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ABSTRACT OF THE THESIS
STUDY ON BIVARIATE NORMAL DISTRIBUTION
by
Yipin Shi
Florida International University, 2012
Miami, Florida
Professor Jie Mi, Co-Major Professor

Professor Kai Huang, Co-Major Professor

Let (X, Y) be bivariate normal random vectors which represent the responses as a
result of Treatment 1 and Treatment 2. The statistical inference about the bivariate
normal distribution parameters involving missing data with both treatment samples is
considered. Assuming the correlation coefficient p of the bivariate population is known,
the MLE of population means and variance (£, n, and 0?) are obtained. Inferences about
these parameters are presented. Procedures of constructing confidence interval for the
difference of population means £ — 1 and testing hypothesis about & — 7 are established.
The performances of the new estimators and testing procedure are compared numerically
with the method proposed in Looney and Jones (2003) on the basis of extensive Monte
Carlo simulation. Simulation studies indicate that the testing power of the method
proposed in this thesis study is higher.
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1. Introduction

The bivariate normal distribution is one of the most popular distributions used in a va-
riety of fields. Since the bivariate normal PDF has several useful and elegant properties,
bivariate normal models are very common in statistics, econometrics, signal processing,
feedback control, and many other fields.

Let (X, Y) be bivariate normal random vectors which represent the responses that
result from Treatment 1 and Treatment 2. Historically, most of the studies collect
paired data. That is, it is assumed that observations are paired and sample consists of n
pairs (x1,v1), (T2,Y2), .., (Tn, yn). However, in the real world, the available sample data
may be incomplete in the sense that measures on one variable X or Y is not available
for all individuals in the sample. Such fragmentary data may arise because some of the
data are lost (e.g., in an archaeological field), or because certain data were purposely
not collected. The decision not to measure both variables X and Y simultaneously
may be reached because of the cost of measurement, because of limited time, because
the measurement of one variable may alter or destroy the individual measured (e.g.,
in mental testing), and so forth. Therefore, either by design, carelessness or accident,
the data in a study may consist of a combination of paired (correlated) and unpaired
(uncorrelated) data. Typically, such data will consist of subsamples of which one has n;
observations on responses because of Treatment 1 and the other has ny observations on
responses because of treatment 2 are independent of each other, and another subsample
which consists of paired observations taken under both treatments. Statistical inference
derived from complete paired data and incomplete unpaired data is one of the important

applied problems because of its common occurrence in practice.



Missing values have been discussed in the literature for modeling bivariate data. Much
of the work involved establishing and testing hypothesis about the difference of the
population means. Several authors have investigated the problem of estimation and
testing the difference of the means in the case of incomplete samples from bivariate
normal distributions. Mehta and Gurland (1969a) consider the problem of testing the
equality of the two means in the special case when the two variances are the same.
Morrison (1972, 1973), and Lin and Stivers (1975) have also considered this special case
and have provided different test statistics. The problem of estimating the difference
of two means has been further investigated by Mehta and Gurland (1969b), Morrison
(1971), Lin (1971), and Mehta and Swamy (1973). Bhoj (1991a, b) tested for the equality
of means for bivariate normal data.

To make use of all the data and takes into account the correlation between the paired
observations, Looney and Jones (2003) compared several methods and proposed the cor-
related z-test method for analyzing combined samples of correlated and uncorrelated
data. In their study, it is assumed that there is another random sample of n; subjects
exposed to Treatment 1 that is independent of a random sample of ny subjects exposed
to Treatment 2. Let uy, ug, ..., u,, and vy, vo, ..., v,, denote the observed values for the in-
dependent subjects exposed to Treatment 1 and Treatment 2, respectively. Suppose also
that there are n > 3 paired observations under treatments 1 and 2. Let (x1,41), (22, y2),
ooy (T, yn) denote the observed pairs. It is assumed that the x-and u-observations come
from a common normal parent population and that the y-and v-observations come from
another (possibly different) common normal parent population. The proposed method

is developed using asymptotic results and is evaluated using simulation. The simulation



results indicate that the proposed method can provide substantial improvement in test-
ing power when compared with the corrected z— method of recommended in Looney
and Jones (2003).

In this research, we want to study the bivariate normal model with incomplete data
information on both variates. We will derive the maximum likelihood estimators of
the distribution parameters, investigate properties such as unbiasedness, and study the
asymptotic distribution of these estimators as well. Showing that the asymptotic nor-
mality of the estimators, we then will be able to construct confidence intervals of the two
population means and their difference, and test hypothesis about these parameters. The
performance of our new estimators will be studied after using Monte Carlo simulations,

and will be compared with those estimators that existed in the literature.



2. Maximum Likelihood Estimators of Parameters

Let (z;,v:), 1 <i <n be a paired sample from bivariate normal population

X 1
e § o2 p

Y n p

where —1 < p < 1 is known, but &, n, and ¢? are unknown. In addition, suppose an
independent sample {uy, ..., u,, } on the basis of observations on X, and another inde-

pendent sample {vy, ..., v,,} derived from observations on Y is also available.

In the present section we should derive the MLEs of &, 7, and ¢? derived from data

Because of the independence of {(X;,Y;),1 < i < n}, {U;,1 < j < ni}, and {V;,1 <

J < ns}, the likelihood equation is

i 2ro i 2ro
n zi—£)2 P . )2
H 1 6_2(1;2) [( 0 gy EiOimn) | iz }
2 — 2
o 2mo\/1—p
ni+n n n n
(2m)" "= (1 — p?) B _zj;1<u2jf&>2_zjzl<vgfn>2
ey O.n1+n2+2n (& 20 20
1 [Zh@im9? 2050 (@i=0wi=n) | X wi-n)®
. 6_2(17/32) o - o + o

Hence, the log-likelihood function is



P =1
InL(&,n,0) =C —(n1+ny+n)lno — 52 - 572
1 D= ) (wi—wi—n D> _(w-n)’
i=1 i=1 i=1
2(1—p?) o? o? * o2
(2.1)
where C = —2#2220 | 21 — 2n(1 — p?)
From (2.1) we have
-2 (u;—¢) =2 (@—&) 20) (yi—n)
aln L _ j=1 . 1 i=1 4 i=1
o 202 2(1—p?) o2 o?
> (=€) Y@= p> (wi-n
_ j=1 + 1 i=1 =1 (2 2)
o? 1—p? o? o? '
(v —n) i) D (wi—¢)
alnL . 7j=1 + 1 i=1 . i=1 (2 3)
oy o2 1—p2 o2 o2 '
Setting d1n L/0¢ = 0, we obtain from (2.2) that
(1=p)D) (= + ) (2 =& =p> (yi—n) = (2.4)
j=1 i=1 i=1

Similarly, by setting 0ln L/0n = 0 from (2.3), we obtain



no n n

L=p)> (wi=m)+ > (wi—n)—p> (2 —& =

j=1 i=1 i=1

Note that Equation (2.4) further gives

ni

=) - m(—p g+le—ne pz

Jj=1

[ni(1—p*) +nl ¢ Zuj—irZ:v, pz

In the same way, Equation (2.5) further gives

[na(1 = p*) +n]n=(1-p’ ZUJ+Zyz pz

no n n
- Q)ZUjJFZyi—PZ(Z’ -
j=1 i=1 i=1

nay(l—p?) +n

’[’}:

Substituting (2.7) into (2.6) yields

[ni(1—p*) +n] ¢ Zu]—kzxz szz

- 2)Zvj+zyi—PZ(37 -

na(1l—p?) +n

or

[ni(1 = p?*) +n] [na(1 — p*) +n] &

(2.5)



p(l — [n ZU] — Ny Z yZ] (2.8)

Note that

[n1(1 = p?) + 1] [n2(1 = p*) + 1] —n?p?
=niny(1 — p*)? + nun(l — p?) + nan(1l — p?) + n® — n?p?
=(1 = p?) [mna(1 = p*) + min + nan + n?]

=(1 = p%) [(n1 + n)(n2 + n) — ningp’] (2.9)

The MLE ¢ of ¢ can be obtained from (2.8) and (2.9) as
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£ = 2.10
¢ (n1 +n)(ng +n) — nyngp? (2.10)
Thus, the MLE 7 of 1 can be obtained
no n ni n
[ni(1 = p%) +n]zvj + (1 +H)Zyz‘ +p nZuj - "12902]
0= = = = =l (2.11)

(n1 +n)(n2 +n) — ningp?

To obtain the MLE of 02 we differentiate In L(£,n, o) with respect to o and have

(u; = €)?* Y (0 —n)’
3111L__n1—|—n2+2n+j:1 +]‘:1
oo? 202 204 204
@wi—9* 20) (@-Owi-n > (wi-n)?
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2(1—p?) ot ot ot

Setting d1n L/do? = 0, we obtain

(ny + ng + 2n)o®

Z(uj—§)2+§j<vj—ﬁ>2

~9 ]:1 =
o +
ny +ng +2n




n

Z(xi—é?)Z—Zpi(xi—g) (yz_ﬁ)—FZ(yz—ﬁ)Q

+

Summarizing the above, we have the following results.

Theorem 2.1 The MLEs of parameters £, 7,02 are given by

ni n
[na(1 = p?) +n] Y wj+ (na+n) Y mi+p
=1 i=1

no n
n E Vj — N2 E Yi
j=1 i=1

&= (n1 +n)(ng +n) — ningp?
no n ni n
[n1(1 — p?) —|—n]Zvj + (nq —|—n)2yi~|—p nZuj —nlzxi]
~ j=1 i=1 j=1 i=1
K (n1 +n)(ng +n) — nyngp?
ni .2 no )
Z(W-é) + > (0= 1)
~2 7j=1 j=1
g =
ny + ng + 2n
n R 2 n S n
Z(a:i—é’) ~-20> (xi—f) (i =)+ Y (i — 1)’
4 =l i=1 i=1

(1 — p2)(n1 + no + 2n)



3. Moments of the Maximum Likelihood Estimators

We have derived the MLEs of £,1,0? in the previous section. Now we will study the
properties of these estimators.

Theorem 3.1 Both E and 7 are unbiased estimators of ¢ and n. The variances of 5 and

7 are as follows.

Var (g) _g2. [n2(1 = p*) + 0]’ + n(ng + n)* — p222n<n2 +n) = \o?
[(n1 4+ n)(na +n) — nyngp?|
1— p2 2 2 2

Var (7) = o? - ny [ni(1 = p*) +n]” + n(n +n)* — p*nain(na +n) = )20

[(n1 4 1) (n2 + n) — nynap?)?

Proof. We have

E <g> _[ne(1 - p%) + n]ni€ + (ng + n)né + p [nnan — nann)
B (n1 4+ n)(ng +n) — ningp?
~ mang(1 — p*)E 4 nné + (ng + n)né
a (n1 +n)(n2 +n) — ningp?

(ning + nin + nan + n?) — ningp? ‘
(N1 +n)(n2 +n) — ningp?

3

Similarly, we can show that F (1) = n. That is, both E and 7] are unbiased estimators of
¢ and 7.

To compute Var (2 ), we observe that

[(nl +n)(ny +n) — nmng} *Var <g>

= [na(1 = p*) + nf nio” + (n2 4+ n)’no” + p* [n’nao® + nino?|
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—2(ng + n)ngp - Cov (i Xi, Zn: Y;)
=1 =1

=ny [na(1 — p*) + n}z o? + n(ny +n)?c® + p*ngn(n + ng)o?
— 2(ny + n)ngp - npo®
=ny [na(1 — p*) + n}Q o + n(ng +n)?0* — p’nyn(ng + n)o’

_—_ {m [n2(1 = p?) +n]” + n(na +n)* = pPnan(ny + ”)} !

So Var (E ) is exactly the same as claimed in the theorem.

The variance of 77 can be derived in the same manner. m

Corollary 1 Both g and 7 follow normal distributions, i.e., E ~ N(&,\20%) and ) ~
N(n, A30?).
Corollary 2 (8, ﬁ) follows bivariate normal distribution with mean vector (£,7) and

covariance matrix

)\%0'2 012
2.2
012 )\20'

pno?
(n1+n)(n2+n)—ning2p?

where 019 =

Proof. We need only to derive the covariance between E and 7. According to Theorem

2.1, we have

(1 + 1) (n2 +n) — minap?]” (€ — )7 — 1)

:{[mu—p%w]iw O+ (2t m) Y (Xi= &) +p|n

j=1 =1 ]:1

3
N}
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n

—Na Z(Y; - 1)

i=1

}'{[n1(1—02)+n] i(Vj—UH(nﬁn)Z(K—n)

j=1 i=1

} )

Because of the assumed independences it follows that

n

+p nZ(Uj —&) —m Z(Xz —§)

i=1

[(n1 4+ n)(ne +n) — n1n2p2]2 Cov (2 ﬁ)
—E{[w(l—p)%—n]zl pnz }

ny+n) Yy (n1+n)Z(Yi—n)}

i=1

=1

pn ) - [ 1—p)+n]i(vj—ﬂ)}

J=1

+E

+E

i

+E{ mo b ) S0~ €) - () S(X 5)}
i
|

an 711—1—71)2(3@—77)}

=1

{ /mzZ(Yi—n) (— pnl)Z(Xi—f)}

=1 =1

EEl +E2+E3+E4+E5+E6 (32)

In the following we will derive each F;, 1 < i < 6. We have

ni n

Ey = pn [na(1 — p?) 4 n] E{Z

Jj=1 J=1

H,_/

=pn [na(1 = p*) +n] - Var ( )
= pn [na(1 = p°) + n] - nyo?

= pnan [na(1 — p?) + n] 0% (3.3)
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Ey = (n1+n)(ng +n)- E{Z(Xz - &)~ Z(Y@ —77>}

i=1 i=1
= (n1 +n)(ny +n) - nCov(Xy,Y7)
= (n1 4+ n)(n2 + n) - npo?

= pn(ny +n)(ng +n)o?;

Es = —/m1(n2 —|—n) K {Z(Xz - 5) : Z(Xz - 5)}

i=1 i=1

= —pni(ng +n)-Var (Z(Xz - 5))

i=1

= —pni(ng +n) - no?

= —pnin(ng + n)02;

Es = —pna(ny +n) - E {Z(Yz —n)- Z(Y; - 77)}

=1 =1

= —pna(n1 +n) - Var (Z(Y; — ?7))

=1
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= —pna(ny +n) - no?

= —pngn(ny +n)o?;

(Yi—n)}

(X, =i —m)+ ) (Xi =] )}

1 i#]

2
E¢ = p™ning -

= p2n1n2 {
E

M: »zM:

7

= pPmng - { (ZX i — 77)>+E<Z(Xi—§)(yj

i=1 ]
= p2n1n2 . {nCOU(Xl, Yl)}

= p’ning - npo?

= p3n1n2n02.

Therefore, from (3.2) - (3.8) it follows that

[(n1 4+ n)(n2 +n) — p2n1n2]2 Cov <§, ﬁ)
=pmn [n2(1 — p*) 4+ n] o + pn(ny + n)(ny + n)o?
— prn(ny + n)o® + pnan [ni(1 — p*) + n] o

— pngn(ny +n)a? + p*ningno?

=pno? [(n1 4+ n)(n2 + n) — ningp’]

and thus

14
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2

PPN pna — 2
o (f’ 77) (n1 + n)(ng +n) — nyngp? 120 (3:9)

Below we will derive the mean of 2. To this end, we need to find the following expec-

tations:

> (1 ),E(iwj—ﬁf),

J=1

(>
E(Z ),E(im_ﬁf),m
(>

=

First, we will derive ( ) Note that

£—¢

[na(1 — p? +nZU+n2+n ZX +p|n iVj—nQXn:Yi

Jj=1 j=1 i=1
= —¢

B (ny +n)(ng + n) — nyngp>
no n
0w
=1 i—1

ni

[na (1= %) 4] 3 _(Us = &) + (m2+m) p_(X; =€) +p

Jj=1

(n1 +n)(n2 +n) — ningp?

Hence, without loss of generality we can assume £ = 0 in the following. We thus have
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n

N2
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n
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and, £ (Eﬁ) =Cov (E, ﬁ) which is given by (3.9). Combining (3.14) - (3.17) and (3.9),

we obtain

E (; (X&) —ﬁ))

) 2n2po? pno?
=npo — 5t 5
(n1 +n)(ng +n) —ningp (n1 +n)(ng +n) —ningp
n?po?

(3.18)

2
=npo’ —
P (n1 +n)(n2 +n) — ningp?

Finally, we have

(n1 +ns +2n)E (5%)

S PSCEEES SURE
j=1 J=1

D (X =8P =203 (X = i) + D _(Yi— 7’

i=1 =1
_.I_
(1—p?)

. 2 277,1 [n2(1 — p2) + n] 0'2 -~
B [nla - (n1 +n)(n2 +n) — ningp? FmVar <§>}

2ny [n1(1 — p?) + n) o
(n1 +n)(n2 +n) — ningp?

+(1=p)" { [mﬂ _ (nfz [ngl;rp;))t T;]IZPQ aVar @]

+ |:TL20'2 - +noVar (ﬁ)}

2n [ni(1 — p?) + n] o* R
2 PR—
+ [na CRE [ E— + nVar (n)

2 2
P
(n1 +n)(ng +n) — nyngp?
o 2m [na(l — p®) + 0]+ 2ny [0y (1 — p°) + 0] 52
(ny +n)(ng +n) — nyngp?

(1= ) {2n(1 ~ ot - 2n [no(1 — p?) +n] + 2n [ny (1 — p?) + n] — 2n?p? g2

:(m + 7’L2)0

(n1 +n)(ng +n) — ningp?
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+n,Var (E) + noVar (n) + nVar <§> +nVar (ﬁ)}

o 2mi[na(l — p?) +n] + 205 [0y (1 — p°) +n] 2
(n1 +n)(ng +n) — ningp?

20 fma(1 = ) +ntm(1— ) +n = np?] o

(n1 +n)(ng +n) — ningp?

=(n1 +ns + 2n)o

—(1-p%)

+nVar <§> +nVar () +(1—p*)'n [Var <§A> + Var (ﬁ)} (3.19)

Summarizing the above, we obtain

Theorem 3.2 The mean of 52 is

FE (62) = 02(n1 “+ ng + 271)71(141 + AQ) (320)
where

2 [n5(1 = p?) + 0]+ 20 [ (1 = p*) + 0],
(n1 +n)(n2 +n) — ningp?

20 [ma(l— )+ m(l— @) + 20— ng?) o

(n1 +n)(n2 +n) — ningp?

Ay =(ny +ny +2n)0* —

—(1-p?)

Ay = {nﬂ/ar ({n) +naVar (4,) + (1 — p*) " 'n [Var (gn) + Var (ﬁn)} } /a2,
here we denote E and 7 as En and 7, to emphasize their dependence on n.

Corollary: Suppose that there exist constants 0 < «, < oo such that lim,, ., ny/n =

a and lim,,_,o, n2/n = 3, then the MLE 62 is asymptotically unbiased.

Proof. From (3.20) we see that F (62) can be expressed as

E@ﬂ:£+dn+hm(§yummmﬂmn

According to Theorem 3.1 it holds thatVar <En> = o(1) and Var (7,) = o(1). Hence

19



E(6%) =0+ 0(1) + 0(1)O(1) = ¢* + o(1)

and E (62) — 0% as n — oo.
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4. Limits of Estimators

In Section 2 the MLEs E, n and o2 are derived. In the present section we will consider
the limits of these estimators as sample size goes to infinity. To this end we assume
ny = ni(n) and ny = ns(n), i.e., both n; and ny are functions of the number of paired
observations. Under this assumption the following result holds. Here, in order to em-

phasize the dependence of {A, n and 02 on sample size we will denote @ = 5, N, =0, and

Theorem 4.1 Suppose n; = ny(n) and ny = ne(n) and there exist constants « and S
such that ny/n — a < oo and ny/n — B < 0o as n — oco. Then the following is true
(a) lim, oo En = &, with probability one

(b) lim,,_, 7, = n, with probability one

(c) lim,, o, 02 = 02, with probability one.

That is, all the three estimators é\, n and 72 are strongly consistent.

Proof. The MLE En can be rewritten as

" (D) (+) 2527 |
o ni o n9
where U,,, = Uj/ni, Vi, = Z‘/}/ng, etc. And so
j=1 j=1

o _[BA—p)+1ag+ (B+1)E+ p[Bn — B
n—oo (O[ + 1)(6 + 1) — 046,02
[B(L—p*) + 1]+ (B+1)¢

S @i )B+) —aE "

21



with probability one by the Law of Large Numbers.
The result (b) can be shown in the same way.

To prove result (c) we first note that

and consequently

1 — ~
1' - Xi—nzz 2.
nggon;( &) =0

Similarly it can be shown that

As far as Z(XZ — gn)(Y; — 7),) we have

i=1
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n

LY (X - £ - )

=3 [Xi—9 - G- 9] [vi=m) — @)

i=1

- {Z(xi —Oi—) = G- D (K- - G- (V- )

i=1 =1 i=1

(& — &) — 1)}

and thus

n

. 1 - ~ o . 2
lim =% (X; = &)(Y; =) = Cov(X,Y) = po

i=1

with probability one, as n — oc.

o, /\2
Rewriting o, as

6_\2 _ J=1 j=1
" 42
n 1 n R n R
(1 - PQ) ! [% Z(Xz - 5n)2 - 2p ﬁ Z(Xz - fn)<Y; 7771) + - Z(Y; nn)Q
+ i=1 i=1 i=1
242

and letting n — 0o, we obtain

. _>oz<72 + Bo*+ (1= p*)~to? —2p- po? + 07
" a+5+2
o a+B+(1=p*)"2(1=p?) 2

' a+pB+2 -
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with probability one, as n — oo. This ends the proof.
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5. Inferences about &, n and & — 7

We will consider inferences about £ and & — 7. The discussion on 7 is similar and thus
is omitted.

Theorem 5.1 Suppose that there exist constants 0 < «, f < oo such that n;/n — «
and ny/n — B as n — oo, then a (1-v)100% approximate confidence interval of £ can be
obtained as E + 2, 85, where ’a\g = \/W = Ao provided n; + ny + 2n is sufficiently

large.

Proof. From Corollary 1 to Theorem 3.1, it is easy to see that E follows normal distri-

bution. Also, F (E) =& Var (E) = Mo? and £~ N(&, M20?). Hence,

£—¢

o~ VoD
Now from

E—¢ oE—¢

it follows that

)

—¢

Ao

— N(0,1)

in distribution as n — oo due to the Slutsky’s Theorem. Therefore, if n — oo then

)

—¢

Ao

~ N(0,1),

approximately, which yields the desired result immediately.
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In practice, one is more often interested in the difference £ — 7. In this regard, we have
the following result.
Theorem 5.2 Under the same assumption in Theorem 5.1, a 1 — v approximate confi-

dence interval is given by

(6=7) % 20052 4
where 0z is defined by (5.1) and (5.2) below.

Proof. Obviously E — 77 is a normal random variable with mean & — n. The variance of

053_77 =Var (E— ﬁ) =Var (E) + Var (n) —2Cov (E, ﬁ) (5.1)

where Var (E) and Var (7)) are derived in Theorem 3.1, and Cov <§A, 77) is given by (3.9).

The estimator of ng_ﬁ is obtained from replacing o2 by &2 in the expression of O'g_ﬁ, ie.,
~2 2

O-E,ﬁ = O-gfﬁ|o2:32 (52)

The rest of the proof is then the same as Theorem 5.1.
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6. Numerical Analysis

A MATLAB simulation is carried out in order to analyze the performance of the estima-
tors with incomplete observations. With =5, paired sample size n=30 and N=10000
replications, combinations of different levels of unpaired sample size ny=n,=>5, 25 and 35,
£=5, 5.1, 5.3 and 5.5, 0=1 and 2, and p=-0.9,...,0.9 are used to estimate the Treatment
Mean, Variance, Covariance, Standard Deviation, 95% Confidence Interval, Coverage
Probability, Type I Error, and Testing Power. The calculated results with known p (re-
ferred to as Method 1 hereafter, legend red circle in Figures) and estimated p (refered to
as Method 2 hereafter, legend green cross in the Figures) are compared with the results
calculated with the method proposed by Looney and Jones (2003)(referred to as Method
3 hereafter, legend blue diamond in the Figures 1-12) .

From the tables and figures, we can see that the results by Method 1 and Method 2 are
quite close. Comparing the new Methods with Method 3, we have observations as:

(a) Treatment Mean & of Component X (Table 1, Figure 1 & 2): The MSEs of the
estimators by the new Methods are smaller than those by Method 3, and so the new
Methods estimate the treatment mean better. The MSFEs of the estimators by the
new Methods are smaller than those by Method 3.. The M SFEs of the estimators in-
crease when o increase, decrease when unpaired sample size increase, do not change with
treatment means.

(b) Variance of ¢ and 7 (Table 2, Figure 3 & 4): Var(g) and Var(n) increase when o
increase, decrease when the number of unpaired observations increase, do not change
with treatment means. The V ARs of the estimators by the new Methods are smaller

than those by Method 3.
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(c) Covariance of (E, n) (Table 3, Figure 5 & 6): Cov (Z‘, 1) increase when o and p increase;
the slopes become smaller when sample size of unpaired observations get larger. All three
methods have similar values.

(d) Standard Deviation of (5— 7n) (Table 4, Figure 7 & 8): StDev (E— n) increase when o
increase, decrease when p and unpaired sample size increase. In most cases, estimators
from the new Methods are less variable than that from Method 3.

(e) 95% Confidence Interval of (E— n) (Table 5, Figure 9 & 10): Width of 95% CI for
(E — 7)) increase when o increase, decrease when p and unpaired sample size increase. In
most cases, Method 3 has higher variability than the new Methods. These observations
are consistent with those from (d), so these provide further evidence to indicate that
estimation from the new Methods has less variability than that from Method 3.

(f) Coverage Probability of 95% CI for (¢ — 1) (Table 6): The Coverage Probability
of all three estimators are lower than the nominal 95%. The new Methods’ coverage
probability is slightly lower than that of Method 3. This is the consequence of the
observations from part (d) and (e).

(g) Type I Error (Figure 11): Type I Error of the three methods are comparable, while
the new Methods’ Type I Error is a little higher. Again, this is because of the observa-
tions from (d) and (e).

(h) Testing Power (Figure 12): The testing power increase when p, (£ —7), and unpaired

sample size increase; the testing power decrease when o increase. The new Methods

have higher testing power than Method 3 in all cases.
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Table 1. Estimation of Treatment Mean

A Estimated £ Bias
; i M1 M2 M3 M1 M2 M3
-0.9 | 52096 | 52994 | 52995 | -0.0004 | -0.0004| -0.0003
2 0.1 | 53003 [ 53003 | 53004 | 0.0003 | 0.0003 | 0.0004
= 05 | 52986 | 520984 | 52985 |-00014|-00016|-00015
0.9 | 52971 [ 5.2971 | 5.2970 | -0.0029|-0.0029| -0.0030
-0.9 | 53015 | 53015 | 53008 | 0.0015 | 0.0015 | 0.0008
- 0.1 | 52998 [ 52999 | 52999 | -0.0002|-0.0001|-0.0001
o 05 | 53032 [ 53031 | 53033 | 00032 | 00031 | 00033
5 0.9 | 52990 | 52990 | 52986 | -0.0010|-0.0010]-0.0014
o -0.9 | 53001 [ 53001 | 53013 | 0.0001 | 0.0001 | 0.0013
2 01 | 52987 [ 52084 | 52987 |-00013|-00014|-00013
= 0.5 | 52957 [ 52958 | 52963 | -0.0043|-0.0042] -0.0037
4 0.9 | 53011 [ 53011 | 53031 | 0.0011 | 0.0011 | 0.0031
- -0.9 | 53014 | 53014 | 53028 | 0.0014 | 0.0014 | 0.0028
- 0.1 | 53005 [ 53006 | 53005 | 00005 | 0.0006 | 00005
o 0.5 | 52990 [ 52992 | 52989 | -0.0010| -0.0008]-0.0011
0.9 | 52995 [ 52994 | 52992 | -0.0005| -0.0004| -0.0008

Table 2. Estimation of Variance (Z)

Estimated Var (&) Bias

P |Var @
M1 | M2 [ M3 M1 M2 M3

-0.9 [0.0257

0.0249

0.0249

0.0286

-.0008

-0.0008

0.0028

L

0.1 |0.0285

00276

0.0275

0.0284

-0.0009

-0.0010

-0.0001

0.5 100277

0.0268

0.0267

0.0286

-0.0008

-0.0010

0.0008

0.9 [0.0257

0.0250

0.0250

0.0286

-0.0007

~0.0007

0.0028

-0.910.0113

0.0112

00112

0.0154

-0.0002

-0.0002

0.0041

Lad

L

0.1 |0.0153

0.0131

0.0130

0.0134

-0.0002

-0.0004

0.0001

0.5 (00144

0.0142

0.0141

0.0154

-0.0002

-0.0003

0.0011

09 |0.0113

00112

00112

0.0154

-0.0002

-0.0002

0.0041

Ln
Lad

-0.9[0.1028

0.0997

0.0996

0.1141

-0.0030

-0.0031

0.0113

L

0.1 [0.1141

0.1107

0.1103

0.1143

-0.0034

-0.0038

0.0001

0.5 |0.1108

01078

0.1074

0.1141

-0.0030

-0.0034

0.0034

0.9 [0.1028

0.0998

0.0994

0.1139

-0.0030

-0.0033

0.0112

-0.9 1 0.0453

0.0447

0.0448

0.0617

-0.0006

-0.0005

0.0163

Lid

0.1 10.0614

0.0604

0.0599

00616

-0.0010

-0.0015

0.0003

L

0.5 [0.0574

0.0565

0.0562

0.0616

-0.0009

-0.0012

0.0042

0.9 |0.0453

0.0446

0.0447

0.0616

-0.0008

-0.0007

0.0162
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Table 3. Estimation of Covariance (Z.1)

a

Estimated Cov (Z.1) Bias

p|Covicn)
Ml M2 M3 M1 M2 M3

-0.9 | -0.0224(-0.0217|-0.0217|-0.0220] 0.0007 | 0.0007 | 0.0004

0.1 | 0.0024 [0.0024 | 0.0024 | 0.0024 | -0.0001|-0.0001| 0.0000

L

0.5 00123 [0.0119]0.0119[0.0122 |-0.0004)-0.0004]-0.0001

0.9 | 0.0224 [0.0218|0.0217 | 0.0220 | -0.0006| -0.0007 ] -0.0004

-0.9 | -0.0084 [-0.0082|-0.0082|-0.0064] 0.0001 | 0.0002 ) 0.0019

0.1 | 0.0007 | 0.0007 | 0.0007 | 0.0007 | 0.0000 | 0.0000 | 0.0000

Lad

Ly

0.5 | 0.0038 [ 0.0038 | 0.0038 | 0.0035 | -0.0001|-0.0001] -0.0003

0.9 | 0.0084 [ 0.0082 | 0.0082 | 0.0064 | -0.0001|-0.0002]-0.0020

L

Lid

-0.9 | -0.0896 [-0.0870|-0.0868|-0.0880] 0.0027 | 0.0018 ) 0.0017

0.1 | 0.0098 [0.0095 | 0.0095 | 0.0098 | -0.0003 | -0.0003| 0.0000

Ly

0.5 | 0.0492 [0.0479 | 0.0475 | 0.0487 | -0.0013 ] -0.0018] -0.0005

0.9 | 0.08%6 | 0.0870 | 0.0865 | 0.0876 | -0.0026 | -0.0031 | -0.0020

-0.9 | -0.0334 [-0.0329|-0.0329|-0.0257| 0.0005 | 0.0006 | 0.0077

0.1 | 0.0028 [0.0028 | 0.0028 | 0.0028 | 0.0000 | -0.0001] -0.0001

Lid

L

0.5 | 00153 [0.0151|0.0151]0.0142]-0.0002)-0.0002]-0.0011

0.9 | 0.0334 [0.0328 | 0.0327 | 0.0256 | -0.0006| -0.0007] -0.0078

Table 4. Estimation of Standard Deviation (Z - 1)

Estimated StDev (£ - 1) Bias

p|Std(z-m)
M1 | M2 | M3 | M1 | M2 | M3

Ly

-0.9 | 03102103041 (03033 |0.3155]-0.0060) -0.0069 | 0.0054

0.1 | 0.2284|10.2239(0.2227|0.2266|-0.0045] -0.0057 [ -0.0018

0.5 | 01734 10.1719(0.1710|0.1792| -0.0033| -0.0044 | 0.0038

0.9 | D.08ID |0.0796(0.0795|0.11530(-0.0014 ) -0.0015| 0.0320

Lad

L

L
[F%}

-0.9 | 0.1984 10.1965[0.1963 |0.2080 | -0.0020) -0.0021 | 0.009&

0.1 | 01711 10,1695 [0.1684 |0.1708| -0.0016| -0.0026 [ -0.0003

0.5 | 01451 |0.1438[0.1429|0.15836| -0.0013| -0.0022 | 0.0085

0.9 | 00773 10.0765[0.0765|0.1357 | -0.0008) -0.0007 | 0.0564

Ly

[

-0.9 | 0.6203 |0.6088 [0.6067 |0.6311]-0.0115)-0.0137 0.0107

0.1 | 04568 |0.4482[0.4458|0.4536| -0.0086| -0.0110|-0.0032

0.5 | 03508 |0.3448[0.3437| 03598 | -0.0060| -0.0072 | 0.0090

0.9 | 01620 10.1590(0.1392|0.2265|-0.0029) -0.0028 | 0.0645

(]
Ln

-0.9 | 0.3969 |0.3933[0.3930|0.4164|-0.0036) -0.0039| 0.0195

0.1 | 03422 |0.3386(0.3368|03416|-0.0035]-0.0053 | -0.0006

0.5 | 02902 |0.2874(0.2854|03070(-0.0028(-0.0048| 0.0168

0.9 | 0.154510.1529[0.1532|0.2671|-0.0016) -0.0014| 0.1126
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Table 5. Estimated Width of 95% Confidence Interval (Z - )

n; Width | Estimated Width of CI Bias

P | ofct M1 | M2 | M3 Ml M2 M3

-0.9(1215811.1922|1.1888|1.2369|-0.0236|-0.0270| 0.0210

0.1 |0.8954|0.8778|0.8730|0.8884|-0.0176(-0.0224|-0.0070

L

0.5 |0.6876)|0.6739|0.6705]|0.7023]-0.0137|-0.0171) 0.0147

0.9 [0.3174]0.3119|0.3116|0.4429| -0.0055) -0.0039 | 0.1253

-0.9 (077791077021 0.7696|0.8154|-0.0077 | -0.0083 | 0.0375

0.1 |0.6706)|0.6643)|0.6602|06695]-00064(-00104)|-0.0011

1
L

0.5 |0.5688)|0.5636|0.5602)0.6021|-0.0051[-0.0086| 0.0333

0.9 [0.3029]0.2999|0.3001|0.5240|-0.0030) -0.0028 | 0.2211

L
Lad

-0.9(24317123866|2.3781|2.4737|-0.0451|-0.0536| 0.0420

0.1 [1.7908|1.7570|1.7476|1.7782| -0.0338 [ -0.0432 | -0.0125

Ln

0.5 |1.3752 1347114104 |-0.0237|-0.0281| 0.0352

et
i

o |l

0.9 |0.6349 0.6239|0.8877)|-0.0115|-0.0110| 0.2529

b | Ll

[ S

-0.9 [ 1.5558 1.5406|1.6322]-0.0141|-0.0151| 0.0764

0.1 13413 1.3204|1.3390(-0.0139)-0.0209|-0.0023

]
E=Y

%)
L
[ I S S L |

= | e [
h ,
]

0.5 |1.1375 711.1189]1.2034|-0.0108 | -0.0187 | 0.0659

O e e | [ |

0.9 |0.6058 0.6003)1.0470) -0.0063 | -0.0054| 0.4412

LA
]
]
Lin

Table 6. Coverage Probability of (Z - n)

Estimated Prob (£ - 1) Bias

M1 M2 M3 M1 M1 M3

L

Lad

-0.9 | 0.9466 | 0.9426 | 0.9452 | -0.0034 | -0.0074[-0.0048

0.1 | 0.9438 | 0.9402 | 0.9455 | -0.0062 | -0.0098 | -0.0045

L

0.5 | 09436 | 09373 | 094453 | -0.0064|-0.0127] -0.0057

0.9 | 09417 ) 09370 | 0.9493 | -0.0083 | -0.0130 [ -0.0007

-0.9 | 09451 ) 0.9441 [ 0.9435 | -0.0049 | -0.0058 [ -0.0065

0.1 | 0.9450 | 0.9417 | 0.9466 | -0.0050| -0.0083 | -0.0034

Lad
Lk

0.5 | 09435 | 09385 | 0.9435 | -0.0065|-0.0115] -0.0065

0.9 | 0.9482 | 0.9394 | 0.9477 | -0.0018 | -0.0106]-0.0023

| ]

-0.9 | 0.9412) 0.9379 [ 0.9428 | -0.0088 | -0.0121(-0.0072

0.1 | 09435 | 09371 | 0.9423 | -0.0065|-0.0129]-0.0077

Ln

0.5 | 09410 | 09376 | 09432 | -0.0090|-0.0124] -0.0068

0.9 | 09423 ) 09374 | 0.9487 | -0.0077 | -0.0126|-0.0013

-0.9 | 0.9465 | 0.9440 | 0.9458 | -0.0035| -0.0060| -0.0041

0.1 | 09456 | 09429 | 0.9465 | -0.0044|-0.0071] -0.0035

Lad
L

0.5 | 0.9487 | 0.9405 | 0.9491 | -0.0013 | -0.0095 [ -0.0009

0.9 | 0.9503 ) 0.9431 [ 0.9533 | 0.0003 | -0.0069| 0.0033
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Figure 1: MSE (§) (ny =ny =25, =5.1, 0 = 2)
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Figure 2: MSE (£) (ny =ns =35, =55, 0 =2)
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Figure 3: Var (£) (ny =ny =25, £ =5.1, 0 = 2)
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Figure 4: Var (§) (ny =ns =35, =55, 0 =2)
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Figure 6: Cov (£,7) (n1 =ng =35, £ =5.5, 0 = 2)
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Figure 8: StDev (E— n) (n1 =ny =35, =5.5,0=2)
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7. Conclusions

On the basis of the analytical and numerical results obtained above, we can make a
conclusion that with more unpaired observations the bivariate model provide better es-
timation of the parameters, which indicate that the estimators with incomplete data are
more efficient. After comparing with the method proposed by Looney and Jones (2003),
the new Methods have higher testing power and better estimation of the distribution
parameters. Therefore, it is recommended that we keep the unpaired data in the analysis

procedure and use the model established above to obtain better estimation.
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