
−

p 2
N⊥+m 2

N

A pN−
pA−
(pA−

A )

�

= pN−

�

p 2
A⊥+M 2

A

pA−
−

p 2
s⊥+m 2

s

αs (
pA−

A )
−

p 2
N⊥+m 2

N

αN (
pA−

A )

�

=
pN−

pA−

�

M 2
A +p 2

A⊥−
A(p 2

s⊥+m 2
s )

αs
−

A(p 2
N⊥+m 2

N )

A−αs

�

, (4.34)

where MA , ms , mN are the masses of the nucleus, spectator system and interacting nucleon

respectively,αs = A ps−
pA−

is the momentum fraction of the nucleus taken by the spectator system,

αN = A pN−
pA−

is the momentum fraction of the nucleus taken by the nucleon which interacts with

the virtual photon, such thatαs+αN = A. If we assume the interacting nucleon has momentum

pN and spin sN , we use the sum rule for its spinor in the form /p N+mN =
∑

sN
u (pN , sN )ū (pN , sN )

and write the hadronic part of the amplitude in Eq. (4.32) as

[· · · ]hp = ψ̄(px , sx )Γ
µ
e N

∑

sN

u (pN , sN )ū (pN , sN )

αN
A

�

M 2
A +p 2

A⊥−
A(p 2

s⊥+m 2
s )

αs
− A(p 2

N⊥+m 2
N )

A−αs

�ψ̄(ps , ss )ΓA→N Sχ
sA
A (4.35)

Defining the light-front wave function for the nucleus as (see Appendix B)

ψsA
A (αN , pN , sN , ss ) =

ψ̄(ps , ss )ū (pN , sN )ΓA→N Sχ
sA
A

1
A

�

M 2
A +p 2

A⊥−
A(p 2

s⊥+m 2
s )

αs
− A(p 2

N⊥+m 2
N )

A−αs

�

1
p

A
p

2(2π)3
, (4.36)

the hadronic part of the amplitde can then be written as

[· · · ]hp =
∑

sN

ψ̄(px , sx )Γ
µ
e N u (pN , sN )

ψsA
A (αN , pN , sN , ss )

αN

p
A
p

2(2π)3. (4.37)

We now define the electromagnetic DIS current of the struck nucleon as

J µ(pN , sN , px , sx )≡ ψ̄(px , sx )Γ
µ
e N u (pN , sN ), (4.38)

which can be used to build up the hadronic tensor W µν(sA) of the nucleus as follows:
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4πmAW µν(sA) =
∑

sN ,s ′N ,ss ,X

J µ†(pN , s ′N , px , sx )J
ν(pN , sN , px , sx )

ψsA †
A (αN , pN , s ′N , ss )

αN

×
ψsA

A (αN , pN , sN , ss )
αN

A 2(2π)3(2π)4δ4(q +pA −px −ps )
d 3px

2Ex (2π)3
d 3ps

2Es (2π)3
, (4.39)

where Ex and Es represent respectively the energies of the DIS product and the spectator sys-

tem. If we define the DIS product phase factor, Φx = (2π)4δ4(q + pN − px )
d 3px

2Ex (2π)3
δ(p 2

x −m 2
x ),

and the spectator phase factor, Φs = 2A (2π)3 d 3ps
2Es (2π)3

, Eq. (4.39) can be rewritten as

4πmAW µν(sA) =
∑

sN ,s ′N ,ss ,X

J µ†(pN , s ′N , px , sx )J
ν(pN , sN , px , sx )

ψsA †
A (αN , pN , s ′N , ss )

α2
N

×ψsA
A (αN , pN , sN , ss )ΦxΦs . (4.40)

Note that
∑

X indicates that DIS has many final states with differentΦX . For the phase factor of

the spectator system Φs , one has to consider specific final states for 3He nucleus, such as two-

body and three-body break-up cases. We now need to consider the different possibilities of the

spin orientation of the interacting nucleon with respect to the spin orientation of the nucleus

(along the direction of z ′). We notice that there are four possibilites and the hadronic tensor in

Eq. (4.40) needs to be written as the sum of these possibilities for furhter simplification, which

are as follows:

I: 4πmAW µν(sA)1 =
∑

X ,ss

J µ†(pN , sN ,z ′ , px , sx )J
ν(pN , sN ,z ′ , px , sx )

×
|ψsA

A (αN , pN , sN ,z ′ , ss )|2

α2
N

ΦxΦs

II: 4πmAW µν(sA)2 =
∑

X ,ss

J µ†(pN , sN ,−z ′ , px , sx )J
ν(pN , sN ,−z ′ , px , sx )

×
|ψsA

A (αN , pN , sN ,−z ′ , ss )|2

α2
N

ΦxΦs

III: 4πmAW µν(sA)3 =
∑

X ,ss

J µ†(pN , sN ,z ′ , px , sx )J
ν(pN , sN ,−z ′ , px , sx )

×
ψsA †

A (αN , pN , sN ,z ′ , ss )ψ
sA
A (αN , pN , sN ,−z ′ , ss )

α2
N

ΦxΦs
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IV: 4πmAW µν(sA)4 =
∑

X ,ss

J µ†(pN , sN ,−z ′ , px , sx )J
ν(pN , sN ,z ′ , px , sx )

×
ψsA †

A (αN , pN , sN ,−z ′ , ss )ψ
sA
A (αN , pN , sN ,′z , ss )

α2
N

ΦxΦs . (4.41)

In Eq. (4.41), sN ,z ′ and sN ,−z ′ represent the situation when the interacting nucleon’s spin is par-

allel or anti-parallel to the nucleus’s spin respectively. The first two terms in Eq. (4.41) are the

diagonal products of the currents, which can be written as:

4πmN W
µν

N (sN )1 =
∑

X ,ss

J µ†(pN , sN ,z ′ , px , sx )J
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µ
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2
Γ νe N

�
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=
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�
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Q 2
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p
µ
N +

pN ·q
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qµ
��

pνN +
pN ·q

Q 2
qν
�W2N

m 2
N

+iεµνρσqρ
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G1N

mN
+ (pN ·q ζz ′,σ −ζz ′ ·q pσ)

G2N

m 3
N

�

and

4πmN W
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∑
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µ
e N (/p N +mN )

1+γ5/s N

2
Γ νe N

�

Φx

=

�

�

− g µν−
qµqν

Q 2

�

W1N +
�

p
µ
N +

pN ·q
Q 2

qµ
��

pνN +
pN ·q

Q 2
qν
�W2N

m 2
N

−iεµνρσqρ
�

ζ−z ′,σ
G1N

mN
+ (pN ·q ζ−z ′,σ −ζ−z ′ ·q pσ)

G2N

m 3
N

�

, (4.42)

where ζσ is the polarization four vector of the struck nucleon, given by

ζσ±z ′ (pN ) =

�

±
pN · ẑ ′

mN
,±
�

ẑ ′+
(pN · ẑ ′)pN

mN (EN +mN )

��

. (4.43)

The third and fourth possibilities gives rise to the non-diagnonal terms. For the case III, writing

out the currents explicitly, we find that
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∑

X ,ss

J µ†(pN , sN ,z ′ , px , sx )J
ν(pN , sN ,−z ′ , px , sx ) =

∑

X ,ss

ū (pN , sN ,z )Γ
µ†
e Nψ(px , sx )ψ̄(px , sx )

×Γ νe N u (pN , sN ,−z ′ ). (4.44)

Noting that u (pN , sN ,−z ′ )ū (pN , sN ,z ′ ) =
(/p N +mN )γ5/ζ−

2
, withζ− = ζx ′−iζy ′ , we can write Eq. (4.44)

as

4πmN W µν(sN )3 = iεµνρσqρ

�

ζ−,σ
G1N

mN
+
�

(pN ·q )ζ−,σ − (q ·ζ−)pN ,σ

�G2N

m 3
N

�

. (4.45)

In a similar manner, noting that u (pN , sN ,z ′ )ū (pN , sN ,−z ′ ) =
(/p N +mN )γ5/ζ+

2
, withζ+ = ζx ′+iζy ′ ,

we can write the case IV in Eq. (4.41) as

4πmN W µν(sN )4 = iεµνρσqρ

�

ζ+,σ
G1N

mN
+
�

(pN ·q )ζ+,σ − (q ·ζ+)pN ,σ

�G2N

m 3
N

�

, (4.46)

where we define

ζσx ′ (pN ) =

�

pN · x̂ ′
mN

, x̂ ′+
(pN · ẑ ′)pN

mN (EN +mN )

�

and,

ζσy ′ (pN ) =

�

pN · ŷ ′
mN

, ŷ ′+
(pN · ẑ ′)pN

mN (EN +mN )

�

. (4.47)

We now introduce the following definitions that accounts for the unpolarized and polar-

ized parts of the hadronic tensor as

H
µν

0 =
�

− g µν−
qµqν

Q 2

�

W1N +
�

p
µ
N +

pN ·q
Q 2

qµ
��

pνN +
pN ·q

Q 2
qν
�W2N

m 2
N

, and

H
µν
j = iεµνρσqρ

�

ζ j ,σ
G1N

mN
+ [(pN ·q )ζ j ,σ − (q ·ζ j )pN ,σ]

G2N

m 3
N

�

, (4.48)

where j = x ′, y ′ and z ′.
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Then, using Eqs. (4.42) and (4.48), we obtain

4πmN W
µν

N (sN )1 = (H
µν

0 +H
µν
z ′ )
|ψsA

A (αN , pN , sN ,z ′ , ss )|2

α2
N

Φs and

4πmN W
µν

N (sN )2 = (H
µν

0 −H
µν
z ′ )
|ψsA

A (αN , pN , sN ,−z ′ , ss )|2

α2
N

Φs . (4.49)

Similarly, from Eqs. (4.45), (4.46) and (4.48), we obtain:

4πmN W µν(sN )3 = (H µν
x ′ − i H

µν
y ′ )ψ

sA †
A (αN , pN , sN ,z ′ , ss )

×
ψsA

A (αN , pN , sN ,−z ′ , ss )

α2
N

Φs and

4πmN W µν(sN )4 = (H µν
x ′ + i H
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y ′ )ψ

sA †
A (αN , pN , sN ,−z ′ , ss )

×
ψsA

A (αN , pN , sN ,z ′ , ss )

α2
N

Φs . (4.50)

Combining Eqs (4.40), (4.41), (4.49) and (4.50), we obtain the following expression for the hadronic

tensor:

4πmAW µν(sA) = 4πmN

�

H
µν

0

¦ |ψsA
A (αN , pN , sN ,z ′ , ss )|2+ |ψ

sA
A (αN , pN , sN ,−z ′ , ss )|2

α2
N

©

+H µν
z

¦ |ψsA
A (αN , pN , sN ,z ′ , ss )|2− |ψ

sA
A (αN , pN , sN ,−z ′ , ss )|2
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N

©

+H µν
x

¦ψsA †
A (αN , pN , sN ,z ′ , ss )ψ

sA
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α2
N

+
ψsA †

A (αN , pN , sN ,−z ′ , ss )ψ
sA
A (αN , pN , sN ,z ′ , ss )

α2
N

©

−i H µν
y

¦ψsA †
A (αN , pN , sN ,z ′ , ss )ψ

sA
A (αN , pN , sN ,−z ′ , ss )

α2
N

−
ψsA †

A (αN , pN , sN ,−z ′ , ss )ψ
sA
A (αN , pN , sN ,z ′ , ss )

α2
N

©

�

Φs . (4.51)

For simplicity, we now define

g sA
0 (αN , pN ) = |ψsA

A (αN , pN , sN ,z ′ , ss )|2+ |ψ
sA
A (αN , pN , sN ,−z ′ , ss )|2
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g sA
z (αN , pN ) = |ψsA

A (αN , pN , sN ,z ′ , ss )|2− |ψ
sA
A (αN , pN , sN ,−z ′ , ss )|2

g sA
x (αN , pN ) =ψsA †

A (αN , pN , sN ,z ′ , ss )ψ
sA
A (αN , pN , sN ,−z ′ , ss )

+ψsA †
A (αN , pN , sN ,−z ′ , ss )ψ

sA
A (αN , pN , sN ,z ′ , ss )

= 2Re[ψsA †
A (αN , pN , sN ,z , ss )ψ

sA
A (αN , pN , sN ,−z ′ , ss )]

g sA
y (αN , pN ) =ψsA †

A (αN , pN , sN ,z ′ , ss )ψ
sA
A (αN , pN , sN ,−z ′ , ss )

−ψsA †
A (αN , pN , sN ,−z ′ , ss )ψ

sA
A (αN , pN , sN ,z ′ , ss )

= 2Im[ψsA †
A (αN , pN , sN ,z ′ , ss )ψ

sA
A (αN , pN , sN ,−z ′ , ss )]. (4.52)

Using Eq. (4.52) in Eq. (4.51) and substituting back for Φs , we then obtain:

W
µν

A =
mN

mA

�

H
µν

0

g sA
0

α2
N

+
3
∑

j=1

H
µν
j g sA

j

α2
N

�

2A(2π)3δ(p 2
s −m 2

s )
d 4ps

(2π)3
. (4.53)

For the situation in which the mass of the spectator system is fixed, one can express Φs =

2Aδ(p 2
s −m 2

s )d
4ps . Then for the δ(p 2

s −m 2
s ) part, we can write

δ(p 2
s −m 2

s )d
4ps =δ(ps+ps−−p 2

s⊥−m 2
s )d

4ps =δ
�

ps−
�

ps+−
m 2

s +p 2
s⊥

ps−

��1

2
d ps+d ps−d 2ps⊥

=
1

ps−
δ
�

ps+−
m 2

s +p 2
s⊥

ps−

�1

2
d ps+d ps−d 2ps⊥

=
1

2

dαs

αs
d 2ps⊥, (4.54)

where in the last step, the ps+ component of the momentum is integrated according to Eq. (2.19).

We now define the light-front density matrices for the nucleus as

ρA
0( j )(αN , pN ) =

g A
0( j )(αN , pN )

αs
=

g A
0( j )

A−αN
, (4.55)

and make use of Eq. (4.54) to rewrite the hadronic tensor in Eq. (4.53) as

W
µν

A = A
mN

mA

�

H
µν

0

ρsA
0

α2
N

+
3
∑

j=1

H
µν
j ρ

sA
j

α2
N

�

dαs d 2ps⊥. (4.56)
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We now calculate the differential cross section within the PWIA as:

dσ =
e 4

q 4

1

4ke ·pA
LµνW

µν
A 4πmA

d 3k ′e
2E ′k (2π)3

=
e 4

Q 4

4πmA

4ke ·pA
LµνW

µν
A

E ′2k d E ′k dΩ

2E ′k (2π)3

=
α2

e m

Q 4

mA

ke ·pA
LµνW

µν
A E ′k d E ′k dΩ

=
α2

e m

Q 4

mA

ke ·pA
LµνW

µν
A E ′k d E ′k d cosθe dφe , (4.57)

where αe m =
e 2

4π . If we make use of Eq. (4.27), then this differential cross section can be written

as

dσ

dQ 2d xA
= 2π

α2
e m

Q 4
mA

y 2
A

A Q 2
LµνW

µν
A , (4.58)

where 2π factor is the result of the integration over dφe . Using Eq. (4.56), we find from Eq. (4.58),

the cross section can be written as

dσ

dQ 2d xA
= 2π

α2
e m

Q 4
mN

y 2
A

Q 2
Lµν

�

H
µν

0

ρsA
0

α2
N

+
3
∑

j=1

H
µν
j ρ

sA
j

α2
N

�

dαs d 2ps⊥. (4.59)

The contraction of the leptonic and hadronic tensors can be performed (as in obtaining

Eq. (4.21)), which gives the following:

LµνH
µν

0 + LµνH
µν
j = 2Q 2 F1N (xN ,Q 2)

mN
+

Q 2

2xN mN y 2
N

F2N (xN ,Q 2)

�

(2− yN )
2− y 2

N

�

1+
4x 2

N m 2
N

Q 2

�

�

+2he Q 2
3
∑

j ′=1

�

(ζ j ′ ·q −2ζ j ′ ·k )
g1N (xN ,Q 2)

pN ·q
+2

�

ζ j ′ ·q
yN

−ζ j ′ ·k
�

g2N (xN ,Q 2)
pN ·q

�

. (4.60)

Thus, combining Eqs. (4.60) and (4.59), the differential cross section in the PWIA can be written

as follows:
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dσ
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= 2π

α2
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Q 4
y 2

A

∑

N

��
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2xN y 2
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g2N (xN ,Q 2)
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�

ρsA
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�

dαs d 2ps⊥, (4.61)

where the structure functions for nucleon are redefined as F1N =mN W1N , F2N =
pN ·q
mN

W2N , g1N =

pN ·q
mN

G1N and g2N =
(pN ·q )2

m 3
N

G2N , and we also sum over the contribution of all the nucleons in the

nucleus which could be struck. For example, if the above expression is used for deuteron, we

sum the contribution from proton and neutron, while for 3He, we sum the contribution of one

neutron and two protons. In the next section, we discuss in detail the methods used to calculate

numerically the cross section from Eq. (4.61).

4.4 Numerical estimates in PWIA- unpolarized part

To be able to do numerical calculations using Eq. (4.61), we first need an appropriate way to

incorporate the structure functions of the nucleon. For simplicity, we first discuss the case of

the unpolarized scattering, which is given by

dσ

dQ 2d xA
= 2π

α2
e m

Q 4
y 2

A

∑

N

∫ ��

2F1N (xN ,Q 2) +
1

2xN y 2
N

�

(2− yN )
2− y 2

N

�

1+
4x 2

N m 2
N

Q 2

�

�

×

F2N (xN ,Q 2)

�

ρsA
0 (αN , pN⊥)

α2
N

�

dαs d 2ps⊥, (4.62)

where we integrate over the momentum fraction of the nucleus carried by the spectator and

also the spectator’s transverse momentum as we are concerned with inclusive scattering. This

allows us to consider only the unpolarized structure functions F1N (xN ,Q 2) and F2N (xN ,Q 2),

which are parametrized according to the Bodek paramterization [57], which is valid over a wide

range of Q 2 (1<Q 2 < 20 GeV2) and Bjorken x (0.1< x < 0.77). We also note that, since d 2ps⊥ =
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ps⊥d ps⊥dφs , the azimuthal dependence, φs , of the spectator nucleon should also be taken

care of, which gets introduced into the cross section through the definition of yN ≡
pN ·q
pN ·k , with

pN · k = 1
2 (pN+k− + pN−k+)− pN⊥k⊥ cosφs . The φs integral is performed analytically, and the

resulting expression for the differential cross section is (for details, see Appendix D)

dσ

dQ 2d xA
=

4π2α2
e m y 2

A

Q 4

∑

N

∫ �

2F1N (xN ,Q 2) +
2F2N (xN ,Q 2)

xN
×

�

B 2+ 1
2 p 2

N⊥k 2
⊥

(pN ·q )2
−

B

pN ·q
−

x 2
N m 2

N

Q 2

��

ρsA
0 (αN , pN⊥)

α2
N

dαs ps⊥d ps⊥, (4.63)

where the factor B = 1
2 (pN+k−+pN−k+). The accuracy of this equation is checked by comparing

it to existing world data for the case of DIS from deuteron and 3He.

4.4.1 Comparison with deuteron data

The comparison of cross sections calculated using Eq. (4.63) is compared with the existing deep

inelastic cross section data for deuteron target. The comparison of the cross section for differ-

ent Bjorken x and Q 2 range are shown in Figs. (4.6)-(4.10). We present the comparison of our

calculations with the experimental data over a wider Bjorken x range (0.1 - 0.9), incident energy

range (4.5 GeV - 20.0 GeV) and scattering angles, ranging from (14.991◦ - 33.992◦).

4.4.2 Comparison with 3He data

The calculation of inclusive deep-inelastic scattering from 3He nucleus is more complicated.

In this case, we have to take into account the fact that the spectator system can be in two con-

figurations. The one in which the recoil system is almost coherent- providing a mean field for

the struck nucleon. And the other in which the struck nucleon is in two nucleon short range

correlation with the third spectator nucleon being almost at rest. To separate these two scenar-

ios, we introduce a parameter, pf e r mi . We define a condition such that if the initial momentum

of the struck nucleon is less than pf e r mi , we consider the “mean field” approximation, in which

the interacting nucleon moves in the mean field of the spectator system. If the momentum of

the interacting nucleon is larger than pf e r mi , then we consider the two nucleon short range
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Figure 4.6: Comparison of cross sections for deep inelastic scattering off deuteron. The cross
sections are plotted against the scattering energy of electron. Data used in these figures are
from [58].

correlation (2N SRC), so that the spectator system consists of one fast nucleon correlated with

the struck nucleon and another nucleon almost at rest. This forces us to define the longitudinal

light-cone momentum of the interacting nucleon as

pN+ =











M3He
− (2mN )2+p 2

N⊥
(3−αN )mN

, for mean field approximation

Md −
m 2

N +p 2
N⊥

(2−αN )mN
, for 2N SRC,

(4.64)

where we assume that the rest mass of 2N SRC is equal to the deuteron mass Md . The Fermi

momentum used to separate the mean field and the 2N SRC was 150 MeV. The numerical es-
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Figure 4.7: Comparison of cross sections for deep inelastic scattering off deuteron. The data
are for incoming energy of E0 GeV and scattering angle θ .
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Figure 4.8: Comparison of cross sections for deep inelastic scattering off deuteron (continued).
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Figure 4.9: Comparison of cross sections for deep inelastic scattering off deuteron (continued).
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Figure 4.10: Comparison of cross sections for deep inelastic scattering off deuteron. Data are
from [57].

timates thus obtained are then compared with the experimental data. The results of the com-

parison are shown in Fig. (4.11). The region with no agreement corresponds to the quasi-elastic

contribution, which was not considered in this calculation.

As seen from Figs. (4.6) - (4.10) and Fig. (4.11), the numerical estimates obtained from

Eq. (4.63) are in very good agreement with the experimental data. This leaves us at a good

place to put together the polarization terms.
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Figure 4.11: Comparison of cross sections for deep inelastic scattering off 3He. Data are from
[59].

4.5 Numerical estimates in PWIA- including the polarized part

Because of unavailability of experimental data for polarized 3He targets, the following numer-

ical estimates will be presented for deuteron target only. The calculation of the polarization

terms in Eq. (4.61) becomes complicated because of the need to calculate the azimuthal de-

pendence. The azimuthal dependence in the unpolarized cross section occurred only through

the yN term, which made it easier to treat. However, the determination of the azimuthal de-

pendence in the polarization part in Eq. (4.61) becomes complicated as it occurs through the

four products of the polarization vector (ζ j ′), with incoming electron’s four momentum (k ) and

the momentum transfer (q ). Also, there is an additional azimuthal dependence that comes in

through the polarization density matrices of the nucleus, which creates additional complica-

tions depending upon the nucleus. As can be seen from Eq. (4.61), to know the azimuthal de-

pendence explicitly, the products (ζ j ′ · q )ρ j ′ and (ζ j ′ · k )ρ j ′ need to be calculated. A detailed

derivation of these products for the case of deuteron is presented in Appendix E.

In addition to these products, it is also needed to incorporate the spin structure func-

tions of nucleon g1N (xN ,Q 2) and g2N (xN ,Q 2) to be able to calculate the contribution of the

polarization terms in the cross section. We neglect the contribution of g2N in our calculations.

For the case of g1N (xN ,Q 2), we parameterize the existing experimental data for the proton and
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deuteron as

x g
p
1 (x ,Q 2) = (a0+a1 x +a2 x 2)e −b x

x g d
1 (x ,Q 2) = (a3 x 3− x 2−0.05x )e −c x , (4.65)

where the values of the fit parameters for g1 of proton and deuteron are presented in Tables (4.1)

and (4.2) respectively.

a0 a1 a2 b
0.00397287 ± 0.002244 0.328522 ± 0.09667 2.17265 ± 1.01 5.54303 ± 0.6871

Table 4.1: Fit Parameters for g
p
1 .

a3 c
41.8492 ± 10.29 12.2997 ± 1.045

Table 4.2: Fit Parameters for g d
1 .

The structure function g1n (x ,Q 2) for the neutron can be estimated using Eqs. (4.65) through

the relation

g1p + g1n − g1d
2

1− 3
2ωd

= 0, (4.66)

whereωd = 0.005± 0.001 [60] denotes the d− wave state probability of the deuteron. The fits

obtained using Eqs. (4.65) are shown in Fig. (4.12). The fits obtained are in good agreement

with the experimental data. Now that we have all the ingredients to calculate the polarization

contribution, we proceed to calculate the full cross section and the polarization asymmetry.

4.6 Polarized cross section asymmetry

In spin-dependent deep inelastic scattering, we can calculate the cross sections of scattering of

electrons off target with electron’s spin parallel(anti-parallel) or right(left) transverse to target’s
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Figure 4.12: Fits to the g1 structure function for proton and deuteron. The blue solid curve
represents the fit obtained using Eqs. (4.65).

spin, which leads to the parallel or perpendicular asymmetry,

A‖ =
σ↓⇑−σ↑⇑

σ↓⇑+σ↑⇑
= fk

�

g1(x ,Q 2)[Ek +E ′k cosθ ]−
Q 2

ν
g2(x ,Q 2)

�

A⊥ =
σ↓⇐−σ↑⇐

σ↓⇐+σ↑⇐
= fk E ′k sinθ

�2Ek

ν
g2(x ,Q 2) + g1(x ,Q 2)

�

, (4.67)

where fk =
1

νF1(x ,Q 2)
1−ε

1+εR (x ,Q 2) ,ε
−1 = 1+2(1+ ν

2

Q 2 ) tan2 θ
2 ,ν= Ek −E ′k , and R =σL/σT withσL and

σT being the longitudinal and transverse virtual photon cross sections. The value of R is taken

as 0.18. The spins of incident electron and target being parallel and anti-parallel are schemati-

cally shown in Fig. (4.13). The parallel asymmetry is what we are interested in calculating, using

(a) Spins anti-parallel. (b) Spins parallel.

Figure 4.13: Possible longitudinal spin orientations of incident electron and target.

Eq. (4.61) for the deuteron target. The above defined parallel and perpendicular asymmetries
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are also related to the virtual photon-nucleon asymmetries A1 and A2 as follows:

A‖ =D (A1+ηA2)

A⊥ = d (A2−ζA1), (4.68)

where D =
1−εE ′k /Ek

1+εR ,η = ε
p

Q 2

Ek−εE ′k
,ζ = η(1+ε)

2ε and d = D
q

2ε
1+ε are the DIS kinematic factors. In

considered kinematics, η << 1. Expecting that A2 ≤ A1, one can neglect by A2 contribution in

A‖ of Eq. (4.68) obtaining:

A1 = A‖/D . (4.69)

Within QCD, the virtual photon-nucleon asymmetry A1 can also be related to F1 and g1 struc-

ture functions as follows:

A1(x ,Q 2) =
g1(x ,Q 2)−γ2g2(x ,Q 2)

F1(x ,Q 2)
, (4.70)

where γ2 ≡ Q 2

ν2 =
4M 2 x 2

Q 2 and ν = Ek − E ′k is the energy lost by the electron after being scattered.

For higher values of Q 2, we find that

A1(x ,Q 2)≈
g1(x ,Q 2)
F1(x ,Q 2)

. (4.71)

Thus for the nucleon, A1 measures how the spins of the individual quarks, weighted by the

square of their charges, are aligned relative to the nucleon as a whole. We note that Eq. (4.70)

applies for the situation in which nucleon is at rest. The asymmetry obtained from Eqs. (4.67)

and (4.69) can then be used together with Eq. (4.71) to obtain the g1 structure function of the

nucleon. In extracting the g1 structure function for neutron, we need to be cautious to account

for effects of the motion of the nucleon in the nuclear target. The process of doing this is de-

scribed in Section (4.7).

To be able to calculate the above defined asymmetry, in Eq. (4.61), we need to add the

contribution of the polarization terms. For this, we include the expressions derived in Ap-

pendix E that contains the products (ζ j ′ · q )ρ j ′ and (ζ j ′ · k )ρ j ′ for deuteron target, along with

the parametrization of the g1 structure function from Eq. (4.65). The asymmetry calculated was
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then compared with existing experimental data for the case of deuteron, which are shown in

Fig. (4.14).
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Figure 4.14: Comparison of the virtual photon asymmetry for the polarized deep inelastic scat-
tering from deuteron. Data used in the figures (4.14a), (4.14b), (4.14c) and (4.14d) are from [61],
[62], [63] and [64] respectively.

The data in Fig. (4.14a) covers the range 1 GeV2 < Q 2 < 100 GeV2 and 0.004 < x < 0.7.

The data in Fig. (4.14b) were collected at the HERMES experiment at DESY, in deep-inelastic

scattering of 27.6 GeV longitudinally polarized positrons off longitudinally polarized hydrogen

and deuterium gas targets internal to the HERA storage ring, covering the kinematic range of

0.0041 ≤ x ≤ 0.9 and 0.18 GeV2 ≤Q 2 ≤ 20 GeV2. Similarly, in Fig. (4.14c), the data are for the

deep inelastic scattering of polarized electrons off a polarized ND3 target at incident energies

of 9.7, 16.2 and 29.1 GeV. These data correspond to the DIS region with W 2 > 4 GeV2 and cover
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the kinematical range of 0.024 ≤ x ≤ 0.75 and 0.5 GeV2 ≤ Q 2 ≤ 10 GeV2. Also, in fig. (4.14d),

the data are for the DIS of polarized electrons at incident energy of 48.3 GeV on a polarized

lithium deuteride (6LiD) target. The data correspond to the three different spectrometer angles

(2.5◦, 5.5◦ and 10.5◦) and covers the kinematical range of 0.010 ≤ x ≤ 0.9 and 1.0 GeV2 ≤Q 2 ≤

40 GeV2. The curves were generated by using Eqs. (4.67),(4.61),(4.65) and (4.66). In using the

parametrizations to calculate the asymmetry, it was assumed that g1(xN ,Q 2) for neutron is the

same as that for the proton for Bjorken x > 0.1 and g2(xN ,Q 2) = 0.

This naive approximation is in reasonable agreement with the existing asymmetry data

for the case of deuteron target, as seen in Fig. (4.14). We now need to extract the spin structure

function g1(xN ,Q 2) for the neutron using this asymmetry calculations. As the calculations are

in reasonable agreement with the deuteron data, it becomes reasonable to use the same tools

to also calculate the asymmetry for the 3He target.

4.7 Extraction of g1(xN ,Q 2) of the neutron

The very fact that neutron does not exist freely in nature makes it complicated to obtain in-

formation about its spin structure. Before discussing the extraction of the spin information of

neutron, we first discuss the general method( [57], [65]) of extraction of the neutron unpolorized

cross section from the deuteron using the concept of impulse approximation. In this method,

the electron is assumed to scatter incoherently from the proton and neutron, and corrections

for Fermi motion of the nucleons within the deuteron, commonly known as “smearing” cor-

rections, are made.

The first step in the extraction of the neutron cross sections was the introduction of Fermi-

motion effects into the measured proton cross sections. The assumption R = 0.18 (ratio of the

σL toσT discussed above) was used together with the global fit to F2p to provide parametriza-

tions of the two structure functions of the proton needed in this step. The proton structure

functions from this fit were integrated over the momentum distribution of the proton within
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the deuteron to produce the “smeared” proton structure functions [65]W
p

1s , W
p

2s , defined as

W
p

1s (Q
2,ν) =

∫

d 3p | f (pN)|2
�

W
p

1 (Q
2,ν′, W ′2) +W

p
2 (Q

2,ν′, W ′2)
pN

2−p 2
z

2m 2
p

�

,

W
p

2s (Q
2,ν) =

∫

d 3p | f (pN)|2
�

�

1−
pz Q 2

mpν′|q|

�2�ν′

ν

�2
+

pN
2−p 2

z

2m 2
p

Q 2

|q|2

�

W
p

2 (Q
2,ν′, W ′2),(4.72)

where pN ≡ (EN , pN) is the four momentum of the proton which is now off-mass shell, ν′ =

pN ·q
mp

, q ≡ (q0, q) is the four momentum of the virtual photon, W ′2 = (pN + q )2 and f (pN) is the

momentum distribution of the nucleon within the deuteron. The structure functions W
p

1 , W
p

2

in Eq. (4.72) are identified with the on-shell structure functions measured at same values of Q 2

and W 2 =W ′2.

Then, using the definitions F
p

1 = mp W
p

1 , F
p

2 = q0W
p

2 , the smeared structure functions

are combined as in Eq. (4.62) to obtain the smeared fitted proton cross section, σ
f
p ,sm. The

ratio of the fitted cross section of the proton,σ
f
p , before smearing to that of the after smearing,

Sp =
σ

f
p

σ
f
p ,sm

, is defined as the proton’s smearing correction. The smeared proton cross section,

σp ,sm, were then calculated using the relation

σp ,sm =
σp

Sp
, (4.73)

whereσp represent the experimental proton cross sections. The proton smearing correction is

found to be almost constant for lower x , while it varies sharply for x ≥ 0.6, and for fixed values

of x , the ratio varies weakly with Q 2, as shown in Table (4.3).

The smeared proton cross section can be combined with the experimental deuteron cross

section,σd , to obtain the smeared neutron cross section, as

σn ,sm =σd −σp ,sm. (4.74)

The ratio of the smeared cross sections can then be found to be

σn ,sm

σp ,sm
=
σd −σp ,sm

σp ,sm
= Sp

σd

σp
−1. (4.75)
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If the smeared neutron cross section is defined in the same way as that for the proton, we find

that for the ratio
σn ,sm
σp ,sm

to be equal to the ratio of the true ratio σn
σp

, it is required that Sn = Sp ,

where Sn =
σn
σn ,sm

is the neutron smearing correction. The unsmeared neutron cross section is

then calculated using

σn = Snσn ,sm = Snσd −Uσp , (4.76)

where U = Sn
Sp

is the unsmearing correction factor.

x Ek (GeV) Q 2 (GeV2) Sp

0.413 10.0 4.528 0.985
0.413 15.0 7.885 0.986
0.413 20.0 11.434 0.987
0.413 30.0 18.794 0.990
0.538 10.0 5.240 0.971
0.538 15.0 9.361 0.973
0.538 20.0 13.799 0.976
0.538 30.0 23.141 0.981
0.64 10.0 5.713 0.954
0.64 15.0 10.384 0.957
0.64 20.0 15.486 0.961
0.64 30.0 26.349 0.967
0.71 10.0 5.994 0.941
0.71 15.0 11.010 0.941
0.71 20.0 16.537 0.945
0.71 30.0 28.396 0.953
0.81 10.0 6.347 0.900
0.81 15.0 11.814 0.907
0.81 20.0 17.909 0.909
0.81 30.0 31.126 0.919

0.883 10.0 6.574 0.843
0.883 15.0 12.342 0.859
0.883 20.0 18.826 0.862
0.883 30.0 32.988 0.847

Table 4.3: Proton’s smearing correction,Sp , calculated at different x and Q 2 for various incident
energy Ek . These calculations were performed for the scattering angle of 19◦.

We now apply a similar prescription on the asymmetry, A1, of the proton and deuteron to

extract the asymmetry in neutron and hence the spin structure function g1 of neutron. Keeping
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only the proton contribution in Eq. (4.61), we calculated the “smeared” proton asymmetry as:

A
p
1,sm =

1

D

σ↓⇑p ,sm−σ
↑⇑
p ,sm

σ↓⇑p ,sm+σ
↑⇑
p ,sm

. (4.77)

The ratio of the asymmetries calculated using the unsmeared and smeared asymmetries of the

proton can be formed as

SA1,p =
A

p
1

A
p
1,sm

, (4.78)

where A
p
1 is the unsmeared proton asymmetry calculated according to Eq. (4.77) but for the

proton at rest. The smeared proton asymmetry can then be used to calculate the smeared neu-

tron asymmetry, as

An
‖,sm =

[σ↓⇑d −σ
↑⇑
d ]− [σ

↓⇑
p ,sm−σ

↑⇑
p ,sm]

[σ↓⇑d +σ
↑⇑
d ]− [σ

↓⇑
p ,sm+σ

↑⇑
p ,sm]

=
σ↓⇑n ,sm−σ

↑⇑
n ,sm

σ↓⇑n ,sm+σ
↑⇑
n ,sm

. (4.79)

This can be further used to calculate the Fermi smeared virtual photon-neuteron asymmetry

as

An
1,sm =

1

D
An
‖,sm. (4.80)

In this approach, we need to calculate polarized cross section of the deuteron according to

Eq. (4.61). But this requires some initial modeling of g n
1 . We also used another prescription

that does not require any prior information about g n
1 to obtain the smeared neutron asymmetry

An
1,sm from the deuteron. The algorithm of this prescription is presented below:

• First, we read experimental data for the asymmetry of deuteron, Ad
1,expt, measured for

various x and Q 2.

• Then, for the same x and Q 2, we calculate the unsmeared and smeared proton asym-

metries A
p
1 and A

p
1,sm respectively, which allows us to calculate the asymmetry smearing

factor SA1,p .

• Next, the smeared neutron asymmetry can be obtained using the relation

An
1,sm = Ad

1,expt−A
p
1,sm. (4.81)
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It should be noted that in the this approach, we do not require to supply any information about

neutron to extract the neutron asymmetry. Considering the smearing ratios to be the same for

proton and neutron, we can now obtain the unsmeared neutron asymmetry as

An
1 = An

1,smSA1,p , (4.82)

where SA1,p is defined in Eq. (4.78). Using now the relation:

A1(x ,Q 2) =
g1(x ,Q 2)−γ2g2(x ,Q 2)

F1(x ,Q 2)
, (4.83)

whereγ2 = (2mN x )2
Q 2 and assuming g2 = 0 in our calculations, the unsmeared neutron asymmetry,

can be expressed as:

An
1 =

g n
1 (x ,Q 2)

F n
1 (x ,Q 2)

, (4.84)

which can be used to obtain g n
1 as

g n
1 = An

1 F n
1 . (4.85)

The smearing ratio for the proton asymmetry calculated for various x and Q 2 is shown in Ta-

bles (4.4) - (4.6).

The smearing ratio is found to be very close to unity. For small and fixed x , we observe

that SA1,p varies weakly with Q 2. However, for x ≥ 0.5, we observe a larger variation in SA1,p .

4.8 Results

In this section, the comparison of our calculations with the existing experimental data for neu-

tron spin structure function g1n (x ,Q 2)which are extracted from polarized scattering from 3He

target is given. We followed the second prescription discussed in section 4.7, to obtain the

smeared neutron asymmetry An
1,sm, from which the g n

1 structure function of the neutron was

extracted. In Figs. (4.15a),(4.15b) and (4.15c), the experimental g n
1 data are taken from [68], in

which the deep inelastic scattering of the polarized positrons off a polarized internal 3He gas

target was measured at an incident energy of 27.5 GeV. The data covered the kinematical range
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x Q 2 (GeV2) SA1,p x Q 2 (GeV2) SA1,p

0.0033 0.78 1.0024 0.0498 0.93 1.001
0.0038 0.83 1.0029 0.05 2.57 1.003
0.0046 1.10 1.0023 0.05 4.00 1.0012
0.0055 1.22 1.0028 0.0506 1.54 1.0021
0.0058 0.26 1.0011 0.056 0.38 0.9945
0.007 1.39 1.0034 0.056 0.83 1.0000
0.009 1.61 1.0038 0.056 1.16 1.0010

0.0096 0.41 1.0013 0.056 1.92 1.0022
0.0141 2.15 1.0041 0.063 0.40 0.9939
0.0142 0.57 1.0016 0.063 0.60 0.9978
0.015 1.22 1.0011 0.063 0.87 0.9998
0.019 0.73 1.0017 0.063 1.26 1.001
0.021 0.51 1.0008 0.063 2.07 1.0023

0.0244 3.18 1.0043 0.0643 1.25 1.0013
0.0248 0.82 1.002 0.0645 1.85 1.0022
0.025 1.59 1.0025 0.0655 2.58 1.0018

0.0264 1.12 1.0014 0.071 0.41 0.9931
0.027 0.55 1.0008 0.071 0.64 0.9976
0.027 1.17 1.0016 0.071 0.92 0.9996
0.031 0.59 1.0007 0.071 1.36 1.0011
0.031 1.27 1.0018 0.071 2.22 1.0024

0.0325 0.87 1.0019 0.071 2.91 1.0019
0.0329 1.25 1.0018 0.0765 8.53 1.0046
0.0346 4.26 1.0044 0.079 0.43 0.9926
0.035 0.31 0.9967 0.079 0.69 0.9975
0.035 0.64 1.0006 0.079 0.97 0.9995
0.035 1.40 1.0019 0.079 1.47 1.0011
0.035 2.05 1.0027 0.079 2.38 1.0025
0.039 0.33 0.9964 0.079 3.17 1.0021
0.039 0.68 1.0005 0.08 3.24 1.0033
0.039 1.52 1.0019 0.08 5.37 1.0025

0.0399 0.90 1.0015 0.0823 1.31 1.0008
0.0403 1.38 1.002 0.0824 2.06 1.0022
0.044 0.35 0.9959 0.0835 3.08 1.0021
0.044 0.73 1.0004 0.09 0.44 0.9918
0.044 1.65 1.002 0.09 0.74 0.9973

0.0487 5.80 1.0044 0.09 1.01 0.9992
0.049 0.36 0.9952 0.09 1.58 1.0011
0.049 0.78 1.0003 0.09 2.53 1.0026
0.049 1.06 1.001 0.09 3.48 1.0023
0.049 1.78 1.0021 0.101 0.45 0.9911

Table 4.4: Smearing ratio for proton’s asymmetry, SA1,p , calculated at different x and Q 2 (con-
tinued...).
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x Q 2 (GeV2) SA1,p x Q 2 (GeV2) SA1,p

0.101 0.78 0.9971 0.175 4.62 1.0054
0.101 1.06 0.9991 0.175 8.90 1.0053
0.101 1.69 1.0012 0.175 13.19 1.0027
0.101 2.69 1.0027 0.182 0.97 0.9976
0.101 3.79 1.0025 0.182 1.25 0.9995

0.1051 1.38 1.0004 0.182 2.25 1.0028
0.1054 2.29 1.0024 0.182 5.49 1.0049
0.1064 3.65 1.0026 0.182 3.45 1.0046
0.113 0.47 0.9908 0.205 1.00 0.9984
0.113 0.82 0.997 0.205 1.29 1.0002
0.113 1.10 0.9989 0.205 2.36 1.0037
0.113 1.80 1.0014 0.205 3.59 1.0055
0.113 2.84 1.0029 0.205 5.86 1.0058
0.113 4.11 1.0027 0.2191 1.67 1.0024
0.121 12.6 1.0054 0.22 3.18 1.0056
0.125 4.03 1.004 0.2213 5.87 1.0065
0.125 7.16 1.0037 0.222 21.8 1.0091
0.125 10.98 1.0004 0.23 1.03 0.9995
0.128 0.48 0.9901 0.23 1.32 1.0013
0.128 0.86 0.9969 0.23 2.47 1.0047
0.128 1.14 0.9989 0.23 3.73 1.0066
0.128 1.91 1.0015 0.23 6.23 1.007
0.128 3.00 1.0031 0.25 5.06 1.0087
0.128 4.44 1.0031 0.25 10.62 1.0089

0.1344 1.46 1.0003 0.25 17.22 1.0055
0.1347 2.56 1.0028 0.259 1.35 1.0029
0.1358 4.30 1.0033 0.259 2.57 1.0062
0.144 0.90 0.997 0.259 3.85 1.0081
0.144 1.18 0.9989 0.259 6.60 1.0086
0.144 2.03 1.0018 0.2786 1.98 1.0063
0.144 3.15 1.0035 0.281 3.77 1.0093
0.144 4.78 1.0036 0.2824 6.94 1.0098
0.162 0.93 0.9971 0.29 28.3 1.0131
0.162 1.22 0.9991 0.292 1.37 1.0051
0.162 2.14 1.0023 0.292 2.67 1.0083
0.162 3.30 1.004 0.292 3.98 1.0101
0.162 5.13 1.0041 0.292 6.97 1.0107
0.171 17.20 1.0069 0.329 2.76 1.011

0.1719 1.56 1.0009 0.329 4.09 1.0128
0.1722 2.87 1.0038 0.329 7.33 1.0134
0.1734 5.05 1.0045 0.35 5.51 1.0157

Table 4.5: Smearing ratio for proton’s asymmetry, SA1,p , calculated at different x and Q 2 (con-
tinued...).
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x Q 2 (GeV2) SA1,p x Q 2 (GeV2) SA1,p

0.35 12.59 1.016 0.50 5.77 1.0328
0.35 22.65 1.0105 0.50 14.01 1.0331

0.355 2.46 1.0132 0.50 26.97 1.026
0.3585 4.62 1.0155 0.526 4.47 1.0361
0.3603 8.25 1.0155 0.526 8.67 1.0359

0.37 2.85 1.0146 0.5629 3.90 1.042
0.37 4.20 1.0163 0.566 55.30 1.0446
0.37 7.69 1.0169 0.5798 6.77 1.0458

0.405 39.70 1.0227 0.5823 11.36 1.0444
0.416 2.93 1.0195 0.592 4.55 1.0479
0.416 4.30 1.021 0.592 8.98 1.0481
0.416 8.03 1.0214 0.666 9.26 1.0664
0.452 3.08 1.0246 0.6921 6.32 1.0727

0.4567 5.61 1.0261 0.7173 9.56 1.083
0.4589 9.72 1.0255 0.7311 14.29 1.0856
0.468 3.01 1.0261 0.749 9.52 1.0958
0.468 4.40 1.0273 0.75 15.73 1.1015
0.468 8.37 1.0276 0.75 34.79 1.0881

Table 4.6: Smearing ratio for proton’s asymmetry, SA1,p , calculated at different x and Q 2.

of 0.023 ≤ x ≤ 0.6 and in 1 GeV2 ≤ Q 2 ≤ 15 GeV2. Similarly, in Figs. (4.15d) and (4.15e), the

experimental data are from [66], in which the deep inelastic scattering of polarized electrons at

incident energies of 19.42, 22.66 and 25.51 GeV on a polarized 3He target were performed. The

experimental data cover the kinematical range of 0.03≤ x ≤ 0.6 and 1 GeV2 ≤Q 2 ≤ 5.5 GeV2.

In Figs. (4.16a) and (4.16b), the experimental data are from [67], in which deep inelastic

scattering of polarized electrons, at an incident energy of 48.3 GeV, on a polarized 3He target

were performed. The experimental data cover the kinematical range of 0.014 ≤ x ≤ 0.7 and 1

GeV2 ≤Q 2 ≤ 17.0 GeV2.

The extraction of g n
1 in Figs. (4.15a, 4.15e, 4.16a) was done from the experimental data

from [61], covering the kinematic range of 0.0033 ≤ x ≤ 0.566 and 0.78 GeV2 ≤Q 2 55.30 GeV2.

Similarly, the extraction of g n
1 in Figs. (4.15b, 4.15d, 4.16b) was done from the experimental

data from [62], covering the kinematic range of 0.0058≤ x ≤ 0.7311 and 0.26 GeV2 ≤Q 2 ≤ 14.29

GeV2. And, the extraction of g n
1 in Fig. (4.15c) was done from the experimental data from [64],

which covered the kinematic range of 0.015≤ x ≤ 0.5 and 1.22 GeV2 ≤Q 2 ≤ 5.77 GeV2.
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Figure 4.15: Comparison of g n
1 with HERMES and SLAC-E142 data from [68] and [66] using

extracted g n
1 from [61], [62], [64] respectively for HERMES data and [61], [62] for SLAC-E142

data.

85



-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0  0.1  0.2  0.3  0.4  0.5  0.6

g 1
n

x

SLAC E154
calculated

(a)

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8

g 1
n

x

SLAC E154
calculated

(b)

Figure 4.16: Comparison of g n
1 with SLAC-E154 data from [67]using extracted g n

1 from [61], [62]
respectively.

From the Figs. (4.15) and (4.16), it can be seen that the extracted spin structure function

of neutron g n
1 form the polarized dueteron target are in good agreement with the experimen-

tal data. It confirms that the Fermi motion of the proton needs to be considered to be able

to extract the neutron information from the deuteron. This procedure is relatively simple in

deuteron compared to 3He nucleus, as the polarization terms in Eq. (4.61) for deuteron can be

easily derived analytically.

In Figs. (4.15) and (4.16), we find that the extracted g n
1 is in agreement at very low x , but is

slightly higher for x ≈ 0.3. For values of x greater than 0.3, we again see reasonable agreement

with the experimental data. The extracted values of g n
1 , which were used to compare with the

experimental g n
1 data, are given in Tables (4.7) - (4.9).

These comparisons show that using deuteron target to extract spin structure function g1

of neutron is as reliable as 3He target. Because of the simplicity in theoretical description of

the deuteron, DIS from the polarized deuteron can be used to extract g n
1 for very large values

of x .
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x Q 2 (GeV2) g n
1

0.0033 0.78 -1.2121
0.0038 0.83 -1.1997
0.0046 1.10 -0.9217
0.0055 1.22 -0.7721
0.007 1.39 -0.6693
0.009 1.61 -0.6243

0.0141 2.15 -0.2967
0.0244 3.18 -0.1910
0.0346 4.26 -0.1362
0.0487 5.80 -0.1006
0.0765 8.53 -0.0168
0.121 12.60 0.0078
0.171 17.20 0.0106
0.222 21.80 0.0271
0.29 28.30 0.0194

0.405 39.70 0.0181
0.566 55.30 0.0091

Table 4.7: Neutron spin structure function g n
1 at different x and Q 2 extracted from [61].

x Q 2 (GeV2) g n
1

0.025 1.59 -0.2958
0.035 2.05 -0.2273
0.05 2.57 -0.1434
0.08 3.24 -0.0503

0.125 4.03 -0.0156
0.175 4.62 0.0086
0.25 5.06 0.0420
0.35 5.51 0.0480
0.5 5.77 0.0271

Table 4.8: Neutron spin structure function g n
1 at different x and Q 2 extracted from [64].
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x Q 2 (GeV2) g n
1

0.0058 0.26 -0.8153
0.0096 0.41 -0.6641
0.0142 0.57 -0.5020
0.019 0.73 -0.4298

0.0248 0.82 -0.2850
0.0264 1.12 -0.2754
0.0325 0.87 -0.2192
0.0329 1.25 -0.3767
0.0399 0.90 -0.1410
0.0403 1.38 -0.2678
0.0498 0.93 -0.1462
0.0506 1.54 -0.1783
0.0643 1.25 -0.0641
0.0645 1.85 -0.1404
0.0655 2.58 -0.2562
0.0823 1.31 -0.0905
0.0824 2.06 -0.0549
0.0835 3.08 -0.1353
0.1051 1.38 -0.0427
0.1054 2.29 -0.0798
0.1064 3.65 -0.1350
0.1344 1.46 0.0698
0.1347 2.56 -0.0025
0.1358 4.30 -0.0968
0.1719 1.56 0.0267
0.1722 2.87 0.0339
0.1734 5.05 -0.0535
0.2191 1.67 0.0110

0.22 3.18 0.0045
0.2213 5.87 -0.0133
0.2786 1.98 0.1089
0.281 3.77 0.0177

0.2824 6.94 -0.0104
0.355 2.46 0.0340

0.3585 4.62 0.0328
0.3603 8.25 0.0204
0.452 3.08 0.0722

0.4567 5.61 0.0351
0.4589 9.72 0.0094
0.5629 3.90 -0.0059
0.5798 6.77 0.0058
0.5823 11.36 0.0054
0.6921 6.32 0.0159
0.7173 9.56 0.0026
0.7311 14.29 0.0036

Table 4.9: Neutron spin structure function g n
1 at different x and Q 2 extracted from [62].
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CHAPTER 5

Summary and Conclusion

In the first part of this dissertation, the theory of hard rescattering mechanism of two-

body break-up reactions was extended to the high energy photodisintegration of the 3He taget

to (p , d ) pair at large center of mass angles. The application of the hard rescattering mecha-

nism allowed us to obtain a parameter free expression for the cross section. The cross section

is expressed through the convolution of the effective charge of the constituent quarks being

struck by incoming photon and interchanging in the final state of the process, the 3He→ p d

transition spectral function, and hard elastic p d → p d scattering differential cross section.

To obtain the numerical results, we estimated the effective quark charge based on the

quark-interchange model of p d → p d scattering. The transition spectral function is calcu-

lated using realistic wave function of 3He and the deuteron. The p d → p d cross section is

incorporated by parameterizing the available experimental data according to Eq. (3.11). The

calculated differential cross sections of the reaction (2.1) at θcm = 90◦ is compared with the

recent experimental data from Jefferson Lab. The comparison shows a very good agreement

with the experimental data for the range of photon energies Eγ ¦ 0.8 GeV. We also give a pre-

diction for angular distribution of the cross section, which reflects the special property of HRM

in which the magnitude of the invariant momentum transfer entering in the reaction (2.1) ex-

ceeds the magnitude of t entering in the hard amplitude of p d → p d scattering. The possibility

of comparing the energy dependence of the cross section for different θcm of the p d break-up

will allow to establish the kinematic boundaries in which QCD degrees of freedom are impor-

tant for the quantitative description of the hard p d break-up reactions.

In the second half of this dissertation, the inclusive polarized deep inelastic scattering

was studied with a goal to extract the spin structure function g n
1 (x ,Q 2) of the neutron. A de-

tailed derivation was done to obtain the differential cross section for the deep inelastic scatter-

ing of a polarized electron off a polarized nuclei. To be able to extract spin information about

a nucleon inside the nucleus, we should study the scattering of the polarized electron off the

nucleon inside the polarized nucleus. For this, we derived the cross section of such process
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using the Plane Wave Impulse Approximation (PWIA), which resulted in Eq. (4.61). This equa-

tion contains the contribution of both the unpolarized (F1N (xN ,Q 2), F2N (xN ,Q 2)) and polarized

(g1N (xN ,Q 2), g2N (xN ,Q 2)) structure functions. To check the validity of Eq. (4.61), we first omit-

ted the contribution of the polarization terms and calculated the cross section for the deep in-

elastic scattering off deuteron and 3He nuclei. These cross sections were then compared with

the existing experimental data, the comparison being shown in Figs. (4.6)-(4.10) for the case

of the deuteron target and in Fig. (4.11) for the 3He target. The comparisons show a very good

agreement with the experimental data in the deep inelastic region. This leaves us at a good po-

sition to include the contributions of the polarized structure functions. The cross section thus

calculated was then used to compute the asymmetry Ad
1 for the deuteron and compared with

the experimental data, shown in Fig. (4.14).

We then extracted the polarized structure function g n
1 (x ,Q 2) of neutron using the smear-

ing effects on the proton in the deuteron as discussed in section 4.7. The extracted g n
1 were

then compared with the experimental data extracted from polarized 3He nucleus, which are

shown in Figs. (4.15) and (4.16). These graphs show a good agreement of our calculation with

the experimental data. This agreement justifies the approach used to extract the spin structure

function of the neutron from the deuteron, which is very important for extending experiments

involving polarized deuteron targets for the large x kinematics.
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APPENDIX A: High momentum transfer p d → p d scattering

In this section, we study the high momentum transfer elastic proton - deuteron scattering

based on the quark-interchange mechanism. A characteristic diagram of such scattering is

shown in Fig. (A.1). The notations in this figure are chosen to be similar to the p d → p d rescat-

tering part of the γ3He→ p d amplitude in Eq. (2.49). Here the helicities in the initial and final

states for the proton are h and λ1 f and for the deuteron they are λd and λd f . The momenta

defined in Fig. (A.1) satisfies the following four-momentum conservation relations:

p1+pd = p1 f +pd f , pd = p ′2+p ′3. (A-1)

Figure A.1: Typical quark-interchange mechanism of hard p d → p d scattering.

The Feynman amplitude for this p d → p d scattering, shown in Fig. (A.1), can be written

as follows:

Mp d =

N 1 :

∫

ū (p1 f ,λ1 f )(−i )Γ †
n1

i (/p 1 f − /k 1+mq )

(p1 f −k1)2−m 2
q + iε

iS (k1)
k 2

1 −m 2
s + iε

[−i g T βc γµ]×

i ( /p1− /k1+mq )

(p1−k1)2−m 2
q + iε

i Γn1u (p1,λ1)
d 4k1

(2π)4
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D −N 2 :

∫

χ†
d f (−i )Γ †

D N N

i (/p 2 f +m )

p 2
2 f −m 2

N + iε
ū (p2 f ,λ2 f )(−i )Γ †

n2 f

i (/p 2 f − /k 2+mq )

(p2 f −k2)2−m 2
q + iε

×

i ( /p3
′+m )

p ′23 −m 2
N + iε

iS (k2)
k 2

2 −m 2
s + iε

[−i g T αc γν]
i ( /p2

′− /k2+mq )

(p ′2−k2)2−m 2
q + iε

i Γn2′u (p
′
2,λ′2)×

i (/p ′2+m )

p ′22 −m 2
N + iε

i ΓD N Nχd
d 4k2

(2π)4
d 4p ′3
(2π)4

g :
i dµνδαβ

q 2
q

. (A-2)

The following derivations are analogous to that of Eq. (2.12), where we identify the parts associ-

ated with the deuteron wave function as well as quark wave functions of nucleon and perform

integrations corresponding to the on-shell conditions for the spectator nucleon in the deuteron

and spectator quark-gluon states in the nucleons. We first consider the expression for N1 :, for

which performing the similar derivations we did for the N 1 term of Eq.(2.12) and using the

defnition of the quark wave function of the nucleon according to Eq. (2.33) we obtain:

N 1 :=
∑

λ1
η1,η1 f

−i

∫

Ψ
†λ1 f ;η1 f

n1 f (xs 1, k1⊥, p1 f ⊥)

1− xs 1
ūq (p1 f −k1,η1 f )uq (p1−k1,η1)

�

− i g T βc γµ
�

×

Ψ
λ1;η1
n1 (x1, k1⊥, p1⊥)

1− x1

1

2

d x1

x1

d 2k1⊥

(2π)3
. (A-3)

With similar derivations in the D−N2 : part and using in addition to the quark wave function

of nucleon the deuteron light-front wave function defined in Eq. (2.22) we obtain:

D −N 2=
∑

λd ,λ2 f ,λ′2,λ′3
η′2,η2 f

−i

∫

Ψ
†λd f :λ′3,λ2 f

d f (α′3/γd , pd f ⊥, p ′3⊥)

1−α′3/γd
ūq (p2 f −k2,η2 f )×

Ψ
†λ2 f ;η2 f

n2 f (xs 2, k2⊥, p2 f ⊥)

1− xs 2
[−i g T αc γν]

Ψ
λd :λ′2,λ′3
d (α′3, pd⊥, p ′3⊥)

1−α′3
uq (p

′
2−k2,η′2)×

Ψ
λ′2;η′2
n2′ (x

′
2, k2⊥, p ′2⊥)

1− x ′2

1

2

d x ′2
x ′2

d 2k2⊥

(2π)3
dα′3
α′3

d 2p ′3⊥
2(2π)3

. (A-4)
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Combining Eqs. (A-3) and (A-4) for the amplitude of p d → p d scattering we arrive at:

M λd f ,λ1 f ;λd ,λ1

p d =
∑

(λ2 f )(λ1,λd )(λ′2,λ′3)
(η1 f ,η2 f )(η1,η′2)

∫

Ψ
†λd f :λ′3,λ2 f

d f (α′3/γd , pd f ⊥, p ′3⊥)

1−α′3/γd

�

Ψ
†λ2 f ;η2 f

n2 f (xs 2, k2⊥, p2 f ⊥)

1− xs 2
×

ūq (p2 f −k2,η2 f )[−i g T αc γν]uq (p1−k1,η1)
Ψ
λ1;η1
n1 (x1, k1⊥, p1⊥)

1− x1

�

1

G µν(r )×

�

Ψ
†λ1 f ;η1 f

n1 f (xs 1, k1⊥, p1 f ⊥)

1− xs 1
ūq (p1 f −k1,η1 f )[−i g T βc γµ]uq (p

′
2−k2,η′2)

Ψ
λ′2;η′2
n2′ (x

′
2, k2⊥, p ′2⊥)

1− x ′2

�

2

×

Ψ
λd :λ′2,λ′3
d (α′3, pd⊥, p ′3⊥)

1−α′3

1

2

d x1

x1

d 2k1⊥

(2π)3
1

2

d x ′2
x ′2

d 2k2⊥

(2π)3
dα′3
α′3

d 2p ′3⊥
2(3π)3

. (A-5)

APPENDIX B: Relating the light-front and non-relativistic wave functions

To obtain the relation between light-front and non-relativistic nuclear wave functions in the

small momentum limit we consider the fact that the light-front nuclear wave function is nor-

malized based on baryonic number conservation (see e.g. Refs. [40–42]) while non-relativistic

(Schroedinger) wave function normalized as
∫

|ΨA(p )|2d 3p = 1.

Figure B.1: Hadronic probe to see baryons in a nucleus.

To obtain the normalization condition based on baryonic number conservation, we con-

sider a h+A→ h+A scattering in forward direction in which h probes the constituent baryons

in the nucleus A (see Fig. (B.1)). In the figure, we assign pi to be the four-momentum of the nu-

cleus while p1, p2, · · · , pA are four momenta of constituent nucleons such that p1+p2+ · · ·+pA =
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pi . For the diagram of Fig. (B.1), we apply the Feynman rules to obtain:

Mh A =
∑

N

∫

χ†
AΓ

†
A

/p 1+m

p 2
1 −m 2

N + iε
M̂hN

/p A +m

p 2
A −m 2

N + iε
· · · /p 2+m

p 2
2 −m 2

N + iε

/p 1+m

p 2
1 −m 2

N + iε
ΓAχA ×

d 4p2

(2π)4
d 4p3

(2π)4
· · ·

d 4pA

(2π)4
, (B-1)

where we sum over all the possible nucleons that can be probed and M̂hN represents the ef-

fective vertex of the hadron-nucleon interaction. We use the sum rule for the spinors and also

integrate by the minus component of the momenta using the scheme given in Eq. (2.19) to

obtain:

Mh A =
∑

N

∑

λ1,λ2,···λA

∫

χ†
AΓ

†
X

u (p1,λ1)ū (p1,λ1)

p1+
�

p1−−
m 2

N +p 2
1⊥

p1+

�

M̂hN u (pA ,λA)ū (pA ,λA) · · · ×

u (p3,λ3)ū (p3,λ3)u (p2,λ2)ū (p2,λ2)
u (p1,λ1)ū (p1,λ1)

p1+
�

p1−−
m 2

N +p 2
1⊥

p1+

�

ΓAχA ×

d p2+

p2+

d 2p2⊥

2(2π)3
d p3+

p3+

d 2p3⊥

2(2π)3
· · ·

d pA+

pA+

d 2pA⊥

2(2π)3
, (B-2)

where the λ j denote the helicities of the nucleon with momentum pj . Considering the trans-

verse momentum of the nucleus A to be zero we note that:

p1−−
m 2

N +p 2
1⊥

p1+
= pi−−p2−−p3−− · · ·−pA−−

m 2
N +p 2

1⊥
p1+

=
1

pi+

�

m 2
N −

m 2
N +p 2

2⊥
β2

−
m 2

N +p 2
3⊥

β3
− · · ·−

m 2
N +p 2

A⊥
βA

−
m 2

N +p 2
1⊥

β1

�

, (B-3)

where β j =
pj+
pi+

are the momentum fractions of the nucleus A carried by the nucleons j ( j =

1, · · ·A). Introducing Feynman amplitude for h +N → hN asMhN = ū (p1,λ1)M̂hN u (p1,λ1) for

Eq. (B-3), we then have the following for the scattering amplitude:
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Mh A =
∑

N

∑

λ1,λ2,···λA

∫

χ†
AΓ

†
A

u (p1,λ1)u (p2,λ2)u (p3,λ3) · · ·u (pA ,λA)
p1+
pi+

�

m 2
N −

m 2
N +p 2

2⊥
β2

− m 2
N +p 2

3⊥
β3

− · · ·− m 2
N +p 2

A⊥
βA

�

MhN ×

ū (p1,λ1)ū (p2,λ2)ū (pA ,λA)
p1+
pi+

�

m 2
N −

m 2
N +p 2

2⊥
β2

− m 2
N +p 2

3⊥
β3

− · · ·− m 2
N +p 2

A⊥
βA

�

ΓAχA

A
∏

k=2

dβk

βk

d 2pk⊥

2(2π)3
. (B-4)

Using the generalization of Eqs. (2.18) and (2.22) for light-front nuclear wave function of nu-

cleus A, the above equation reduces to:

Mh A =
∑

N

∑

λ1,λ2,...λA

∫

ΨLC †
A (β2,β3, ...βA , p2⊥, p3⊥...pA⊥,λ2,λ3, ...λA)

β1
MhN ×

ΨLC
A (β2,β3, ...βA , p2⊥, p3⊥...pA⊥,λ2,λ3, ...λA)

β1

A
∏

k=2

dβk

βk

d 2pk⊥

2(2π)3
. (B-5)

We now make use of the Optical theorem according to which:

ImMh A = sh Aσh A and ImMhN = shNσhN , (B-6)

where sh A = (ph + pi )2 and σh A is the total cross section of h A scattering. Similarly, shN and

σhN are invariant energy and total cross section for hN scattering. The conservation of baryon

number allows us to relateσh A = AσhN . Using this relation together with Eq. (B-6) in Eq. (B-5)

we arrive at:

∫

�

�ΨLC
A (β2,β3, ...βA , p2⊥, p3⊥...pA⊥,λ2,λ3, ...λA)

�

�

2

β2
1

shN

sh A

A
∏

k=2

dβk

βk

d 2pk⊥

2(2π)3
= 1. (B-7)

To obtain the relation of light-front wave function to the nonrelativistic wave function in the

small momentum limit, we note that in this limit, βk =
Ek+p z

k
pi+

≈ 1+
p z

k
mN

thus dβk
βk
=

d p z
k

mN
. Further-

more, in the high energy limit of the hadronic probe in which large momentum of the hadrons

points to −ẑ direction, sh A ≈ ph−pA+ and shN ≈ ph−pN+ resulting in:

shN

sh A
=

pN+

pA+
=
β1

A
. (B-8)
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Applying all these approximations in Eq.(B-7) we then obtain the following:

∫

�

�ΨLC
A (β2,β3, ...βA , p2⊥, p3⊥...pA⊥,λ2,λ3, ...λA)

�

�

2

1/A

1

m A−1
N [2(2π)3]A−1

A
∏

k=2

d 3pk = 1. (B-9)

Next, we compare the above expression with the normalization condition for the non-relativistic

Schroedinger wave function:

∫

�

�ΨN R
A ( ~p1, ~p2, ... ~pA)

�

�

2
A
∏

k=2

d 3pk = 1, (B-10)

where ~p1 = ~pi − ~p2 − · · · − ~pA . This comparison allows to relate the light-front nuclear wave

function and the Schroedinger wave function in the following form:

ΨLC
X (β1,β2, ..., p1⊥, p2⊥...) =

1
p

A

�

mN 2(2π)3
�

A−1
2 ΨN R

X ( ~p1, ~p2, ...). (B-11)

APPENDIX C: Polarization vector of electron

The polarization vector of an electron is defined by

aσ ≡ (a0, a) =

�

ξ ·k
me

,ξ+
ξ ·k k

me (Ek +me )

�

. (C-1)

We aim to reduce the polarization vector of the electron in high energy limits, where m 2
e ≈ 0.

Since, ξ= he
k
|k| , we have

aσ =
�

a 0, a
�

=

�

he k ·k
|k|me

, he
k

|k|
+

he

|k|
k2

me (Ek +me )

�

=

�

he k

me
, he

k

|k|

�

1+
k 2

me (Ek +me )

�

�

=

�

he k

me
, he

k

|k|

�

me (Ek +me ) +k 2

me (Ek +me )

��

≈
�

he k

me
, he

k

|k|

�

me Ek +E 2
k

me (Ek +me )

��

=

�

he k

me
, he

k

|k|
Ek

me

�
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=

�

he k

me
, he k̂

k

me

�

=

�

he k

me
, he

k

me

�

=
he

me

�

k , k
�

. (C-2)

Thus, we find that, in high energy limits, the polarization vector of an electron can be expressed

in terms of its helicity (he ) and its four momentum (kσ) as aσ =
he
me

kσ.

Product of polarization and four momentum

We consider the four product of the polarization and momentum of the incoming electron.

Defining k = (k0 ≡ Ek , k), the product can be written as

a ·k = a0k0−a ·k

=
ξ ·k
me

k0−
(ξ ·k)|k|2

me (Ek +me )
−ξ ·k

=
ξ ·k
me

�

k0−me −
|k|2

Ek +me

�

=
ξ ·k
me

�

(Ek −me )(Ek +me )− |k|2

Ek +m

�

=
ξ ·k
me

�

E 2
k −m 2

e − |k|
2

Ek +me

�

= 0, (C-3)

where we used the fact that E 2
k =m 2

e + |k|
2.

APPENDIX D: Azimuthal dependence in the cross section: unpolarized part

In this section, a detailed discussion of the analysis of the azimuthal dependence of the spec-

tator nucleon is presented. At present, we only consider this analysis in the unpolarized part

of the cross section.
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The Eq.(4.62) can be expressed as

dσ

dQ 2d xA
=

2πα2
e m y 2

A

Q 4

∑

N

∫ �

2F1N (xN ,Q 2) +

1

2xN y 2
N

�

(2− yN )
2− y 2

N (1+
4x 2

N m 2
N

Q 2
)

�

F2N (xN ,Q 2)

�

ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥dφs ,(D-1)

whereφs is the azimuthal angle of the spectator nucleon. To simplify this cross section further,

we consider the factor in the F2N term, as

A ≡
1

y 2
N

�

(2− yN )
2− y 2

N (1+
4x 2

N m 2
N

Q 2
)
�

, (D-2)

where we wish to explore any explicit occurence of the φs that appear through the yN =
pN ·q
pN ·k

term. We can write Eq.(D-2) as,

A =
1

y 2
N

�

4−4yN + y 2
N − y 2

N −
4x 2

N y 2
N m 2

N

Q 2

�

,

=
1

y 2
N

�

4−4yN −
4x 2

N y 2
N m 2

N

Q 2

�

,

= 4

�

1

y 2
N

−
1

yN
−

x 2
N m 2

N

Q 2

�

,

= 4

�

(pN ·k )2

(pN ·q )2
−
(pN ·k )
(pN ·q )

−
x 2

N m 2
N

Q 2

�

. (D-3)

We thus rewrite Eq.(D-1) as

dσ

dQ 2d xA
=

2πα2
e m y 2

A

Q 4

∑

N

�∫

2F1N (xN ,Q 2)
ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥dφs

+

∫

F2N (xN ,Q 2)
2xN

4

�

(pN ·k )2

(pN ·q )2
−
(pN ·k )
(pN ·q )

−
x 2

N m 2
N

Q 2

�

ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥dφs

�

.(D-4)

We find that it is only the second integral that has an explicitφs dependence. Our goal is

to see if we can take care of thisφs integral analytically. Noting that

pN ·k =
1

2
(pN+k−+pN−k+)−pN⊥k⊥ cosφs ,= B −pN⊥k⊥ cosφs , (D-5)
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where B ≡ 1
2 (pN+k−+pN−k+), the second integral in Eq. (D-4) can be written as:

AA ≡
∫

F2N (xN ,Q 2)
2xN

4

�

(pN ·k )2

(pN ·q )2
−
(pN ·k )
(pN ·q )

−
x 2

N m 2
N

Q 2

�

ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥dφs

=

∫

4F2N (xN ,Q 2)
2xN

�

B 2−2B pN⊥k⊥ cosφs +p 2
N⊥k 2

⊥ cos2φs

(pN ·q )2
−

B −pN⊥k⊥ cosφs

pN ·q

−
x 2

N m 2
N

Q 2

�

ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥dφs

=

∫

4F2N (xN ,Q 2)
2xN

�

2πB 2+ 1
2 2πp 2

N⊥k 2
⊥

(pN ·q )2
−

2πB

pN ·q
−2π

x 2
N m 2

N

Q 2

�

ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥

= 2π

∫

2F2N (xN ,Q 2)
xN

�

B 2+ 1
2 p 2

N⊥k 2
⊥

(pN ·q )2
−

B

pN ·q
−

x 2
N m 2

N

Q 2

�

ρ0(αN , pN⊥)
(2−αs )2

dαs ps⊥d ps⊥, (D-6)

where we used the fact that
∫ 2π

0
cosφs dφs = 0,

∫ 2π

0
cos2φs dφs =π. Substituting Eq.(D-6) into

Eq.(D-4), we have the following for the cross section:

dσ

dQ 2d xA
=

4π2α2
e m y 2

A

Q 4

∑

N

∫ �

2F1N (xN ,Q 2) +
2F2N (xN ,Q 2)

xN
×

�

B 2+ 1
2 p 2

N⊥k 2
⊥

(pN ·q )2
−

B

pN ·q
−

x 2
N m 2

N

Q 2

��

ρ0(αN , pN⊥)

(2−αs )2
dαs ps⊥d ps⊥. (D-7)

Further, to calculate the factor B , we note that

B =
1

2
(pN+k−+pN−k+), (D-8)

where, k± = Ek ± Ek cosθq k , pN− = αN
Md

2 , pN+ =Md −
m 2

N +p 2
s⊥

αs Md /2
, k⊥ ≡ kx = Ek sinθq k and pN⊥ =

−ps⊥, with θq k being the angle bewteen q and k. To calculate this angle, we use the definition

of scalar product of two vectors and write

k ·q= Ek qv cosθq k , (D-9)

with Ek , qv being the magnitudes of k and q respectively. We can also write

k ·q = k · (k−k′) = E 2
k −Ek E ′k cosθe , (D-10)
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where θe is the angle between the incident and scattered electron and E ′k is the energy of scat-

tered electron. Comparing Eqs.(D-9) and (D-10), we thus obtain

cosθq k =
Ek −E ′k cosθe

qv
. (D-11)

It can also be easily shown that sinθq k =
E ′k sinθe

qv
.

APPENDIX E: Azimuthal dependence in the cross section: polarized part

From the definitions of the directions in the polarization reference frame (Eq. (4.31)) and the

polarization vectors (Eqs. (4.43 and (4.47)), we can express the polarization four vectors in

terms of their components as

ζx ′ =

�

pN · x̂ ′
mN

, x̂ ′+
(pN · x̂ ′)pN

B B

�

=

�

pN · x̂ ′
mN

, x ′x +
(pN · x̂ ′)pN x

B B
, x ′y +

(pN · x̂ ′)pN y

B B
, x ′z +

(pN · x̂ ′)pN z

B B

�

,

ζy ′ =

�

pN · ŷ ′
mN

, y ′x +
(pN · ŷ ′)pN x

B B
, y ′y +

(pN · ŷ ′)pN y

B B
, y ′z +

(pN · ŷ ′)pN z

B B

�

,

ζz ′ =

�

pN · ẑ ′
mN

, z ′x +
(pN · ẑ ′)pN x

B B
, z ′y +

(pN · ẑ ′)pN y

B B
, z ′z +

(pN · ẑ ′)pN z

B B

�

, (E-1)

where we put B B ≡ mN (EN +mN ) for convenience. The scalar products appearing in above

equations can be written as

pN · x̂ ′ = pN x x ′x +pN y x ′y +pN z x ′z

= pN⊥ cosφs cosθs d cosφs d +pN⊥ sinφs cosθs d sinφs d −pN z sinθs d

= pN⊥ cosθs d cos(φs −φs d )−pN z sinθs d ,

pN · ŷ ′ =−pN⊥ cosφ sinφs d +pN⊥ sinφs cosφs d ,

pN · ẑ ′ = pN⊥ cosφs sinθs d cosφs d +pN⊥ sinφs sinθs d sinφs d +pN z cosθs d

= pN⊥ sinθs d cos(φs −φs d ) +pN z cosθs d , (E-2)
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where pN x = pN⊥ cosφs , pN y = pN⊥ sinφs , θs d is the angle made by the deuteron’s polariza-

tion vector with q, φs d defines its azimuth and φs defines the azimuth of spectator system.

Since we define the z direction by the direction of q , the four momentum transfer qµ becomes

qµ = (q0, 0, 0, q3). This enables us to write the four products of the polarization and momentum

transfer as

ζx ′ ·q =
pN · x̂ ′

mN
q0−

�

x ′z +
(pN · x̂ ′)pN z

B B

�

q3 = pN · x̂ ′
�

q0

mN
−

pN z q3

B B

�

− x ′z q3,

ζy ′ ·q =
pN · ŷ ′

mN
q0−

�

y ′z +
(pN · ŷ ′)pN z

B B

�

q3 = pN · ŷ ′
�

q0

mN
−

pN z q3

B B

�

− y ′z q3,

ζz ′ ·q =
pN · ẑ ′

mN
q0−

�

z ′z +
(pN · ẑ ′)pN z

B B

�

q3 = pN · ẑ ′
�

q0

mN
−

pN z q3

B B

�

− z ′z q3. (E-3)

Also, as the four vector of incoming electron k can be defined as

kµ = (k0, kx , ky , kz ) = (Ek , Ek sinθq k , 0, Ek cosθq k ), (E-4)

where θq k is the angle between incoming electron’s momentum (k) and the momentum trans-

fer (q), the four products of the polarization vector and the incoming electron’s four momentum

can be expressed as

ζx ′ ·k = pN · x̂ ′
�

k0

mN
−

pN x kx

B B
−

pN z kz

B B

�

− x ′x kx − x ′z kz ,

ζy ′ ·k = pN · ŷ ′
�

k0

mN
−

pN x kx

B B
−

pN z kz

B B

�

− y ′x kx − y ′z kz ,

ζz ′ ·k = pN · ẑ ′
�

k0

mN
−

pN x kx

B B
−

pN z kz

B B

�

− z ′x kx − z ′z kz . (E-5)

The polarization density matrices of the deuteron, for the case of its polarization along

z ′,can be expressed through the partial s− and d−waves as follows:

ρ3 ≡ρz ′ (pN) = u 2(pN ) +
w 2(pN )

2

�

3p̂z ′
2−2

�

+
u (pN )w (pN )p

2

�

3p̂z ′
2−1

�

,

ρ1 ≡ρx ′ (pN) =
�w 2(pN )

2
+3

u (pN )w (pN )p
2

�

p̂z ′ p̂x ′ ,
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and ρ2 ≡ρy ′ (pN) =
�w 2(pN )

2
+3

u (pN )w (pN )p
2

�

p̂z ′ p̂y ′ , (E-6)

where p̂j ′ = pN · ĵ ′ with ĵ ′ = x̂ ′, ŷ ′, ẑ ′, which using Eqs. (4.31), can be expanded as:

p̂z ′ = pN x z ′x +pN y z ′y +pN z z ′z ,

p̂x ′ = pN x x ′x +pN y x ′y +pN z x ′z ,

p̂y ′ = pN x y ′x +pN y y ′y . (E-7)

In Eq. (E-7), we supress the explicit forms of the components for simplicity. We thus see the

explicit φs dependence through the polarization density matrices of deuteron. It requires to

calculate the following products:

p̂z ′ p̂x ′ = (pN x z ′x +pN y z ′y +pN z z ′z )(pN x x ′x +pN y x ′y +pN z x ′z )

= p 2
N x z ′x x ′x +pN x pN y z ′x x ′y +pN x pN z z ′x x ′z +pN y pN x z ′y x ′x +p 2

N y z ′y x ′y +pN y pN z z ′y x ′z +

pN z pN x z ′z x ′x +pN z pN y z ′z x ′y +p 2
N z z ′z x ′z ,

p̂z ′ p̂y ′ = (pN x z ′x +pN y z ′y +pN z z ′z )(pN x y ′x +pN y y ′y )

= p 2
N x z ′x y ′x +pN x pN y z ′x y ′y +pN y pN x z ′y y ′x +p 2

N y z ′y y ′y +pN z pN x z ′z y ′x +pN z pN y z ′z y ′y

p̂z ′
2 = (pN x z ′x +pN y z ′y +pN z z ′z )

2

= p 2
N x z

′2
x +p 2

N y z
′2
y +p 2

N z z
′2
z +2pN x pN y z ′x z ′y +2pN y pN z z ′y z ′z +2pN z pN x z ′z z ′x . (E-8)

Substituting for each factors, the first of Eq. (E-8) becomes:

p̂z ′ p̂x ′ = p 2
N⊥ cos2φs sinθs d cosθs d cos2φs d +p 2

N⊥ cosφs sinφ sinθs d cosθs d sinφs d cosφs d

−pN⊥pN z cosφs sin2θs d cosφs d +p 2
N⊥ cosφs sinφ sinθs d cosθs d sinφs d cosφs d

+p 2
N⊥ sin2φs sinθs d cosθs d sin2φs d −pN⊥pN z sinφs sin2θs d sinφs d

+pN⊥pN z cosφs cos2θs d cosφs d +pN⊥pN z sinφs cos2θs d sinφs d −p 2
N z cosθs d sinθs d
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= p 2
N⊥ cos2φs sinθs d cosθs d cos2φs d +2p 2

N⊥ cosφs sinφs sinθs d cosθs d sinφs d cosφs d

+pN⊥pN z cosφs cosφs d (cos2θs d − sin2θs d ) +p 2
N⊥ sin2φs sinθs d cosθs d sin2φs d

+pN⊥pN z sinφs sinφs d (cos2θs d − sin2θs d )−p 2
N z cosθs d sinθs d

=
p 2

N⊥
2

cos2φs sin(2θs d )cos2φs d +
p 2

N⊥
4

sin(2φs )sin(2θs d )sin(2φs d )

+pN⊥pN z cosφs cosφs d cos(2θs d ) +
p 2

N⊥
2

sin2φs sin(2θs d )sin2φs d

+pN⊥pN z sinφs sinφs d cos(2θs d )−
p 2

N z

2
sin(2θs d )

=
p 2

N⊥
2

sin(2θs d )
�

cos2φs cos2φs d +
1

2
sin(2φs )sin(2φs d ) + sin2φs sin2φs d

�

+pN⊥pN z cos(2θs d )cos(φs −φs d )−p 2
N z cosθs d sinθs d

=
p 2

N⊥
2

sin(2θs d )[cosφs cosφs d + sinφs sinφs d ]
2+pN⊥pN z cos(2θs d )cos(φs −φs d )

−p 2
N z cosθs d sinθs d

=
p 2

N⊥
2

sin(2θs d )cos2(φs −φs d ) +pN z pN⊥ cos(2θs d )cos(φs −φs d )−
p 2

N z

2
sin(2θs d ). (E-9)

Similarly, we have,

p̂z ′
2 =

�

pN⊥ cosφs sinθs d cosφs d +pN⊥ sinφs sinθs d sinφs d +pN z cosθs d

�2

= p 2
N⊥ cos2φs sin2θs d cos2φs d +p 2

N⊥ sin2φs sin2θs d sin2φs d +p 2
N z cos2θs d

+2p 2
N⊥ cosφs sinφs sin2θs d cosφs d sinφs d +2pN⊥pN z sinφs sinθs d cosθs d sinφs d

+2pN⊥pN z cosφs sinθs d cosθs d cosφs d

= p 2
N⊥ cos2φs sin2θs d cos2φs d +p 2

N⊥ sin2φs sin2θs d sin2φs d +p 2
N z cos2θs d

+
p 2

N⊥
2

sin(2φs )sin(2φs d )sin2θs d +pN⊥pN z sinφs sinφs d sin(2θs d )

+pN⊥pN z cosφs cosφs d sin(2θs d )

= p 2
N⊥ cos2φs sin2θs d cos2φs d +p 2

N⊥ sin2φs sin2θs d sin2φs d +p 2
N z cos2θs d

+
p 2

N⊥
2

sin(2φs )sin2θs d sin(2φs d ) +pN⊥pN z sin(2θs d )cos(φs −φs d )

= p 2
N⊥ sin2θs d [cos2φs d cos2φs + sin2φs d sin2φs +

1

2
sin(2φs d )sin(2φs )]

+p 2
N z cos2θs d +pN⊥pN z sin(2θs d )cos(φs −φs d )

= p 2
N⊥ sin2θs d cos2(φs −φs d ) +p 2

N z cos2θs d +pN⊥pN z sin(2θs d )cos(φs −φs d ). (E-10)
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The final product can also be expanded as

p̂z ′ p̂y ′ =−p 2
N⊥ cos2φs sinθs d cosφs d sinφs d +p 2

N⊥ cosφs sinφs sinθs d cosθs d cosφs d

−p 2
N⊥ sinφs cosφs sinθs d sin2φs d +p 2

N⊥ sin2φs sinθs d sinφs d cosφs d

−pN⊥pN z cosφs cosθs d sinφs d +pN⊥pN z sinφs cosθs d cosφs d

=−
p 2

N⊥
2

cos2φs sinθs d sin(2φs d ) +
p 2

N⊥
2

sin(2φs )sinθs d cos2φs d

−
p 2

N⊥
2

sin(2φs )sinθs d sin2φs d +
p 2

N⊥
2

sin2φs sinθs d sin(2φs d )

−pN⊥pN z cosφs cosθs d sinφs d +pN⊥pN z sinφs cosθs d cosφs d

=−
p 2

N⊥
2

sinθs d sin(2φs d )(cos2φs − sin2φ) +
p 2

N⊥
2

sin(2φs )sinθs d (cos2φs d − sin2φs d )

+pN⊥pN z cosθs d (sinφs c o sφs d − cosφs sinφs d )

=−
p 2

N⊥
2

sinθs d sin(2φs d )cos(2φs ) +
p 2

N⊥
2

sin(2φs )sinθs d cos(2φs d )

+pN⊥pN z cosθs d sin(φs −φs d )

=
p 2

N⊥
2

sinθs d [sin(2φs )cos(2φs d )− cos(2φs )sin(2φs d )]+pN⊥pN z cosθs d sin(φs −φs d )

=
p 2

N⊥
2

sinθs d sin(2φs −2φs d ) +pN⊥pN z cosθs d sin(φs −φs d ). (E-11)

E-I: Calculation of (ζ j ′ ·q )ρ j ′

For the case of j ′ = x ′, we have

(ζx ′ ·q )ρx ′ =

�

(pN · x̂ ′)
� q0

mN
−

pN z q3

B B

�

− x ′z q3

��

w 2(pN )
2

+
3u (pN )w (pN )p

2

�

p̂z ′ p̂x ′

≡ (pN · x̂ ′)D F p̂z ′ p̂x ′
︸ ︷︷ ︸

I

− x ′z q3F p̂z ′ p̂x ′
︸ ︷︷ ︸

II

, (E-12)

where we put D = q0
mN
− pN z q3

B B and F = w 2(pN )
2 + 3u (pN )w (pN )p

2
for convenience. We analyze each

term separately, starting with the first term, where we drop the factor D F for now as it has no

φs dependence. From Eq. (E-2), we find that

I ≡ (pN · x̂ ′)p̂z ′ p̂x ′ = (pN⊥ cosθs d cos(φs −φs d )−pN z sinθs d )p̂z ′ p̂x ′
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= pN⊥ cosθs d cos(φs −φs d )p̂z ′ p̂x ′
︸ ︷︷ ︸

Γ

−pN z sinθs d p̂z ′ p̂x ′
︸ ︷︷ ︸

∆

. (E-13)

Using Eq. (E-9), we find that the factors

Γ = pN⊥ cosθs d cos(φs −φs d )

�

p 2
N⊥
2

sin(2θs d )cos2(φs −φs d ) +pN z pN⊥ cos(2θs d )cos(φs −φs d )

−
p 2

N z

2
sin(2θs d )

�

=
p 3

N⊥
2

cosθs d sin(2θs d )cos3(φs −φs d ) +pN z p 2
N⊥ cosθs d cos(2θs d )cos2(φs −φs d )

−
p 2

N z

2
pN⊥ cosθs d sin(2θs d )cos(φs −φs d ), (E-14)

and

∆ = pN z sinθs d

�

p 2
N⊥
2

sin(2θs d )cos2(φs −φs d ) +pN z pN⊥ cos(2θs d )cos(φs −φs d )

−
p 2

N z

2
sin(2θs d )

�

=
p 2

N⊥
2

pN z sinθs d sin(2θs d )cos2(φs −φs d ) +pN⊥p 2
N z sinθs d cos(2θs d )cos(φs −φs d )

−p 3
N z sin2θs d cosθs d . (E-15)

We thus obtain the following for the term I:

I =

�

p 3
N⊥
2

cosθs d sin(2θs d )cos3(φs −φs d ) +pN z p 2
N⊥ cosθs d cos(2θs d )cos2(φs −φs d )

−
p 2

N z

2
pN⊥ cosθs d sin(2θs d )cos(φs −φs d )−

p 2
N⊥
2

pN z sinθs d sin(2θs d )cos2(φs −φs d )

−pN⊥p 2
N z sinθs d cos(2θs d )cos(φs −φs d ) +p 3

N z sin2θs d cosθs d

�

D F. (E-16)

Similarly, term II becomes:

II = x ′z q3F

�

p 2
N⊥
2

sin(2θs d )cos2(φs −φs d ) +pN z pN⊥ cos(2θs d )cos(φs −φs d )

−
p 2

N z

2
sin(2θs d )

�

. (E-17)
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Combining Eqs. (E-16) and (E-17), Eq. (E-12) becomes:

(ζx ′ ·q )ρx =

�

p 3
N⊥
2

cosθs d sin(2θs d )cos3(φs −φs d ) +pN z p 2
N⊥ cosθs d cos(2θs d )cos2(φs −φs d )

−
p 2

N z

2
pN⊥ cosθs d sin(2θs d )cos(φs −φs d )−

p 2
N⊥
2

pN z sinθs d sin(2θs d )cos2(φs −φs d )

−pN⊥p 2
N z sinθs d cos(2θs d )cos(φs −φs d ) +p 3

N z sin2θs d cosθs d

�

D F

−x ′z q3F

�

p 2
N⊥
2

sin(2θs d )cos2(φs −φs d ) +pN z pN⊥ cos(2θs d )cos(φs −φs d )

−
p 2

N z

2
sin(2θs d )

�

. (E-18)

For the case of j ′ = y ′, we have

(ζy ′ ·q )ρy ′ =

�

(pN · ŷ ′)
� q0

mN
−

pN z q3

B B

�

− y ′z q3

��

w 2(pN )
2

+
3u (pN )w (pN )p

2

�

p̂z ′ p̂y ′

≡ (pN · ŷ ′)D F p̂z ′ p̂y ′
︸ ︷︷ ︸

I

, (E-19)

where, as before, D = q0
mN
− pN z q3

B B and F = w 2(pN )
2 + 3u (pN )w (pN )p

2
and we made use of the fact that

y ′z = 0 (see Eq. (4.31)). The term I can be expanded, by using Eqs. (E-2) and (E-11), as follows:

I =
�

−pN⊥ sinφs d cosφs +pN⊥ cosφs d sinφs

��p 2
N⊥
2

sinθs d sin(2φs −2φs d )

+pN⊥pN z cosθs d sin(φs −φs d )
�

=−
p 3

N⊥
2

sinθs d sinφs d cosφs sin(2φs −2φs d )−p 2
N⊥pN z cosθs d sinφs d cosφs sin(φs −φs d )

+
p 3

N⊥
2

sinθs d cosφs d sinφs sin(2φs −2φs d ) +p 2
N⊥pN z cosθs d cosφs d sinφs sin(φs −φs d )

=
p 3

N⊥
2

sinθs d

�

sinφs cosφs d − sinφs d cosφs

�

sin(2φs −2φs d )

+p 2
N⊥pN z cosθs d

�

sinφs cosφs d − sinφs d cosφs

�

sin(φs −φs d )

=
p 3

N⊥
2

sinθs d sin(φs −φs d )sin(2φs −2φs d ) +p 2
N⊥pN z cosθs d sin2(φs −φs d ). (E-20)

Thus, for the case of j ′ = y ′, we find that
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(ζy ′ ·q )ρy ′ =

�

p 3
N⊥
2

sinθs d sin(φs −φs d )sin(2φs −2φs d ) +p 2
N⊥pN z cosθs d sin2(φs −φs d )

�

D F.

(E-21)

Also, for the case of j ′ = z ′, we have

(ζz ′ ·q )ρz ′ =
�

pN · ẑ ′D − z ′z q3

��

G +H p̂z ′
2
�

= pN · ẑ ′D G
︸ ︷︷ ︸

I

+D H (pN · ẑ ′)p̂z ′
2

︸ ︷︷ ︸

II

−z ′z q3H p̂z ′
2

︸ ︷︷ ︸

III

−z ′z q3G
︸ ︷︷ ︸

IV

. (E-22)

where G = u 2(pN )−w 2(pN )−
u (pN )w (pN )p

2
, and H = 3

2 w 2(pN ) +
3p
2

u (pN )w (pN ) are factors which

has no explicit φs dependence. It can be noted that the factor IV in Eq. (E-22) has no explicit

φs dependence. For now, we focus on II term (without D G terms), which can be expanded as

follows:

II =
�

pN⊥ sinθs d cos(φs −φs d ) +pN z cosθs d

��

p 2
N⊥ sin2θs d cos2(φs −φs d ) +p 2

N z cos2θs d

+pN⊥pN z sin(2θs d )cos(φs −φs d )
�

= p 3
N⊥ sin3θs d cos3(φs −φs d ) +pN⊥p 2

N z sinθs d cos2θs d cos(φs −φs d )

+p 2
N⊥pN z sinθs d sin(2θs d )cos2(φs −φs d ) +pN z p 2

N⊥ cosθs d sin2θs d cos2(φs −φs d )

+p 3
N z cos3θs d +pN⊥p 2

N z cosθs d sin(2θs d )cos(φs −φs d )

= p 3
N⊥ sin3θs d cos3(φs −φs d ) +3pN⊥p 2

N z sinθs d cos2θs d cos(φs −φs d )

+3pN z p 2
N⊥ sin2θs d cosθs d cos2(φs −φs d ) +p 3

N z cos3θs d . (E-23)

Also, the other terms with theφs dependence can be written as:

I = pN⊥ sinθs d cos(φs −φs d ) +pN z cosθs d ,

III = p 2
N⊥ sin2θs d cos2(φs −φs d ) +p 2

N z cos2θs d +pN⊥pN z sin(2θs d )cos(φs −φs d ).(E-24)
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E-II: Calculation of (ζ j ′ ·k )ρ j ′

For the case of j ′ = x ′, we calculate the product

(ζx ′ ·k )ρx ′ =

�

pN · x̂ ′
� k0

mN
−

pN x kx

B B
−

pN z kz

B B

�

− x ′x kx − x ′z kz

�

×
�

�w 2(pN )
2

+3
u (pN )w (pN )p

2

�

p̂z ′ p̂x ′

�

=
¦

−pN · x̂ ′
pN x kx

B B
+pN · x̂ ′

� k0

mN
−

pN z kz

B B

�

− J
©

F p̂z ′ p̂x ′

= pN · x̂ ′p̂z ′ p̂x ′F L
︸ ︷︷ ︸

I

−pN · x̂ ′pN x p̂z ′ p̂x ′F
′

︸ ︷︷ ︸

II

−F J p̂z ′ p̂x ′
︸ ︷︷ ︸

III

, (E-25)

where ,J ≡ x ′x kx + x ′z kz and we put F = w 2(pN )
2 + 3 u (pN )w (pN )p

2
, L = k0

mN
− pN z kz

B B and F ′ = F
B B kx .

We note that these terms have no explicitφs dependence. In Eq. (E-25), the three terms can be

written as (using Eqs. (E-13 - E-16) and (E-9)):

I =

�

p 3
N⊥
2

cosθs d sin(2θs d )cos3(φs −φs d ) +pN z p 2
N⊥ cosθs d cos(2θs d )cos2(φs −φs d )

−
p 2

N z

2
pN⊥ cosθs d sin(2θs d )cos(φs −φs d )−

p 2
N⊥
2

pN z sinθs d sin(2θs d )cos2(φs −φs d )

−pN⊥p 2
N z sinθs d cos(2θs d )cos(φs −φs d ) +p 3

N z sin2θs d cosθs d

�

F L ,

II =

�

p 4
N⊥
2

cosθs d sin(2θs d )cos3(φs −φs d )cosφs +pN z p 3
N⊥ cosθs d cos(2θs d )×

cos2(φs −φs d )cosφs −
p 2

N z

2
p 2

N⊥ cosθs d sin(2θs d )cos(φs −φs d )cosφs

−
p 3

N⊥
2

pN z sinθs d sin(2θs d )cos2(φs −φs d )cosφs

−p 2
N⊥p 2

N z sinθs d cos(2θs d )cos(φs −φs d )cosφs +p 3
N z pN⊥ sin2θs d cosθs d cosφs

�

F ′,

III =

�

p 2
N⊥
2

sin(2θs d )cos2(φs −φs d ) +pN z pN⊥ cos(2θs d )cos(φs −φs d )

−
p 2

N z

2
sin(2θs d )

�

F J . (E-26)
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For the case of j ′ = y ′, we have

(ζy ′ ·k )ρy ′ = pN · ŷ ′p̂z ′ p̂y ′F L
︸ ︷︷ ︸

I

−pN · ŷ ′pN x p̂z ′ p̂y ′F
′

︸ ︷︷ ︸

II

−F J ′p̂z ′ p̂y ′
︸ ︷︷ ︸

III

, (E-27)

where J ′ ≡ y ′x kx + y ′z kz . We find that

I =
¦p 3

N⊥
2

sinθs d sin(φs −φs d )sin(2φs −2φs d ) +p 2
N⊥pN z cosθs d sin2(φs −φs d )

©

F L ,

II =
¦p 4

N⊥
2

sinθs d sin(φs −φs d )sin(2φs −2φs d )cosφs

+p 3
N⊥pN z cosθs d sin2(φs −φs d )cosφs

©

F ′,

III =
¦p 2

N⊥
2

sinθs d sin(2φs −2φs d ) +pN⊥pN z cosθs d sin(φs −φs d )
©

F J ′. (E-28)

Finally, for the case of j ′ = z ′, we have

(ζz ′ ·k )ρz ′ =
�

pN · ẑ ′L −pN · ẑ ′
pN x kx

B B
− J ′′

��

G +H p̂z
2
�

= pN · ẑ ′LG
︸ ︷︷ ︸

I

+pN · ẑ ′p̂z
2LH

︸ ︷︷ ︸

II

−pN · ẑ ′pN x G ′
︸ ︷︷ ︸

III

−pN · ẑ ′p̂z
2pN x H ′

︸ ︷︷ ︸

IV

− J ′′G
︸︷︷︸

V

− J ′′H p̂z
2

︸ ︷︷ ︸

VI

, (E-29)

where G ′ = G
B B kx , H ′ = H

B B kx and J ′′ = z ′x kx + z ′z kz . The respective terms can then be written

as

I =
�

pN⊥ sinθs d cos(φs −φs d ) +pN z cosθs d

�

LG

II =
�

p 3
N⊥ sin3θs d cos3(φs −φs d ) +3pN⊥p 2

N z sinθs d cos2θs d cos(φs −φs d )

+3pN z p 2
N⊥ sin2θs d cosθs d cos2(φs −φs d ) +p 3

N z cos3θs d

�

LH

III =
�

p 2
N⊥ sinθs d cos(φs −φs d )cosφs +pN⊥pN z cosθs d cosφs

�

G ′

IV =
�

p 4
N⊥ sin3θs d cos3(φs −φs d )cosφs +3p 2

N⊥p 2
N z sinθs d cos2θs d cos(φs −φs d )cosφs

+3pN z p 3
N⊥ sin2θs d cosθs d cos2(φs −φs d )cosφs +p 3

N z pN⊥ cos3θs d cosφs

�

H ′
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VI =
�

p 2
N⊥ sin2θs d cos2(φs −φs d ) +p 2

N z cos2θs d +pN⊥pN z sin(2θs d )cos(φs −φs d )
�

J ′′H .

(E-30)

E-III: Products afterφs integrals

Now that all the terms with the explicit φs dependence are known, all needs to be done is to

integrate them over the range of (0, 2π). All the terms containing the cosines and sines with its

argument as the multiple of φs or compound angles with φs are expanded before the integral

is calculated. After performing theφs integration, we have the following:

(ζx ′ ·q )ρx = 2π

�

1

2
pN z p 2

N⊥ cosθs d cos(2θs d )−
1

4
p 2

N⊥pN z sinθs d sin(2θs d )

+p 3
N z sin2θs d cosθs d

�

D F −2πx ′z q3F

�

1

4
p 2

N⊥ sin(2θs d )−
p 2

N z

2
sin(2θs d )

�

,

(ζy ′ ·q )ρy =
1

2
2π

�

p 2
N⊥pN z cosθs d

�

D F,

(ζz ′ ·q )ρz = 2πpN z cosθs d D G +2π

�

3

2
pN z p 2

N⊥ sin2θs d cosθs d +p 3
N z cos3θs d

�

D H

+2π

�

1

2
p 2

N⊥ sin2θs d +p 2
N z cos2θs d

�

z ′z q3H −2πz ′z q3G , (E-31)

and

(ζx ′ ·k )ρx = 2π

�

pN z

2
p 2

N⊥ cos(3θs d ) +p 3
N z sin2θs d cosθs d

�

F L

−2π

�

p 4
N⊥
2

cosθs d sin(2θs d )

�

3

8
cos3θs d +

3

8
cosφs d sin2φs d

�

−
1

4
cosφs d p 2

N z p 2
N⊥ cosθs d sin(2θs d )−

1

2
cosφs d p 2

N z p 2
N⊥×

sinθs d cos(2θs d )

�

F ′−2π

�

1

4
p 2

N⊥ sin(2θs d )−
p 2

N z

2
sin(2θs d )

�

F J ,

(ζy ′ ·k )ρy = 2π

�

1

2
p 2

N⊥pN z cosθs d

�

F L −2πp 4
N⊥ sinθs d

�

1

2
cosφs d −

3

8
cosφs d

�

F ′,
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(ζz ′ ·k )ρz = 2πpN z cosθs d LG +2π

�

3

2
pN z p 2

N⊥ sin2θs d cosθs d +p 3
N z cos3θs d

�

LH

−2π

�

1

2
cosφs d p 2

N⊥ sinθs d

�

G ′−2π

�

p 4
N⊥ sin3θs d

�3

8
cos3φs d

+
3

2
cosφs d sin2φs d

�

+
3

2
p 2

N⊥p 2
N z sinθs d cos2θs d cosφs d

�

H ′−2πJ ′′G

−2π

�

1

2
p 2

N⊥ sin2θs d +p 2
N z cos2θs d

�

J ′′H . (E-32)

For a given θs d ,φs d , these expressions can be numerically calculated, which are the necessary

ingredients to calculate the polarization part of the cross section in Eq. (4.61).
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